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Abstract. In the work the 3D two-layer motion of liquids, the velocity field of which has a special form,
is considered. The arising conjugate initial boundary value problem for the Oberbek—Boussinesq model
is reduced to a system of ten integrodifferential equations with full conditions on a flat interface. It is
shown that for small Marangoni numbers the stationary problem can have up to two solutions. The case
when the stationary flow arises due to a change in the internal interphase energy is analyzed separately.

Keywords: Oberbek-Boussinesq model, interphase energy, creeping flow, inverse problem.
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1. Statement of the problem and basic equations

Suppose that two viscous heat-conducting fluids with a common interface z = I3 < I3 move
in a layer |z| < oo, |y| < 00, 0 < z < Iz, l; are constants. The fluid "1" occupies the region
0 < z < l; and fluid " 2" occupies the region l; < z < l3. The planes z = 0 and z = l5 are solid
fixed walls, the force of gravity is directed perpendicular to the layers. Oberbeck-Boussinesq
equations are used as a mathematical model of fluid motion. Solutions are sought in a special
way

uj(z,y) = (fi(z,1) + hy(z, 1)z, vi(,y) = (f5(z,1) = h(2,1)y,  w; =2 / fi(&,t)dg, (1)

1

;pj = bj (Zv t)xz + dj(za t)yz + Qj(za t)a (2)
j

T; = a,(z, t)z? + ci(z, t)y? + 0;(z,1t), (3)

where u;(z,y,2,t), vj(z,y, 2,t), w;(x,y,2,t) are projections of velocity vectors on the z, y, z
axis, respectively; p;(x,y, z,t) are pressures; p; are constants of density; T;(z,y, z, t) are absolute
temperatures, j = 1,2. The functions f;, hj, b;, dj, ¢;, a;, ¢, 0; are new unknown function.

Substitution of the formulas (1)—(3) in the systems of Oberbeck-Boussinesq equations leads
to the following systems

fjt+fj2+h§_2sz/ fj(§7t)d§+gﬁj/ (aj(§,t) +c;(&,1) d§ = vj fize +mju(t),  (4)

Z0

*andr@icm.krasn.ru
(© Siberian Federal University. All rights reserved
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hjt + ijhj - 2hjz/ f](fat) d'f + g/Bj/ (Qj(f,t) - Cj(gvt)) df = thjzz + an(t), (5)

a0+ 20;(f; + hy) — 2a;. / F(6,8) d€ = 5052, (6)
cjie +2¢i(fj — hj) — 2Cjz/ [i(&t) d€ = Xjcjzzs (7)
00 — 20, / [i (€, 1) d€ = X302 + 2x;(a; + ¢;). (8)

Here v; > 0, x; > 0, 8; > 0 are constants of kinematic viscosities, thermal diffusivities and
thermal expansion coefficients of liquids; nj1(t), nj2(t) are arbitrary functions of time. By the
known functions a;, ¢; the functions b;, d; are determined by quadratures

by() = 9 | Cay(E ) dE — (), dj(=1) = g, / e de—np).  9)

) Zi

In the integral terms, the constant zp is equal to "0" for the first fluid (j = 1) and I; for the
second fluid (j = 2). It can be verified that pressures in liquids are determined as follows

pljpj = [Qﬁj /ZO a;j(§,t)dé — njl(t):| z® + {gﬁj /ZO cj(§,t) d€ — ”jz(t)] y? — 2w, f; — gz+

+gﬁj/Z:9j<f,t>ds+2/Z<z—s>fjt<5,t>ds+2(/Z: f(fat)df)2+qg‘o(t), "

20
with arbitrary functions g;o(t).

Remark 1. The velocity field (1), proposed in [1] is a special case of the velocity field for the
Navier-Stokes equations [2].

2. Boundary and initial conditions
On solid boundaries, the sticking conditions for the velocities are satisfied, which implies
equalities

l2
f1(0,t) = h1(0,t) =0, fa(l2,t) = ha(l2,t) = fa(§,t)dE =0 (11)

5

And the temperature is set

CLl(O,t) == ao(t), C1 (O,t) = Co(t)7 01(0775) == 91 (t),

(12)
az(lz,t) = az(t), ca(la,t) = ca(t), 0O2(l2,t) = Oa(t).
The top wall can also be thermally insulated
azz(la,t) = caz(la,t) = O2.(l2,t) =0, (13)

To formulate the conditions on the undeformed interface z = [, we assume that the surface
tension depends linearly on temperature

o(T) =09 — (T —Ty), (14)
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whereoy, &, Ty are given positive constants, T'(x,y,l1,t) is temperature on this border.
On the interface z = [; there are equalities of velocities and temperatures. Taking into
account the representation (1), (3) we get [3]

fl(ll,t) = fg(ll,t), hl(ll,t) = hg(ll,t), al(ll,t) = ag(ll,t),

(15)
Cl(ll,t) :Cg(ll,t), 91(11,15) :gg(ll,t).
Tangential stresses are reduced to two relations
p2fox(l1,t) — pafrz(l1,t) = —ee(ai (i1, ) + e1(la, 1)), 16)

pahaz(l1,t) — prhiz(li,t) = —a(ai(l1,t) — c1(l1, 1)),

where u; = pjv; are dynamic viscosity of liquids.
The kinematic condition for a fixed and non-deformable interface (wi(l1,t) = wa(l1,t) = 0)
is equivalent to the integral equality

Iy
fi(§,t) dE = 0. (17)

0

The energy condition [3], taking into account the assumptions (8), can be written as
k2T2z($7 Y, llv t) - lelz(m7 Y, llv t) = %T({E, Y, lla t)diVFLL (18)

where k; are constant coeflicients of thermal conductivity of liquids; divru is surface divergence of
the velocity vector; T'(z,y, l1,t) = Ti(z,y,l1,t) = Ta(z, y, 11, t). Since in our case divru = ug+vy,
then using the formulas (1), (3) from (18) we derive the relations

( 22Eal(ll7t)f1(llvt)u
kacaz(l1,t) — kreiz(li,t) = 2eeci (U1, t) f1 (11, 1), (19)
(l1,t) = k1612 (11, t) = 2201 (11, t) f1 (11, 1).

The relation order of equation right-hand side (18) to the first terms of its left-hand side is

koas.(l1,t) — krai-(lh,t) =

estimated by the parameter £ = aeQH*/ugk;g (for the second term k1), where 6* is the charac-
teristic temperature on the interface [3]. These parameters for ordinary liquid media are small
and instead of (18) the equality of heat fluxes is used. However, for low-viscosity liquids and
small k; the right-hand side in (18) (right-hand sides in (19)) must be taken into account, for
example, for cryogenic media [3].

At the initial moment of time, all functions are set

fi(2:0)= fio)s hi(2,0)=hjo(2), a;(2,0)= ajo(2), ¢;(2,0)=cjo(2), 0;(2,0)=0;0(z), (20)
that satisfy the conditions of agreement with (12), (13), (15)—(17), (19). For example, fi0(l1) =

= fgo(ll) etc.

Remark 2. The formulated initial-boundary value problem (4)—(9), (11)—(17), (19), (20) is the
inverse, since the functions n;q(¢), n;2(¢) must be found along with its solution. For a complete
statement of this problem, two more conditions must be set

ll l2
/ ha(E,1) dE =0, / ha(€,1) dé = 0, (21)
0

15t

which together with the integral equalities (11), (17) mean closedness of motion.
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3. Dimensionless variables

We introduce dimensionless variables and parameters

X1 “ X1 Vj M1 kl ll
T:7t7 = 7 - P':i, = —, k:77 1:7 1’
12 =5 X v TN M L L
a*l l4gﬂ- X %a*lzl 12
GJ:#’ EJ:7‘77 M:7127 F](f?’T): ! f](zat),
X1 X1 H2X1 x1M (22)
i a;(2,1) ¢(z 1)
Hi(6, 1= —yhiet)h 467 = =25 Gil6m) = =5
ling(t) 0;(z,1t)

Ni(r) = NEIVEE Q&)= BN

Here P; are Prandtl numbers, G; are Grashof numbers, M is Marangoni number. It is fur-
ther believed that a* = max |a1(t)| > 0 and the characteristic temperature at the interface is
0* = a*l3.

In the new variables, the system (4)—(8) will be rewritten as follows

13 13
Fj + M[FJ»Z +H? - 2Fj5/ F;(¢,7) dc} + Gj/ (4;(¢,7) + C5(¢,7)) d¢ =
zo0/l2 20/l2 (23)
= P;1%c;Fjee + Nj1 (1),
13 13
Hj-,——2M{FjHj—2Hj§/ FJ(C,T)CIC} +G]/ (AJ(C7T)_CJ(<57-)) dC:
20/l2 zo/l2 (24)
= leQ&‘jngg + Nj2(7—)7
13
Aj, 4+ 2MA;(F; + Hj) — 2MAj¢ / Fj(¢,7)d¢ = 1PejAjee, (25)
z0/l2
13
Cjr + 2MC;(F; — H;) — 2MCje / Fj(¢,m) d¢ = 1%¢;Cje, (26)
Zo/l2
¢ 2
Qjr — 2MQ;’§/ p Fi(¢,7)d¢ = 1"¢;Qjee + 2¢5(A; + Cj). (27)

In integral expressions for j = 1 the zp = 0 and at j = 2 we have zp = [1, so that 0 < ¢ < [ in
the first layer and [ < £ < 1 in the second layer.
The boundary conditions (11)—(13), (15)—(17), (19), (21) are rewritten as

FL(0,7) = Hy(0,7) = 0, Fy(1,7) = Hy(1,7) = /l Fole, 7) de = 0, (28)
Al(ovT) = Al(T)7 Cl(ovT) = Cl(T)a Ql(oa T) = Ql(T)7
As(1,7) = Ay(7), Co(1,7) =Ca(r), Qa2(l,7) = Qa(7),

A2E(177—) = CZE(LT) = QQ&(LT) = 07 (30)

Fl(l,’T):FQ(l,T), Hl(l,T):HQ(LT), Al(l,T):AQ(Z,’T),
Cl(Z,T):CQ(l,T), Ql(LT):QQ(Z,T),

FQf(er) - UF15(17T) = _M(Al(lvT) + 01(177—))’
Hae(l,7) — pHig(l,7) = —M(AL (1, 7) — C1(1, 7)),
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l
/O Fy(€,7)dE =0, (33)
Agg(l,T) — k‘Alg(l, T) = QEAl(l, T)Fl(l, 7)7
025(177')7]{3015(1,7') :2E01(Z,T)F1(Z,T), (34)
QQé(l,T) — leg(l,T) = 2EQ1(1,T)F1(17T),
l 1
| menac=o. [ mena=o 35)

The initial data (20) will be of the form
F;(§,0) = F} (f) H‘(fvo) =Hjo(), A;(&0) = A;0(8),

4. Stationary creeping flow with an isothermal interface

In this case, the right-hand sides (32) must be zero. It means that A;(I,7) = C1(l,7) =0
and the task set above will be redefined. Here we consider the creeping motion (M <« 1). It
is necessary to assume that the initial initial data are of the order M. Let M — 0, then the
equations (23)—(27) will be linear and the right-hand sides of the boundary conditions are equal
to zero. However, the relations (34) remain nonlinear.

Remark 3. If, assume that 4;(¢,7) = 0, C;(§,7) = 0, then the interface will be isothermal:
T (z,y,l,7) = To(x,y,l,7) = 01(l,7) = 05(l,7) = 0.

In this paragraph, we assume that the upper plane is thermally insulated and conditions (30)
are satisfied on it; initial data (36) are omitted. Let A5, Cf, Qf are specified stationary values of
boundary conditions (29). Not complicated, but rather long calculations lead to representations

A1(§) =+ A7, Az(&) = ax = anl + Af,
Ci(§) =&+ CF, Co(§) =2 =mnl+CF,

1 + H +C Ny €2 37
Fl(f) P l2 |:(}1 aq 71 54 1 53) _ 121€ :| + le’ ( )
F. G 53 Ler—a Motz _q)| 4 p 1
2(§) = PQZQ 2(az +72) 6 5(5 -1) *T(f )| +Do(€ - 1),
1 - A3 -3 Niag?
Hy() = . [G1 041247154+ 1 - 1£3> _ 1225 } + Dyt
1
X e—-1 1,, Nao , o (38)
H2(§):@ {G@(Oéz—’m) ( 5 —5(5 —1)> —7(5 —1)} + Dy(§ —1).
The constants D, ..., Dy are found from the integral equalities (28), (33), (35):
1 (an + 72 (A3 +CHINT
Dr=3p7 _N“ Gl( 20 4 |
X [Noi(l+2) G2(0¢2—|—72)(l2—|—2l—1)_
D, = + ;
P,z | 3 )
. 1 I . (Oél — ’yl)l l |
D3 = 3P, _N12 Gy < 20 |’
D, - X [ Nao(l+2) n G2(a2—72)(l2+21—1)
TTPR2 | 3
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By virtue of (37),
az+72 = (a1 + )l + A7 +CF, az—y2 = (a1 —m)l+ A7 - C5. (40)
To determine the remaining unknowns o, y1, V11, No1, N12, Nao, there are relations

Fil) = Bo(),  Fa(l) = pFie(l), Hi() = Ho(l), Hae = pHye,

(41)
A25(l) — kAlg(l) = 2l_2EA1(l)F1(l), CQg(l) — kclg(l) = 2l_2E01(l)F1(l),
where
AW =L [ Lvy va, (ot (Ais )l
PR et 40 12 ’ (42)
A1(l)=041l+Ai, C1(l)=’}/1l+0f
Further,
1-1)2[G +7)( -1
i) = _X(GPQP) [ e ;2)( | +N21} ’
o L Gl(Oél — ’}/1)12 Gl(Ai — Cls)l &
() = 2P, [_ 20 * 6 3
1—1)2[G - -1
t = -G [Pl ],
1 2 3 5G
Flg(l) = ? [SNU + %Gl(al -+ '71)12 —+ T;(A‘i —+ Cf)l:| , (43)
-1 ]2 G + -1
FQE(Z) = 7X(13212 ) |:3N21 + 2(a2 12)( ):| ’
1 2 3 5G
Hig(l) = Bl [3N12 + 55 G101 = ) + T;(AT - Cf)l} ;
-1 ]2 G — -1
Hae(l) = 7x(le2 ) {3N22 1 Glo Zz)( )} :

Now from the first two equalities (41) we find Ny, and Nap; from the last two equalities (41) we
find Nio and Nog; from the last two equalities, taking into account the formulas (40), we define
o141, a1 —71, and therefore aq, 1. Below we find the indicated values for Af = C7. This is the
case of radial heating of the substrate. Here co+v2 = (a1 +7v1)l+2A%5, ag—72 = (a1 —71)I. Let’s
consider the simplest option: a; = 1 (41(§) = C1(§)). Then as + v2 = 2(a1 + Af), as = 712
and the formulas (37)—(43) are greatly simplified. Unknown will be ay, N11, Nai, Ni2, Nao.
Calculations show that in the general case

Nig = Nos =0, N3 =Koy + KgAi, Noy = Kzaq + K4Af, (44)
where
Ky = G21(§2 GG +u1(1 =) {3?(1)13 (1 + %(1 - ”) + %(l - 1)3] !
Ky = % T 60 +u1(1 ~1)) {Gllz (1 " %(1 - D) " %(Z - 1)3] ’ (45)
o g L (1 0))
Ki=0 —Z><zp+l2u<1 1) [szl * G(lpz_l) (?Z il ‘”ﬂ =g

- 666 —



Viktor K. Andreev On a Creeping 3D Convective Motion of Fluids with an Isothermal Interface

The constant «; is the solution of the quadratic equation

kP4l

EKa? + ( + EAS (K, + K11—1)> ay +EK AT = 0. (46)

If the quantity

2
5= (’“le + EAS (K + K1l1)> — A% K Ko AL (47)

is positive, then there are two solutions of the equation (46), which means that there are two
stationary solutions to the two-layer system. For § = 0 there is one stationary solution, and for
0 < 0 there are no solutions.

Remark 4. Fpr [ = p(1+ p)~t we get Nog = 1, Nio = (1 —1)(pl) 7%, and the formulas (44),
(45) retain their form with the replacement of p by p =1(1—1)71.

As for the functions Q;(§), they are determined by the formulas

3
@O =0 +ac- 5 (M), v<est .
Qa(€) = b+ mlanl + ADEE~€), I<E<L,
where
4 2BEF ()] 2EF (1 l
=7 {k+ l;()} {(k+ll2)(all+A§)+ ll() (%JFA{)}, (19)

2
b= Q{ + all + g(l — 6)0&1 — QA‘{(I + 2)[71.

In (48), (49) Qf is the dimensionless temperature on the substrate at the origin of coordinates,
and Fi(l) is given by the equality (42) at ag = v, ae = y2 = axl + A5, A = C§, and a3 is a
solution to the equation (46).

Fig. 1. Dependence §(F) for various Grashof numbers Gy; A5 = 0.1

Figs. 1-3 shows the dependences §(F) for various values of dimensionless parameters. All
calculations are given for the transformer oil — formic acid system. The dimensionless parameters

- 667 —



Viktor K. Andreev On a Creeping 3D Convective Motion of Fluids with an Isothermal Interface

of the physical system are as follows: p = 0.74, v = 15.41, x = 0.71, k =041, 8 = ﬁl/ﬁfl = 1.46,
P; = 308.2, Py = 14.2. Fig. 1 represent the dependence §(F) or various Grashof numbers Gy,
Go = fGy. It can be seen that as G grows, the region of existence of two solutions decreases.

Fig. 2 illustrates the dependence §(E) for various values of the dimensionless parameter Aj.
Here, for certain values of the parameter E, as A; grows, the region where there are no solutions
increases. In the case when Aj < 0 there are always two solutions. Fig. 3 shows the dependence
§(E) from the geometric parameter [ = [1/;' < 1. In this case, with an increase in the thickness
of the lower layer, the region of existence of two solutions increases.

Fig. 2. Dependence 6(F) for various parameter values A%

=009

-804

-804

Fig. 3. Dependence 6(F) for various values of the geometric parameter !
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Conclusion

In the article, the problem of three-dimensional two-layer motion with a special velocity field
is reduced to the inverse conjugate problem for a system of one-dimensional integro-differential
equations. In the case of a stationary flow at low Marangoni numbers, the solution is obtained in
the analytical form. It is shown that, depending on the physical and geometric parameters, two
stationary modes can exist. For the transformer oil - formic acid system, the effect of changes in
interfacial internal energy on the number of stationary solutions has been studied.

This research was supported by the Russian Foundation for Basic Research (20-01-00234) and
Krasnoyarsk Mathematical Center and financed by the Ministry of Science and Higher Education
of the Russian Federation in the framework of the establishment and development of regional
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OO6 ogHOM TTIOJI3YIIIEM TPeXMepPHOM KOHBEKTUBHOM JIBU>KEHUN
JKUJIKOCTEN C U30TEPMUYECKON I'paHULEl pa3jeiia

BukTop K. Auapeesn
WucTuTyT BRIaucanTeasHoro momesunposanuss CO PAH
Kpacnospck, Poccuiickas Penepanus

Amnnoranusi. B pabore paccMarpuBaeTcss JBYXCJIOHHOE TPEXMEPHOE JIBUYKEHUE YKUJIKOCTEH, MOJIe CKO-
pocTeil KOTOPBIX UMEET CIIeNUaJIbHBIN B, Bo3HUKaOmas conpsi>kEéHHas HaYaJIbHO-KpaeBast 3a/1a49a, JJIst
monenu Obepbeka—bByccuHecka cBefieHa K CHCTEME JECATH UHTErpoaudpepeHnaabHbIX YPABHEHUNH C
MIOJTHBIMA YCJIOBUSIMU Ha IJIOCKON TOBEpXHOCTH pasnena. [lokazano, uTo mjs masbix gncesa MapaHronu
eé CcTalMOHAPHBIN aHAJIOr MOXKET UMETh JI0 JIBYX PEIleHHii, KOTOpble HAXOAATC B siBHOM Bue. Ormeib-
HO TIPOAHAJM3UPOBAH CJIydail, KOTJa CTAIMOHAPHOE TeUYeHNe BO3HUKAET 33 CUYeT M3MeHEeHUsI BHYTPEeHHEeH
MeK(A3HON IHEPIUU.

KuroueBsle caoBa: mozenb Obepbeka-Byccunecka, MexxdaszHast SHEPTUsl, TOJI3YIIee TeYeHne, OOpaTHast
3a/1a4a.
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Abstract. This paper presents the results of 3D modeling of a Newtonian fluid flow with a free surface.
The PLIC-VOF algorithm, which is developed to solve the problems of two-dimensional fluid flows with
a free surface, is generalized to the case of three-dimensional flows. Efficiency of the developed algorithm
and reliability of the obtained results are justified by comparing with available data in literature and by
testing approximation convergence.

Parametric calculations of a rectangular channel filling show that the free surface assumes a steady
convex shape over time and then moves along the channel at a constant velocity. As a result of parametric
studies, the dependences of geometric characteristics of the free surface shape on problem parameters
have been plotted.
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Introduction

Technological processes associated with casting of items, filling of tanks or draining of poly-
mer compounds are characterized by the presence of a free surface in a fluid flow. Adequate
engineering for such processes requires a detailed study of the flow features and free surface
behavior [1].

Tracking of free surface evolution in a fluid flow is known as a complex problem in hy-
dromechanics [2]. One of the first successful attempts to determine free surface dynamics in
the two-dimensional approximation has been made in [3]. In this paper, a numerical method
based on the VOF (Volume of Fluid) approach is proposed, which allows one to determine a
free surface position at any time instant using a scalar function defined in the cells of a regular
grid. Moreover, at a discrete level, the free boundary in a control volume is represented as a
segment, which is parallel to one of the volume’s faces. The method was further developed in [4].
A modification of the method, namely PLIC-VOF (Piecewise-Linear Interface Calculation), is
proposed, according to which a free surface in a control volume is represented as a set of arbitrary
oriented segments. The PLIC-VOF method has been successfully applied for two-dimensional
flows in [5-10].

Many fluid flow features cannot be taken into account nor adequately assessed when modeling
the process in the plane or axisymmetric approximation. Two-dimensional problem formulations

*borzenko@ftf.tsu.ru  https://orcid.org/0000-0001-6264-1776
fefim h@ftf.tsu.ru https://orcid.org/0000-0002-7973-9435
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allow one to study flow mechanics only for some channel designs. However, most of the real
pipelines have complex three-dimensional geometry. Therefore, there is a need to develop algo-
rithms for calculating and modeling fluid flows in a full three-dimensional formulation.

In this work, testing of a modified VOF method on the three-dimensional fluid flow modeling
is implemented.

1. Formulation of the problem

A three-dimensional flow, which occurs when a vertical rectangular channel is being filled in
a gravity field, is considered. A solution domain is schematically shown in Fig. 1a. In this case,
the fluid is supplied from the bottom through the inlet section at given constant flow rate.

At the initial time instant, the channel is partially filled with a fluid, and the free surface is
represented as a plane z = const confined by the walls.

When filling the channel, the free surface becomes curved and assumes a convex shape. The
maximum height of the free surface, x (Fig. 1b), is taken as convexity characteristics, which is
determined by the values of the parameters Re and W.

x ‘/<~___/k\y x"’<\/\y
Fig. 1. Solution domain (a) at the initial time instant and (b) during the filling process

Mathematical formulation of the problem includes the Navier-Stokes and continuity equations
written in a dimensionless form as

re (Ws dUs (o dUs de dP U, | U, | PU,
dt T dx Y d dz? dy? dz?
du,  dU, de U, dP 22U,  dPU, d*U,
Re (dt U gy T U ) ( a2 T ap T e W
dU,  dU, U, dP 22U, PU,  dU,
Re(dt +Uz%+Uyd ) (dm2+dy2+dz2>_w
dU, dU, dU,

dx dy dz 0 2)

No-slip conditions are assigned on the solid walls. On the free surface, the continuity condi-

tions for normal and shear stresses are used. The fluid is supplied through the inlet section at a
velocity equal to unity.

The following quantities are used as length, velocity, time, and pressure scales: L (a char-

acteristic size of the channel), Uy (an average velocity at the inlet section), and the complexes

of L/Uy and pUy/ L, respectively. The problem formulation includes dimensionless criteria: the

- 671 —



Evgeny I. Borzenko, Efim I. Hegaj Three-Dimensional Simulation of a Tank Filling With a Viscous Fluid. ..

Reynolds number Re = pUyL/u and the parameter W = pL2g/ulUy = Re/Fr, which is equal to
the ratio of the Reynolds and Froude numbers.

2. Method of solving

The formulated problem is solved numerically using the finite volume method implemented
on a staggered grid. Kinematic and dynamic characteristics of the flow are determined using the
SIMPLE algorithm [11]. In this case, to approximate of convective and non-stationary term, an
exponential scheme was used. Tracking of the free surface evolution is carried out by a modified
VOF method, which is generalized to the three-dimensional case with account for an arbitrary
inclination of the free surface in a control volume.

The VOF method implies introducing of a scalar function F, whose value is equal to unity
at all points occupied by the fluid and equal to zero at the rest of the points. At a discrete
level, when averaging over the control volume, the value of F' is equal to a volume fraction of the
control volume occupied by the fluid. In particular, when the control volume is entirely filled
with a fluid, ' = 1, and when the control volume does not contain any fluid, F' = 0. If there is
a free surface in the control volume, 0 < F' < 1. The values of this function can be determined
from the equality to zero of the total derivative of F with respect to time, which reflects the law
of conservation of mass IF IF IF IF

When integrating this equation over the control volume, it is necessary to determine the
fluxes through the faces, which are calculated using the obtained velocity values on these faces
and the orientation of the free surface in the control volume.

It is assumed that at a discrete level, the free surface in the control volume represents a
cutting plane, whose position is determined by its normal and by the fraction of the volume
filled with the fluid. In the three-dimensional case, there are eight options for the free surface
to cross the control volume (Fig. 2), which are characterized by positive components of the
normal vector. The normal to the free surface is assumed to be directed along the gradient of
the function F. When the value of F' and the direction of the normal to the free surface are
known, the plane approximating the free surface can be drawn in the boundary control volume.
Therefore, in addition to the boundary control volume tracking, the function F' is used to detect
the fluid location inside the volume.

Fig. 2. Possible locations for the free surface inside the control volume

Other possible free surface locations are reduced to those shown in Fig. 2 by rotating the
control volume and / or by reflecting in coordinate planes.

Variation of the function F' with time is determined by equation (3), which can be solved
numerically after calculating its fluxes through the control volume faces. An illustration of the
method in use is shown in Fig. 3. Two adjacent control volumes are considered, where the fluid
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flows through a common side. The velocity U on the adjacent face determines which one is a
donor and which is an acceptor. Afterwards, a plane, which is parallel to the common side, is
plotted at a distance of UAt. The fluid fraction in the donor cell AF, which is enclosed between
the plotted plane and the adjacent face, is transferred to the acceptor. The value of this fluid
fraction (AF) is calculated by analytical formulas for polyhedra volume.

Donor Donor Acceptor

UAIV

Fig. 3. Illustration of the VOF method operation

The fluxes through the other five faces of the control volume are determined similarly.

3. Verification of numerical method

To verify operational capability of the developed algorithm and reliability of the obtained
results, the approximation convergence is tested on a sequence of grids.

The calculations show that at a time instant of ¢ = 2 in a cross section of z = 2, the absolute
value of the maximum transverse velocity is of the order of 1076, It is supposed that the inlet
boundary and the free surface do not affect the flow in this section, where a steady-state flow is
observed. Thus, to verify the obtained velocity distributions, a well-known solution is used [12]:

@Cn+1)7(2y —1)

ch
on +1)7(2x — 1
U. —36652 - 2 cos ZnFDTEr =)
2n+ Ch(2n+1)7r 2
2

The velocity error can be calculated as

[72 - Uz:2

AU, = max 100%. (5)

z

Since the fluid velocity is equal to unity in the inlet section, at a time instant of ¢ = 2, the
volume of the inflowed fluid should equal V' = 2. The error in the calculation of the volume is
determined by formula

2 —

AV = max =21100%. (6)

To show the approximation convergence, a velocity profile along a straight line of y = 0.5 at
z =2 (Fig. 4 a) and a free surface shape in a cross section of y = 0.5 (Fig. 4 b) are calculated at
different grid steps.

According to Fig. 4 b, a maximal difference in the free surface shapes is observed on the solid
walls. Therefore, to control the approximation convergence, a parameter H (the free surface
height at the point of x = 0, y = 0.5) is introduced.

Thus, the errors in the calculations of the fluid velocity, fluid volume, and free surface height
on the solid wall H are selected as controlled characteristics in the computational method veri-
fication.
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Fig. 4. (a) Velocity distribution along a straight line of y = 0.5 at z = 2 and (b) the free surface
shape in a cross section of y = 0.5 at a time instant of ¢ = 2 for Re = 0.1 and W = 32: h =0.1
(the dashed line), h = 0.05 (the dotted and dashed line), and h = 0.025 (the solid line)

The obtained results presented in Tab. 1 demonstrate the approximation convergence for the
selected characteristics.

Table 1. Dependence of the values of the controlled characteristics on the grid step at ¢ = 2,
Re = 0.1, W = 32

h AU, % | AV, % H
0.1 2.53 042 | 3.944
0.05 2.15 0.41 3.915

0.025 2.01 0.40 | 3.900

4. Results of calculations

The initially flat free surface becomes curved over time and assumes a convex shape, which
then moves upward along the channel and remains unchanged. Fig. 5 shows the evolution of the
free surface shape.
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Fig. 5. Free surface shapes for Re = 0.1, W = 32 at various time instants: (a) t =0, (b) t = 0.2,
(c)t=05,(d)t=1,(e)t=2,and (f) t =3
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Fig. 6 demonstrates distributions of the velocities and pressure in a longitudinal section of the
channel y = 0.5 for Re = 0.1 and W = 32 at a time instant of t = 2. A fountain flow is observed
in the section under consideration. Three zones can be distinguished in the flow: a hydrodynamic
flow stabilization zone near the inlet section; a fountain flow zone near the free surface; and a
one-dimensional flow zone. The calculations showed that the lengths of the stabilization and
fountain flow regions are less than unity for the selected values of the dimensionless criteria.

J

- M0.45 5. 300
3 ol [kE 2 260

: F Mos 1.9 -

g g 0.15 1.7 180
2 005 1.5

. E  -0.05 1.3 .

3 FERE r1 - 3 R
13 - l-0.25 08 2

1 - ™35 04 3 20

@ - M 045 0] F .0
Jo o

0 1 0 1

a b c

Fig. 6. Distribution of the kinematic characteristics along the channel for Re = 0.1, W = 32
at a time instant of ¢ = 2 in a cross section of y = 0.5: (a) velocity U,, (b) velocity U, and
(c) pressure

In the other longitudinal sections, distributions of the kinematic characteristics qualitatively
coincide with those presented in Fig. 6. In the section of x = y, velocity distributions (U, and
U,) coincide with each other, which also confirms the efficiency of the computational algorithm.

The obtained results are compared with those of other authors. In particular, the results of
studying of a channel filling in the creeping flow approximation are presented in [12]. Fig. 7 a
shows the calculated values of the free surface height as a function of the parameter W presented
in [13] (the solid line) and the results obtained by the VOF method (the dots).

Fig. 7 b illustrates a difference in the free surface convexity depending on the parameter W.

x X (x,0.5)

0.5 7 324
1 a E b

0.4 3.12 4

0.3 3.04 3 3

02_- 2.96 4

0.1 2.88 3

0_||||||||||||||||||||Ig(w) 2‘8_||||]|||||||||||||||||||?C

0 0.5 1 15 2 0 02 04 06 08 1

Fig. 7. (a) Comparison of the dependence of free surface convexity on the parameter W in the
current work (the dots) and in [13] (the solid line); (b) free surface shapes in a cross section of
y = 0.5 for Re = 0.1 at the same time instant: 7 —W =0, 2 — W =10, and 3 - W =100
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The maximal difference in the calculated results does not exceed 3%. As a result of compar-
ison, qualitative agreement and little quantitative deviations are observed.

Conclusion

In this work, testing of a modified VOF method on the three-dimensional fluid flow modeling
is implemented. In particular, the PLIC-VOF algorithm, which is developed to solve the problems
of two-dimensional fluid flows with a free surface, is generalized to the case of three-dimensional
flows. Comparing with available data in literature and by testing approximation convergence are
justified by efficiency of the developed algorithm. As a demonstration of the operation of the
calculation program, the results of a study on filling a rectangular channel are given. Parametric
calculations show that the free surface assumes a steady convex shape over time and then moves
along the channel at a constant velocity.

The research is implemented at the expanses of the Russian Science Foundation (project
no. 18-19-00021).
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MopaenupoBaHue IMPOCTPAHCTBEHHOT'O 3aMO0JTHEHUSI €MKOCTH
BSI3KOI >KIJIKOCThIO ¢ ucmoJb3oBaHueM VOF-merona

EBrennii I. Bopzenko
Edum N. Xerait

Tomckuit TOCy1TapCTBEHHBII YHUBEPCUTET
Towmck, Poccuiickass Penepartiust

Awnnoranusi. B Hacrosmeit pabore mpecTaBIeHbl Pe3yIbTAThl MOIETUPOBAHNUS IPOCTPAHCTBEHHOTO Te-
YeHMs] HbIOTOHOBCKOM KUJIKOCTH €O cBOGOmHOMN mosepxHOocThIO. Anroputm PLIC VOF, npennasnaden-
HBIIi JJTsT PEIIeHns 33/1a9 O TEUEHUN YKUJIKOCTEN CO CBOOOIHOM MOBEPXHOCTHIO B IBYMEPHOI MOCTAHOBKE,
006001IeH Ha CJIydail MPOCTPAHCTBEHHBIX MOTOKOB. PaboTOCIIOCOOHOCTH pa3pabOTAHHOTO aJrOPUTMa U
JIOCTOBEPHOCTD IIOJIYYaEeMBbIX DE3YJIBTATOB IIPOJIEMOHCTPUPOBAHBI IIyTEM CPaBHEHU: C JIUTEPATYPHBIMH
JAHHBIMU U ITPOBEPKOM aNIIPOKCUMAIIMOHHOMN CXOIMMOCTH.

[Tapamerpudeckne pacdernl 3alOHEHUsT KAHAJIA C MPSIMOYTOJBHBIM CEYE€HUEM IOKa3aJd, YTO C Te-
YeHHEeM BPEMEHH CBOOO/[HAsI IIOBEPXHOCTH IIPUHUMAET YCTAHOBUBIIIYIOCH BBIIYKJIYIO (POPMY, KOTOpas Ie-
peMeraeTcst BAOJb KaHaa C MOCTOSIHHON CKOPOCTHbIO. B pesysnbraTe mapaMeTpuIecKoro MCCIeI0BaHUS
TIOCTPOEHBI 3aBUCUMOCTH T€OMETPUIECKIX XaPAKTEPUCTUK (POPMBI CBOOOTHOM TOBEPXHOCTH OT IapaMeT-
POB 33/1a4u.

KuroueBbie cjioBa: TeUeHNE HHIOTOHOBCKOM YKUJIKOCTHU, 3AMOJIHEHNE TPSMOYTOJIHLHOTO KaHaIa, CBOOO/I-
Hasl TIOBEPXHOCTh, TPEXMEPHOE MOJEIMPOBaHMe, dncieanoe mogenuposanne, VOF-meTon, ctpykrypa mo-

TOKa.
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Abstract. We analyze the dynamical behavior of the N-soliton train in the adiabatic approximation of

the Manakov model. The evolution of Manakov N-soliton trains is described by the complex Toda chain
(CTC) which is a completely integrable dynamical model. Calculating the eigenvalues of its Lax matrix
allows us to determine the asymptotic velocity of each soliton. So we describe sets of soliton parameters
that ensure one of the two main types of asymptotic regimes: the bound state regime (BSR) and the free
asymptotic regime (FAR). In particular we find explicit description of special symmetric configurations of
N solitons that ensure BSR and FAR. We find excellent matches between the trajectories of the solitons
predicted by CTC with the ones calculated numerically from the Manakov system for wide classes of
soliton parameters. This confirms the validity of our model.
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1. Introduction and preliminaries

The solitons and their interactions find numerous applications of in many areas of today
nonlinear physics, such as hydrodynamics, nonlinear optics, Bose-Einstein condensates, etc.
[1-3,7,27,28,34]. This explains why it is important to study their interactions. The first results
on soliton interactions were obtained by Zakharov and Shabat [35,36]. There they proved that
the nonlinear Schrédinger equation

. 1

Tuy + o U + |uPu(z, t) = 0. (1)
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can be integrated by the inverse scattering method (ISM). Then they constructed the N-soliton
solution of (1) and calculated their limits for ¢ — oo and ¢ — —oo, assuming that all solitons
have different velocities. Comparing the asymptotics they concluded that the soliton interactions
are purely elastic, i.e., no new solitons can be created. In addition the solitons preserve their
amplitudes and velocities, and the only effect of the interactions are relative shifts of the center
of masses and phases.

Later Karpman and Solov’ev proposed another approach to the soliton interactions based on
the adiabatic approximation [25,26]. They proposed to model the N-soliton trains of the NLS
eq. (1). By N-soliton train they meant a solution of the NLS eq. with initial condition:

N .
o . - _ Quy,etPr
u(x,t—())—];“k(fvt_o)v uk(x,t)—m,
2
2 = 20l — & (1), (1) = 2t + Ex o, ?

The adiabatic approximation holds true if the soliton parameters satisfy [26]:

vk —vo|l < vo, |k — po] < pos vk — voll&k+1,0 — Eko| > 1, (3)

1 XN 1 XN
where vy = N > vk, and po = ~ > pi are the average amplitude and velocity respectively.
k=1 k=1

In fact we have two different scales:

1/2 1/2

v — o] > ey’ 7, |k — pol ~ €7, I€k+1,0 — &k0 2651~

In this approximation the dynamics of the N-soliton train is described by a dynamical system
for the 4N soliton parameters. What Karpman and Solov’ev did was to derive the dynamical
system for the two soliton interactions: a system of 8 equations for the 8 soliton parameters.
They were able also to solve it analytically.

Later their results were generalized to N-soliton trains [16,17,24]|. The corresponding model
can be written down in the form :

dAg — 4y, (er+1*Qk _ er*Qk—l) ,

dt (4)
dQx = —4ygA

dt 0k

where A\, = pg + v, and

Qr = 21 + kln4u§ — (0 + 00 + km — 2u0ék),
1 Y 1 & 1 &
= X7 Sy = 37 s do = — §s~

Obviously the system (4) becomes the Toda chain with free ends for the complex variables Qy:

®)

4 X
L Ay —E = 1612 (eQr+17Qr Q1= Qro1) k=2,...,N—1,

d? d?
dgl = 16V§€Q2_Q1, d?zN = —16V§6QN—QN*1.
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which is known as the complex Toda chain (CTC).

It is well known that the standard (real) Toda chain is an integrable system [9,28,31]. In
the case of (6), which is known as Toda chain with open ends, it was possible to write down its
solutions explicitly [31]. An important fact is that these solutions depend analytically on their
parameters and can be easily generalized to the CTC.

In fact some time ago a special configurations of soliton trains that are modeled by the real
Toda chain [4, 5] were found. For them we must choose solitons with equal amplitudes (i.e.,
v = Vg), vanishing initial velocities (ur = 0), and out-of phase dx11 — 0 = 7. It is easy to see
that under these assumptions @ become real valued and (6) become the standard Toda chain.

The adiabatic approach of Karpman and Solov’ev has a drawback: it is an approximate
method whose precision is determined by £9. On the other hand it has the advantages: first,
it is not limited only to solitons with different velocities, and second, it can take into account
possible perturbations of the NLS [16,17,24].

Another important generalization of the NLS equation is known as the Manakov model [28]
(vector NLS):

1
ity + Sl + (@', @)i(x, t) = 0. (7)

The corresponding vector N-soliton train is determined by the initial condition:

. N . R et
u(x,tzO)zguk(x,tzO), uk(x,t)zmnk,
4= 2o~ 600, 64(6) = 2t + o, ®
b = 5—:%4-%(15)7 Sk (t) = 2(uz + vt + k.0,

where the constant polarization vector 71 is normalized by

S COS(G/C)e'L"”C . n ) -
= (Sin(ek)e_i’)’k ? (nk:’nk‘) - 1a ; a’rg nk);s - 0

Therefore each Manakov soliton is parametrized by 6 parameters.

It was natural to extend the Karpman-Solov’ev method to the Manakov model. The result is
known as the generalized CTC (GCTC) [10-12,14]. Of course later the GCTC was also adapted
to treat the effects of several types of perturbations on solitons [8,13, 19,30, 32, 33].

The advantage of the integrability of the CTC and GCTC is in the fact that knowing the initial
set of soliton parameters one can predict the asymptotic regime of the soliton train [16,17,24].
On the other hand it is possible to find the set of constraints on the soliton parameters that
would ensure given asymptotic regime. These constraints were derived and analyzed for 2 and 3-
soliton trains; for larger number of solitons only fragmentary results such as the quasi-equidistant
propagation of solitons [16] are known.

The aim of the present paper is to reinvestigate these results and to demonstrate several
configuration of multisoliton trains for which one can predict that they will go into bound state
regime (BSR) or into free asymptotic regime (FAR). In Section 2 we outline the derivation of
the GCTC model, see eq. (16) below which now depends also on the polarization vectors 7y
and models the behavior of the N-soliton train of the vector NLS. We also formulate the Lax
representation for the GCTC and explain how it can be used to determine the asymptotic regime
of the soliton train. In Section 3 we formulate two classes of explicit constraints on the soliton
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parameters that are responsible for BSR and FAR. The first class are generic conditions that
ensure that the Lax matrix becomes either real or purely imaginary. The second class are based
on special explicit constraints on the soliton parameters that make the eigenvalues of the Lax
matrix proportional to each other, so it is easier to establish if they are real or purely imaginary.

2. Preliminaries

2.1. Variational approach and generalized CTC

The Lagrangian of the vector NLS perturbed by external potential is:

I S N . > | PR
Ld] = dt = [(uT,ut) — (u},a)| — H, Hlud = de |—= (@), 4,) + = (@', @)% . (9)
oo 2 oo 2 2
Then the Lagrange equations of motion:
d L oL —0, (10)

doq ot
coincide with the vector NLS with external potential V(z).
N
Next we insert @(z,t) = > Up(z,t) (see eq. (8)) and integrate over = neglecting all terms of

k=1
order € and higher. In doing this we assume that & < & < --- < &y at t = 0 and use the fact,

that only the nearest neighbor solitons will contribute. All integrals of the form:

[ g, [ ) (1)

with |p — k| > 2 can be neglected. The same holds true also for the integrals
[ ds @,

where at least three of the indices k, p, s, have different values. In doing this key role play the
following integrals:

® dzel?? Ta
J2(a) = / =
2(a) — o 2cosh? 2 2sinh %F (12)
Koa= [* ot e
"7 ) 2coshzcosh(z + A)  2isinh(A)sinh(7a/2)’
Thus after long calculations we obtain:
N N N
L= Letd D Lin  Lin =160 (Rin+ RE,),
k=1 k=1n=k+1 (13)
Ry = ei(é"f&")(ﬁlﬁn)v Ok = O — 2008k,
Apn =285 010(E — &n) > 1, Skk+1 = —1, Skk—1 = 1,
where
. 4+ ot d dé, 8u3
Ly = —2iyy ((n?t,nk) — (nz,nk,to + 8,11;61/;6% - 4ukd—tk — 8uivg + ?k (14)
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The equations of motion are given by:

d oL oL
ad _ =0, 15
dt dopr,:  Opk (15)

where pj stands for one of the soliton parameters: &k, &, pr, Vi and fiz The corresponding
system is a generalization of CTC:

% = —4u, (er+1 Qk (n;; 1,ﬁk) — @k Qk—l(ﬁT ﬁk71>) ,

dt (16)
L Wy

dt = 0Nk> dt - ’

where again A\ = pg + ivg and the other variables are given by (5). Now we have additional
equations describing the evolution of the polarization vectors. But note, that their evolution is
slow, and in addition the products (ﬁL +1,ﬁk) multiply the exponents e@++1~@% which are also
of the order of €. Since we are keeping only terms of the order of € we can replace (ﬁ,TC 1 ix) by
their initial values

(ﬁL+1’ﬁk)’t:0 = mgk€2igk, k= 1,..., N —1. (17)

We will consider most general form of the polarization vectors:

1) = cos (0 ) el
R sin(0g)em e )
<ﬁ£+1|fik> = cos(Ok+1 cos(9k)e_i('“°+1_'”°) + sin(0k41 sin(@k)ei(”*"'ﬂ_”’“) = pre'r,

pr = cos® (Vo1 — Vi) €08 (1 — Ok) + sin® (Y1 — Vi) c08® (Op+1 + Ok).

cos(Op11 + 9k)>
cos(Opi1—0) )’

(18)

o = — arctan <tan(7k+1 — k)
1y .

ar = ?OP% exp(—v0(Ept1 — &k)) exp(—i(Ok41 — O — ok +7)/2).

In our previous papers we considered configurations for which |fix) are real, i.e., 7, = 0. Note
that the effect of the polarization vectors could be viewed as change of the distance between the
solitons and between the phases.

The system (16) was derived for the Manakov system n = 2 by other methods in [18].
There the GCTC model was tested numerically and found to give very good agreement with the
numerical solution of the Manakov model. However the tests were done only for real values of
the polarization vectors, i.e., all vy =0, k = 1,..., N. Below we will take into account the effect
of 7, onto the dynamical regimes of the solitons.

2.2. Asymptotic regimes: general approach

We first briefly remind the main results concerning the CTC model [14,16-18,24]. The CTC
is completely integrable model; it allows Lax representation L; = [A.L], where:

N N
L= Z (bsEss + as (Es,erl + Es+1,s)) P A= Z (as(Es,s+1 - E5+1,s)) 3 (19)

s=1 s=1
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where as = exp((Qsy1 — Qs)/2), bs = pst + ivsy and the matrices Eys are determined by
(Eks)pj = Okpdsj. The eigenvalues of L are integrals of motion and determine the asymptotic
velocities.

The GCTC derived in [10-12,14,18] is also a completely integrable model. It allows Lax
representation just like the standard real Toda chain [9,29,31] L; = [A.L], where:

N N
L Z (b Ess + as Es7s+1 + Es+1,s)) ) A - Z (as(Es,s+l - Eerl,s)) 3 (2())

s=1 s=1

where @, = mose’®*as, by = s +iv,. Like for the scalar case, the eigenvalues of L are integrals of
motion. If we denote by C; = ks+in, (resp. Cs = i+iijs) the set of eigenvalues of L (resp. L) then
their real parts ks (resp. &s) determine the asymptotic velocities for the soliton train described
by CTC (resp. GCTC). Thus, starting from the set of initial soliton parameters we can calculate
Ll|i—o (resp. f/|t:0), evaluate the real parts of their eigenvalues and thus determine the asymptotic
regime of the soliton train.

Regime (i). K, # k; (resp. Ry # Kj) for k # j, i.e., the asymptotic velocities are all different.
Then we have asymptotically separating, free solitons, see also [4,16,17,24].

Regime (ii). k1 = ko =+ =Kky =0 (resp. &1 = Rg = -+ = ky = 0), i.e., all N solitons move
with the same mean asymptotic velocity, and form a "bound state."

Regime (iii). A variety of intermediate situations when one group (or several groups) of parti-
cles move with the same mean asymptotic velocity; then they would form one (or several)
bound state(s) and the rest of the particles will have free asymptotic motion.

Remark 1. The sets of eigenvalues of L and L are generically different. Thus varying only the
polarization vectors one can change the asymptotic regime of the soliton train.

Let us consider several particular cases.

Case 1. 1y = --- = fiy. Since the vector 77; is normalized, then all coefficients m,; = 1 and
o, = 0. Then the interactions of the vector and scalar solitons are identical.

Case 2. (7! fly1,7s) = 0. Then the GCTC splits into two unrelated GCTC: one for the solitons
{1,2,...,s} and another for {s 4+ 1,s + 2,....N}. If the two sets of soliton parameters
are such that both groups of solitons are in bound state regimes, then we have two bound
states.

Case 3. <n2+1|ﬁk> = mge’?® — effective change of distance and phases of solitons. In this case
we can rewrite as = exp((Qs4+1 — Qs)/2), where:

Qs+1 — Qs = Qsi1 — Qs + Inmg + o, (21)

i.e., the distance between any two neighboring vector solitons has changed by In(mg/2vp);
similar changes have the phases.
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3. Asymptotic regimes for N-soliton trains with N > 4

The asymptotic regimes for scalar solitons and for small values of N are known for long
time now, see [16,17,24]. Obviously for N = 2 we have only two possibilities: BSR and FAR.
For N = 3 for the first time there appears MAR when two of the solitons form a bound state
while the third one goes away off them. For N > 3 there were only fragmentary results, see the
quasi-equidistant propagation of solitons in [16].

For the Manakov solitons formally the method is the same. The idea to use the integrability
of CTC in order to develop a tool for the analysis of asymptotic behavior of N-soliton trains was
developed in [10, 12,14, 18]. Roughly speaking we have to use the characteristic polynomial of
Ly whose generic form is:

N
P(z) =det(Ly — 21) = Y pi(d, b)" =
k=0 k

=

(z — z1). (22)

Next we have to analyze the roots z; and formulate the conditions on the soliton parameters for
which

i) Re z; =0; ii) Im 2, =0. (23)

Formally condition i) in (23) ensures the BSR, while condition ii) in (23) is responsible for the
FAR.

However each soliton now has 6 parameters, so 3, 4 and 5 solitons will be parametrized
by 18, 24 and 30 parameters respectively. The large number of parameters makes it difficult
to derive explicit analytical results, or to do an exhaustive numerical studies. Of course some
configurations of Manakov solitons behave just like the scalar ones. This happens if all 77 are
equal. Naturally our aim is consider more interesting cases and demonstrate the important
role that the polarization vectors play for the soliton interactions. Indeed mgx in (17) take
any value from 0 to 1, i.e., they ‘regulate’ the strength of the interaction. In particular, if the
polarization vectors of two neighboring solitons are orthogonal, then they do not interact. In
addition the phases o; modify the phase difference of the solitons which is a substantial factor
in their interaction.

Situations when we have 2, 3 and 4 solitons are easier because we can write down explicit
formulae for z; in terms of the soliton parameters in the generic case. For two and three solitons
most of this analysis for scalar solitons were done [16,17,24]. For bigger values of N such formulas
are not done even for the scalar case, in which the number of the soliton parameters are 4/V.
For N = 4 already the formulae for z; are involved; in addition the number of the parameters
is 4N = 16. Therefore for N > 4 even for the scalar case only special configurations of soliton
parameters are known. They are related to special choices of the soliton parameters that simplify
the characteristic polynomial so that it reduces to, say a biquadratic equation. In addition, when
it comes to Manakov solitons, the number of the parameters becomes 6.V.

Our aim here will be: first to revisit the particular cases considered before and, second,
to propose special soliton configurations responsible for the BSR and FAR for any number of
solitons. We will illustrate our results by several figures.

3.1. Asymptotic regimes for Manakov solitons

Let us now outline some effective ways of choosing soliton parameters that would ensure given
asymptotic behavior of the solitons. The soliton parameters of the Manakov N-soliton train are
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6N and detailed study of the regions in which the solitons will develop given asymptotic regime
does not seem possible. However we will outline several ways to effectively pick up configurations
ensuring BSR or FAR asymptotic regimes.

Let us also remind several important issues that one needs to consider. First we need to
specify what we will consider as asymptotic state. Obviously we need a criterium that would
ensure us that we are in the asymptotic region. In our case we have two scales: €'/ and e that
are fundamental for the adiabatic approximation. It is reasonable to assume that the asymptotic
times must be of the order of 1/e. Our choices of soliton parameters are such that e ~ 1072. So
one could expect that the asymptotic times would be of the order of ! ~ 100. At the same
time we extend our numerics to about t,s ~ 1000 and in most cases we find good match between
the CTC prediction and the numerics of Manakov model during all that period. This means that
CTC models the Manakov model much better that we can expect. We can see from the figures
presented here and from many others that we have done that the match could be much better.

Indeed, let us assume that we know how to split the 30-dimensional space of our soliton
parameters into regions that correspond to the different asymptotic regimes. Obviously, if we
choose the soliton parameters to be close to the ‘border’ between two different regimes we can
expect that we would have a ‘transition’ area between the regimes, so the deviation from the
CTC model will come up sooner than 1000. This is what we can see in Figs. 1, 2. In the right
panel of Fig. 3 for ¢ > 300 we see that the bound state of 5 solitons in fact transforms into a
MAR. It ‘peels off’ the first and the fifth solitons that go freely away, and the other three still
stay in a BSR. It seems that choosing the difference between the amplitudes stabilizes the BSR.

The general criterium that ensures FAR or BSR is based on the following well known propo-
sition coming from linear algebra.

Proposition 1. Let Ly be symmetric Ly = LY matriz with real-valued matriz elements. Then
its eigenvalues zo; will be real and different, i.e., zo; 7 2ok for k # j.

Corollary 1. Let Ly be symmetric (not hermitian) Ly = LT matriz with purely imaginary
matriz elements. Then its eigenvalues z1; will be purely imaginary and different, i.e., z1; # 21k

fork #3j.

Proof. Follows directly from the Proposition if we consider L = iLy. O

In addition below we will assume that vy = 0.5 and ug = 0.

3.2. Generic FAR configurations

These configurations are characteristic for the real Toda chain solved by Moser [9,29,31].
In what follows we choose the polarization vectors 7, by setting:

kmw km
0, = — = 24
k 13 ) Vi 9 ( )
where go = 8, or go = 9.
For the CTC using the Proposition we obtain:
Im bli=o = 0, Im agli=o = 0, (25)
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Fig. 1. Left panel: FAR with initial conditions rg = 7.0, pgo = 0.01, vgo = 0.0, go = 9; Right
panel: BSR for ¢ up to 600 and MAR for ¢ > 700 with initial conditions rg = 8.0, pge = 0.0,
voo = 0.05, go = 9. The rest of the parameters are defined by eqs. (26) and (28) respectively

which means that

km km
Vklt=0 = 0.5, bili=0 = tkli=0 = ok, Ok = —%, Y= —,

13 9o
Sow = (k= 3)ro,  por = (k — 3) 00, vor = 0.5+ (k — 3)vo, (26)
00,1 =0, 00,k+1 — 00,k = Ok.

Indeed, from the Proposition the eigenvalues of L will be real and different, which is FAR.
A particular case of (26) as configuration ensuring FAR for scalar solitons was noticed long
ago, namely choosing solitons with equal amplitudes (i.e., Ay, = 0) and and out-of phase
Ok+1 — 0 = 7 [4]. However, eq. (26) provides more general configurations, in which the solitons
may have non-vanishing initial velocities, see Fig. 1.

3.3. Generic BSR configurations

Here we use the Corollary and impose on L the conditions:

Re bk|t=0 = 0, Re ak|t=0 = 0, (27)
which means that
. . km km
bi|i=0 = k(=0 = ivor, Op = —, Ve = —,
13 go
28
ok = (k’ — 3)7“(), wor = 0.0, vor = 0.5 + (k‘ — 3>V00, ( )
00,1 =0, 00,k+1 — 00,k = O + T,

This is also rather general and simple condition on the soliton parameters that fixes the initial
velocities to be 0, but does not put restrictions (except the adiabatic ones) on the amplitudes
and on the initial positions of the solitons.
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Fig. 2. Left panel: FAR with initial conditions ro = 8.0, pgo = 0.02, oo = 0.0, go = 4; Right
panel: BSR for ¢ up to 300 and MAR for ¢t > 500 with initial conditions rq = 8.0, pgo = 0.0,
voo = 0.03, go = 4. The rest of the parameters are defined by eqs. (26) and (28) respectively

3.4. Symmetric configurations of soliton parameters

In addition to these we find other configurations of soliton parameters that provide FAR or
BSR. To this end we use special symmetric constraints on L described below. These constraints
will leave only one of vg; and agr independent. As a result the characteristic polynomial of L
will factorize and we will find that all roots are proportional to each other.

Let us give few examples of them. We will provide the corresponding Lax matrix, its charac-
teristic polynomial and eigenvalues.

o N =3, P3=2(22 —4(a® + b?)):

b vV2a 0
L3 = \/ia 0 \/éa' )
0 V2a —b (29)

z12 = £2v/a? + b2, 23 = 0;

o N =4, Py =(22—-a?—-1b?)(22 — 9(a® + b?))

3b V3a 0 0
V3a b 2a 0
0 2 =b V3a |’ (30)
0 0 +3a —-3b

z12 = £Va? + b2, 234 = £3V a? + b%;
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o N =5 P5=2(2%2—a?—b?)(2% — 4(a® + b?))

20 V3a 0 0 0
V2a b 22 0 0
Ly = 0 2« 0 V3 0
0 0 V3a —b V2a (31)
0 0 0 v2a—2b

z1,2 = £V a? + b2, 234 = £2v/a? + b2, z5 = 0;

s W T wf L]
700 3 ‘ ’ 700 \ \
NN
::: | \ / . 300 >
L
)

-130 -80 -50 0 50 80 130 -30 -20 -10 0 10 20 30
Position Position

Time

/
.
Time
IS
o
o
T
MeaA—
~

et 4 7 VAU R IS S S S S
——

\
%
5
4

Fig. 3. Left panel: FAR with initial conditions pgg = 0.02, vgg = 0.0, go = 4; Right panel: BSR
for ¢ up to 300 and MAR for ¢ > 400 with initial conditions ugg = 0.0, vg9 = 0.03, go = 4. The
rest of the parameters are defined by egs. (37) and (38) respectively

o N=6, Ps=(22—a%—-b%)(2%2 - 9(a® + b?))(2? — 25(a® + b?)):

50 vV5a 0 0 0 0
VBa 3 V3a 0 0 0
0 V8 b 3a 0 0
0 0 3a¢a —-b V8 0 ’
0 0 0 +8a —3b+5a
0 0 0 0 +5a —5b

21,2 =4 (Z2 —+ b2, 2’374 = :|:3 \V4 (12 + b2, 25,6 = :t5 \Y4 (12 + b2.

Lg =

Such examples can be found for any value of N; from algebraic point of view they are related to
the the maximal embedding of s/(2) as a subalgebra of si(IV).
In order to ensure FAR or BSR we need to impose on a and b the condition that

FAR a*+b0*>0, BSR a*+b*<0. (33)
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Initial conditions for BSR of 5 scalar solitons:

In6 In3 In3 In 6
§1=—"2r0+ -—, S=-r0o+5—, &=0, §a=r0— 35— & =2r0—5—,
2V0 21/0 2V0 2V0
Vk:O.5+(3—k)V00, we =0, 5k:/€7T, k=1,...,5
(34)
Initial conditions for FAR of 5 scalar solitons:
In 6 In3 In3 In 6
G =-"2ro+5—, &L=-ro+t5—, &=0, a=r0o—5—, &=2rg—5—,
2V0 2V0 2 21/0 (35>
k
v, = 0.5, 1k = (3 — k) oo, 5,€:7”, k=1,...,5
For Manakov solitons the initial positions are determined by:
1 1
€10 = —2r0 — — In m01m02m03m04’ €30 = —10 — —1In Mp21M031M04
2ug 6 2vg 3mo1
1 mo3m
§30=—5 ~In —B 2 (36)
Vo Mo1MMo2
1 mMo1Mo2My 1 M1 MO2 M3 M
€10 =70+ — In 01702 03’ €50 = 20 4+ —— In 0171027037204
2V0 3m04 21/0 6

For the numerics we again fix the polarization vectors as in (24) and evaluate &y by the
formula (36). The result are given in Tab. 1 and 2 below.
In order to have FAR we choose the amplitudes, velocities and the phases of the solitons by:

Vk:0.5, uk:(k—?))uoo, k:1,2,...,5,
610 =0, d20 = 010 + 01 + T, 030 = 010 + 01 + 02 + T, (37)
040 = 030 + 01 + 02 + 03 + , 050 = 040 + 01 + 02 + 03 + 04 + 7.
For the BSR we choose the amplitudes, velocities and the phases of the solitons by:
v = 0.5+ (k — 3)voo, i =0, k=1,2,...,5,
010 = 0, d20 = 10 + 01, 930 = 010 + 01 + 02, (38)

040 = 030 + 01 + 02 + 03, 050 = 040 + 01 + 02 + 03 + 04.

3.5. Numeric values for the intial parameters

In Tabs. 1 and 2 we list the numeric values for mg; and o for the two typical choices of 0,
and 7 used above.

Table 1. Initial phases for Fig. 1 and Fig. 2

Sok left panel | right panel dok left panel | right panel
k=1 0.0 0.0 k=1 0.0 0.0
k=2 | 2868037 | —0.273554 k=2 | 2484841 | -0.656751
k= -0.405708 | —0.405708 k=3 | -1.006917 | -1.006917
k=4 | 2781038 | —0.360554 k= 2.258187 | —0.883405
k=5 | -0.150741 | -0.150741 k=5 | -0.354039 | —0.354039
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Table 2. Initial phases and positions for Fig. 3

left panel right panel

dok Sok dok Sok
k=1 0.0 | —15.154654 0.0 | —15.154654
k=2 2.484841 —7.133487 | —0.656751 —7.133487
k=3 1| -1.006917 0.140982 | —1.006917 0.140982
k=4 2.258187 7.305540 | —0.883405 7.305540
k=5 1| -0.354039 15.154654 | —0.354039 15.154654

4. Conclusions and discussion

The above analysis can be extended to any number of solitons. As we mentioned above,
the symmetric Lax matrices are realizations of the maximal embedding of the si(2) algebra
as a subalgebra of sI(N). In this case we effectively reduce the N-soliton interactions to an
effective 2-soliton interactions. Therefore the symmetric configurations studied above allow only
two asymptotic regimes: BSR and FAR. We make the hypothesis that it would be possible to
construct more general symmetric Lax matrices that would be responsible for effective 3-soliton
interactions. In this paper we included numerical tests only for 5 soliton interactions. However
previously we have run test starting with 2-solitons and ending with 9-soliton configurations.
Our results are that the CTC models adequately not only the purely solitonic interactions, but
also the effects of external potentials and other perturbations on them.

An interesting question is how long should we wait for the asymptotic regime. This question
is directly related to the other one: What are the limits of applicability of CTC? In our simula-
tions we have chosen g9 ~ 0.01 which means that the asymptotic time must be of the order of
1/eg =~ 100. At the same time in a number of cases we find good match between the CTC and
the numeric solutions of Manakov model even until 1000. This is what we see in our tests in
this paper for the free asymptotic regimes (left panels of all figures). The situation is different
for the bound state regimes. While in Fig. 1 we see good match until about 700, in Figs. 1 and 3
the good match goes until 300. After that the trajectories of CTC keep to the BSR, but some of
the real solitons ‘escape away‘ after that. However in all cases we find that CTC provides good
descriptions until times about three times larger than the asymptotic one.

MDT was supported by Fulbright — Bulgarian-American Commission for Educational Fx-
change under Grant No 19-21-07.
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06 acuMITOTYECKOM IoBeaeHnu N-COJIMTOHHBIX
rnmocJjeaoBaresibHocTeil MaHakoBa B aJnadbaTmIecKOM
MPUOJIMKEHU N

Baagnmup C. I'epa2kukosn

HanwmonanwHubrit uccienoBarenbeckuit saepusbiit yausepcurer "MUDOU"
Mocksa, Poccuniickast @enepartust

WNucruryT Maremaruku n nHdopMmarrky Bosrapckoil akaileMun HayK
Codwusi, Bosrapust

MHcTUTYT NIepCIeKTUBHBIX (bU3ndIecKux ucciiegopanuit, HoBblit 6o/irapckuii yHUBEpCUTET
Codwusi, Bosrapust

Mwuxaun /1. Tonopos

Tocynapcrsennsiii yuusepcurer Can-/Iuero

Can-/luero, Kamudopuus, CIITA

Texunuecknuit yausepcurer Codun

Codusi, Boarapus

Awnnoranusi. Mbl ananmusupyeM JuHAMHYECKOE MOBesieHne N-COUTOHHBIX MOCaeaoBaTeabHocTel Ma-
HaKOBa B a/[MabaTUIeCKOM IPUOIIMKEHUU. DBOJIIOIHS ITUX COJUTOHHBIX II0CJIEI0BATEILHOCTEN MOIEIN-
pyerca kommiekcHoit nenoukoit Toga (KIIT), koTopast siBIsS€TCS BIOJIHE HHTETPUPYEMON IMHAMAYECKOM
cucreMoii. Borauciss cobCcTBeHHbIE 3HAYEHUsT ee MATPUIbl JIakca Mbl MOXKEM ONpPEJIEeJIUTh ACUMIITOTH-
YECKYI0 CKOPOCTH KasKJOr'0 M3 COJUTOHOB. DTO IO3BOJISIET HAM OIUCATH KOHMUIYDPAIUH COJTUTOHHBIX
mapaMeTpOB DX KOTOPBLIX COJUTOHHASI IIOCJIEJOBATEIBHOCTD IIEPEXOINAT B KarXKJIOM M3 JBYX OCHOBHBIX
SICUMIITOTHIECKAX PEKUMOB: (a) PE2KUM CBIA3AHHOTO COCTOAHUS U (6) PEsKUM ACUMIITOTUIECKH CBOOOIHO-
ro 10BeJleHus. B 4acTHOCTH MBI HAIILIM sIBHOE OIMCAHUE CIIENAJIbHBIX CUMMETPUYECKUX KOHMUrYparuit
N cOJIMTOHOB KOTOPBIE 06ECIEUNBAIOT KaK, PE?KUM CBSI3AHHOI'O COCTOSIHUS, TAK M PEXKUM ACHUMITOTHIECKHI
¢cBOGOIHOTO TIOBEIeHUsI. Mbl YCTAHOBU/IM OTJIUYHOE COBIIAJICHUE MEXK]Iy TPAEKTOPUIMH, MPEICKA3bIBae-
Mbix KIIT ¢ Temu, KOTOpBIE MOJIy4YarOTCs IIPU YMCJIEHHOM perreHuu Mojeaun ManakoBa Jjisi IIIPOKOTO
KJIACcCa COJIMTOHHBIX IIapaMeTpPOB. DTO MOATBEPXKIACT CIIPABEIJIMBOCTD HAIIIEH MOEIIH.

KuaroueBbie ciioBa: mojieb MaHakoBa, COTMTOHHBIE B3aNMOJIEHCTBHSI, a/IiabaTuIecKoe IpubJImKeHne,
KOMILIEKCHas 1enodka Toma.
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Abstract. The construction of solutions to the problem with a free boundary for the non-linear heat

equation which have the heat wave type is considered in the paper. The feature of such solutions is that
the degeneration occurs on the front of the heat wave which separates the domain of positive values of
the unknown function and the cold (zero) background. A numerical algorithm based on the boundary
element method is proposed. Since it is difficult to prove the convergence of the algorithm due to the
non-linearity of the problem and the presence of degeneracy the comparison with exact solutions is used
to verify numerical results. The construction of exact solutions is reduced to integrating the Cauchy
problem for ODE. A qualitative analysis of the exact solutions is carried out. Several computational
experiments were performed to verify the proposed method.
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Introduction
We consider the non-linear parabolic heat equation [1] with a source (sink)
T, = AU(T) + O(T), 1)

which is also called the generalized porous medium equation [2|. If ¥(0) = 0 and ®(T') is power
function Eq. (1) can be written as

up = ulAu + y(Vu)? + au’. (2)
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Here, v > 0, a, 8 # 0 are constants, a > 0 means the presence of a source and a < 0 corresponds
to a sink. In what follows Cartesian coordinates are used.

Various forms of equation (2) are used to describe processes in continuum mechanics |2, 3],
plasma physics [1], etc. This mathematical object has a distinctive property related to the
propagation of perturbations with finite velocity, which is not typical for parabolic equations.

For equation (2) the problem of initiating a heat wave is considered. The heat wave is a
construction consisting of two hypersurfaces: w(t,x) > 0 and u(t,x) = 0 that continuously
joined along some sufficiently smooth manifold I'(¢,x) = 0. The latter determines the front of
the heat wave. Since the front is unknown in advance and it is determined simultaneously with
the construction of the unknown function, we have a special problem with a free boundary [3],
where U‘F(t’x)zo = 0. The boundary conditions have the form

u|b(x):0 = f(t7x)a f(O,X) =0, (3>

where b(x), f(t,x) are sufficiently smooth functions.

Previously, problem (2), (3) was already considered in the case a = 0, i.e., without a source
(sink). Solutions were constructed both in the form of special series [4] and with the use of the
boundary element method (BEM) [5]. In this paper, we propose an approximate method for
constructing solutions to the problem of heat wave initiation based on the BEM.

There are various approaches to solve boundary value problems for parabolic equations using
the BEM. The most natural one is to use the BEM based on time-dependent fundamental
solutions [6]. This method is not suitable for solving problem (2), (3) because of the non-
linearity of the right-hand side and because of the presence of a movable boundary (the heat
wave front). Therefore, it is preferable to use a time-stepping BEM (7], where the boundary
value problem for the elliptic equation is considered at each step, and the fundamental solution
of the Laplace equation is used. In addition to the classical BEM, it is used in the method of
fundamental solutions (MFS) [8], as well as in the interior field method (IFM) [9] and the null
field method (NFM) [10] in annular domains for the case of circular symmetry. For problem (2),
(3), we obtain the Poisson equation with a non-linear right-hand side at each time step. The dual
reciprocity boundary element method (DRBEM) [11] is most suitable for solving this equation.

We did not establish the convergence of the developed method. Therefore, to verify numerical
results exact solutions in the form of travelling wave are used [2]. Construction of exact solutions
is reduced to the solution of the Cauchy problem for a second-order ordinary differential equation
with a singularity.

Finding exact solutions of non-linear partial differential equations is an important field of
modern mathematics. There is a wide variety of methods to find exact solutions. Among
these methods we emphasize the group analysis method that was proposed and developed by
L. V. Ovsiannikov and his colleagues [12, 13]. A review of methods for constructing exact solutions
to equations of mathematical physics can be found, for example, in handbook [14]. Various
generalizations and modifications of the method of separation of variables [15, 16] are especially
often used to construct exact solutions of non-linear parabolic equations having the form (1).

1. Formulation of the problem
In the case of one spatial variable, equation (2) can be written as

v
Uy = U, + vui + 7’) + au. (4)
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Here, v = 0,1, 2 corresponds to Cartesian, cylindrical and spherical coordinate systems, respec-

v+1
tively; p =4/ > 22, where x; are the Cartesian coordinates. Condition (3) has the form
i=1

ulp=r = f(t), f(0)=0, (5)

where R > 0 is some constant which must obviously be positive for v # 0.

The cases v = 0 and v = 1 are considered here. It follows from previous results [17] that
for Cartesian and cylindrical coordinate systems problem (4), (5) has unique analytical heat-
wave type solution (in the form of a convergent Taylor series). The coefficients of the series are
determined from the solution of systems of linear algebraic equations. However, the radius of
convergence of the series is usually small, and it can be estimated only in some spacial cases. To
solve this problem and obtain an approximate solution to the problem of heat wave initiating
at a given time interval [0,t*], we usually use a step-by-step method based on the boundary
element approach [5]. We also note that presence of additional term (source) requires significant
modification of the previously developed approach.

2. Solution algorithm based on BEM

Problem (4), (5) is solved in the specified time interval ¢ € [0,%*] by a step-by-step method
based on the BEM. At each time step t, = kh, where h is the step size, we solve the spatial
problem obtained from (4), (5) with ¢ = t;. The solution domain where the unknown function u
is positive is the interval p € [0,a(t)), and p = a(t) is the equation of motion of the heat wave
front, u(tx, a(ty)) = 0.

For certainty, it is assumed that the heat wave front moves from the origin. Since a(ty) is
unknown in advance, the solution domain is also unknown at the moment ¢t = t;,. That is why, we
interchange the desired function and the spatial variable p [5]. Equation (4) takes the following

form
2

vupy,

+ aufp3. (6)

PLPl = Upuu — VPu —

We rewrite equation (6) in the form of the Poisson equation and obtain at ¢ = ¢; the boundary
value problem

Puu = F(uapa ptapu)y p|u:L =R, (7)

where F(u, p, pt, pu) = (pep2 +vpu)/u+vp2/p+au’~1p3 p = p(ty,u) is the unknown function
and L = f(tx). The unknown heat wave front for the original problem is defined by the condition
plu=o = alt).

At the front of the heat wave we have [1§]

dp

:
. ®

u=0 a (tk) 7

where ¢ is the flow of p(tg,u), n is the external normal to the boundary of the solution domain,
n(0) = —1, n(L) = 1. It follows from the results presented in [17] that a'(t) # 0.
Thus, we arrive to the boundary value problem (7), (8) in the domain u € [0, L]. Using the

q(p)|u:0 —

boundary element method, we write the solution of this problem in the following form
L
p(v) = qif)u (v,0) + g5 w* (v, L) = prrq* (v,0) — Rg* (v, L) - / F (. p, pes pu) u* (v, w)du. (9)
0
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Here, v € (0,L), pix = p(ts,0), poi = plte, L) = R, ¢\ = ¢ (11,0), ¢ = ¢ (tx, L), u* (v, u)
is the fundamental solution of the one-dimensional stationary problem, ¢*(v,u) = du*(v,u)/dn
[6]. Values of pix, q(p ) (?) are not specified by the boundary conditions and should be
determined.

and gy,

Taking the limits v — 0 and v — L in equation (9), we obtain the system of two boundary
integral equations

P1k — q§§?L =Q1, pix+ qu)L = Qo, (10)

L L
where Ql =R-— f F (U,P, ptvpu) ’LL*(O, u)du, Q2 =R+ f F ('LL,P, ptvpu) u*(Lvu)du
0

0
Using quadratic approximation of the function p(¢,0) = a(t) on the interval [tx_1,tx], one
can write condition (8) in the following approximate form
o (af) + il y))
Pk — P1(k—1) = ) () . (11)
200k D (k1)

Expressing p1j from (11) and substituting it into the first equation (10), we obtain an equation
in the unknown qiz)

_ah vh
2 (k1)
Since the derivative of the unknown function in (4), (5) is negative along the front u,|,—q) <
0 (for chosen direction of the movement of the heat wave front), the inverse function obeys the
inequality py|u=0 = 1/(up|u=0) < 0. Therefore, qi’é) = n(0)py|u=0 = —pulu=0 > 0, and a suitable

solution of equation (12) has the form

1 ~h h
fﬁ? =7 |Pr-1) — @1+ + Q1 — Pr(k—1) — - +29hL| . (13)
2L (P) 2 (p)
91 (k-1) 91 (k—1)

Substituting (13) into (10), we can find p1; and qég):

Q2 — Q2 —pix
L

Since function F'(u, p, pt, py) in (7) depends on the unknown function and its derivatives, we use
the following iterative procedure to solve problem (7), (8). Let us take p(®) = R and Q; = 0,
Q2 = 0 as the initial values. Then the i-th iteration of the solution has the form

p(z')(v) ( )() u*(v,0) +q(P)() *(v, L)—

Pk = Q§2)L + Q1 qéZ) = (14)

. , . ) (15)
—p\9q* (v,0) — Rg*(v, L) —/ F(u, pi=, pl 1 oDy (1, ) du.
0

The boundary values of the unknown function and flow can be found according to (13), (14)
as

1 - vh = vh
qgi)( D= — P1(k—1) — ng Ve 24 gz - Pre-1) — o | T 2RLY
2L 2 (?])c ) q(?;)C )
1 1(k—1
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i i—1 % i—1 i
A =L 0, o = (@8~

Here, Qgifl), Qgiil) are calculated from the previous iteration:
Z V=pRr- / =Dy (0, u)du, 2171) =R+/ FC=Yy* (L, u)du, (16)
0

where FU-1 = F (u P(i_l),pyfl),pq(ffl)). The iteration process is terminated at the m-th

n—1 n
(ng) ng ))/ng)
of (7), (8) at t = t;, is p(ty,u) = p(™ (u). Since this solution is continuous, the solution of problem
(4), (5) at t = tg, u(tx, p) can be determined without a loss of accuracy.

iteration if

The developed algorithm allows us to construct a solution that is continuous with respect to
a spatial variable for problem with a free boundary (4), (5) at each given time step.

L
To calculate integrals [ F (u, p, pt, pu) u*(v,u)du in (15), (16), we use the dual reciprocity
0
method [11] based on the expansion of F (u, p, pt, p,) in terms of radial basis functions (RBF)

F(u,p, ptvpu) = Zak¢k(u) (17)

Functions ¢; depend on the distance between the current point and collocation points
U1, Us, ..., U, that belong to the interval [0,L]: ¢r(z) = ¢ (rg), where 1, = |u — ug|. For
each function ¢y there is a function @y such that ¢ = Awy. After substituting expansion (17)
into the integrand and twice integrating by parts, we obtain the following equality

L
/ F(u7p,ptapu> u*(v,u)du =
0

0 (18)
Z ) + Pr(0)u*(v,0) + pr(L)u" (v, L) — wk(0)g" (v, 0) — Wi (L)g"(w, L)],

where py(z) = 0wy (u)/On. The coefficients ay, for each iteration are determined from the
system of equations obtained from (17) for the current iteration p()(u) at the collocation points

F (5,0 (1) o7 ()00 (7)) = D7 cndn(uy),j = 1,2,
k=1

The use of the simplest functions ¢ = r, as RBFs [5, 18] results in stable convergence of iterative
processes and good accuracy of solutions. However, it is rather complicated to use these functions
to solve problems with the source term because convergence of iterative processes is unstable and
depends on the parameters of the problem. Obviously, the additional non-linear term requires a
more precise expansion.

It is difficult to analyse the influence of RBFs on convergence analytically. Therefore, we
perform a numerical analysis of the influence of used RBFs on convergence and accuracy of the
solution. We consider linear function ¢y, = 14y, polyharmonic spline ¢y, = r; and multi-quadric
function ¢ = /1 + er%. Stable convergence is observed when the last two functions are used.
At the same time, multi-quadric function ensures better accuracy of the solution so we use it in
calculations. The results are shown in Section 4.
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3. Construction and study of exact solutions

It is problematic to prove convergence of the algorithm based on the BEM. One possible way
is to construct and study exact solutions and then use them to verify numerical results.
Plain geometry. We consider the non-linear heat equation with a source for v =0

Up = Ulgy + vui + au®. (19)
We assume that in this case the heat wave front is defined by following equation
u(tv x)‘x:a(t) =0. (20)

If functions a(t) and u® are analytical (8 € N) then it follows from the previously proved
theorems (see, for example, [16]) that problem (19), (20) has unique analytical solution in form
of a power series with respect to variable z = 2 — a(t) with recurrently determined coefficients.
We consider the case when the condition of the analyticity of the source is not satisfied. Let
B >0, 8 € R in equation (19). For non-integer 8 the source function can not be expanded into
a Taylor series with respect to powers of u. We construct the solution in the form of a travelling
wave u = v(z), z = —put —n, > 0, n = 0. Due to the invariance of equation (19) one can take
n=0.

Substituting v(z) in (19), we obtain the following ordinary differential equation

" + ()2 + v’ + av® = 0. (21)

Solving this equation with the condition v(0) = 0, we obtain the solution of problem (19),
(20) which is a heat wave with the front © = a(t) = pt+n (if it exists). Properties of solutions of
this type for 8 € N were previously studied [16]. For non-integer values of 3, as far as we know,
this problem was not previously considered and it is now studied for the first time.

In this case one cannot impose arbitrary condition for the derivative at z = 0. If we set z =0
in both parts of Eq. (21) then we obtain the quadratic equation

Y(v'(0))? + p'(0) = 0,

which has two roots v'(0) = —u/v and v'(0) = 0. For other values of v'(0) equation (21) is
incompatible. Thus, we obtain from the continuity condition that either

0(0) =0, v/(0) = —p/7, or (22)

v(0) =0, v (0)=0. (23)

Problems (21), (22) and (21), (23) have specific properties that they inherit from original
problem (19), (20). In particular, at the starting point z = 0 function v(z) (that is the term at
the higher derivative) turns to zero. It means that problems cannot be written in normal form,
and the classical theorems on existence of solutions of the Cauchy problem are not applicable.
It is obvious that (21), (23) has trivial solution v = 0. Special study is required to prove the
existence and uniqueness of the solution of (21), (22) and the existence of a non-trivial solution
of (21), (23).

In what follows we consider only the case a > 0. It means that there is an influx of energy
(matter) into the system. This case is widely encountered in applications.
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Theorem 1. The Cauchy problem (21), (22) for a > 0, 8 > 1 has unique solution v(z) €
Clzo00 N C(on,o) for some zy < 0.

Proof. Using substitution v’ = p, we lower the order of equation (21). Then it takes the form

dp

o, ot + av’ = 0. (24)

vp

Using the change of variable w = v in equation (24), we obtain
dp aw
pw— +yp+p+— =0. (25)
dw P

Since for 8 > 0 the equality v°|,—o = 0 holds then for equation (24) conditions (22) correspond
to

p(0) = —p/7. (26)

Let us perform a qualitative analysis of equation (21). To do this, we consider the equivalent

dynamic system

Here the parametrization is performed in such a way that dz = pwd£. System (27) is very close
to system (4.3) from [19]. The first equations differ by a positive constant multiplier on the
right-hand side. The second equations are the same.

System (27) has two singular points M7 (0, —u/v) and M»(0,0). It follows from qualitative
analysis [19] that M; has the topological type "saddle", and M; is the "saddle-node" with one
nodal and two saddle sectors. Considering condition (26), we are primarily interested in phase
trajectories that enter point M; and/or leave it. In this case, there is no need to consider the left
phase half-plane w < 0 (except 3 = k/m, where k, m are natural odd numbers) because w = v°.

There is a separatrix S that tends to the point M; as £ — 40. Phase trajectories which are
located to the right of S bypass the nodal sector bounded by S and the coordinate axis Op. The
phase trajectories inside the nodal sector tend to My as £ — +oo (Fig. 1).

The separatrix S corresponds to the solution v = v,(z) of problem (21), (22). Taking into
account the conditions of the theorem, the solution has the following properties: 1) v is defined
and continuous on some interval [zg,0]; 2) v is twice continuously differentiable on the interval
(20,0); 3)Qu,(0) = v.(20) = 0, vi(2) = 0; 4) v,(z) changes sign once, v, (zmax) = 0, Vs« (Zmax) =
Umaxs Zii£1+0 v'(z) = +o0; 5) v/(2) < 0. Let us note that condition § > 1 guarantees that
properties 1 and 2 hold. The schematic representation of function v(z) is shown in Fig.2.

It seems impossible to find the exact values z., Zmax, Umax. Further we discuss how to find
interval estimates for them.

Remark 1. For 8 = k/m, where k, m are natural odd numbers, k > m, the left phase half-plane
w = v? < 0 can also be considered. The solution of problem (21), (22) can be continued to the
right from the point z = 0 as well as problem (21), (23) at z < 0 has a non-trivial solution. Both
solutions are negative so they are meaningless from the physical point of view.

Interval estimates are constructed for the key parameters of the solution of (21), (23) in the
particular case 8 = 1 to simplify the study. We follow the procedure suggested in [19].
Let us use linear substitution of the unknown function and independent variable

Z=Az, 9= Bv, A=ay/[u(y+1)], B=ar?/[i*(y+1)]. (28)
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y/j LT
==

Fig. 1. Phase portrait Fig. 2. The traveling wave configuration

Then problem (21), (23) takes the form
v + (W) + 30+ (y+1Dv =0, v(0)=0, v'(0) =—1. (29)

Here the tilde is omitted.
We analyse the properties of solution of (29) and find estimates for z., Zmax, Umax. In the proof
of Theorem 1 we show that for z € [zmax, 0] function v decreases, —1 < v/ < 0 and v/ (zmax) = 0.
Then from (29) we have that —1 — v < v” < =1, and v"(0) = —1, v"(2max) = —y — 1.
Integrating the upper bound for v” on the interval [z, 0] and taking into account the Cauchy
conditions (29), we obtain that

V< —(y+ 1Dz —1, v=-05y+1)2% — 2, Zmax < 2 < 0. (30)

It follows from the first inequality (30) that zmax < —1/(y + 1). The right-hand side of
the second inequality at z1 = —1/(7 + 1) > zmax takes the maximum value that satisfies the
inequality v(z1) > 1/[2(y 4+ 1)]. Since v(z1) < Umax We obtain that vpyayx = 1/[2(y + 1)].

Integrating the lower bound for v” on the interval [z, 0] we obtain that

V> —z—1, v<—-0522—2 0< 2 < Zmax. (31)

It follows from (31) that zmax = —1 and viyax < 0.5.

When z € [z0, Zmax] function v increases, i.e., v’ > 0. Taking into account this inequality, it
follows from (29) that v” < —y—1. Integrating it twice, we obtain vyax—v = (Y+1)(2max —2)?/2,
20 < 2 € Zmax- Since vpax < 0.5, for 2 = 2zg we have 0 < zpax — 20 < 1/4/7 + 1 whence it follows
that —1/v/v+1—1< 20 < —1/(yv+1). So, we have all the required estimates. Let us apply the
transformation inverse to (28). Then we obtain the following inequalities

ply +1) N N et 1 1P (1+7)
- < max < - T 1 1 < < max; 5 o < max < a9
ay : ary a’y( YHIFYFL) S 20 <2 2002 v 2002

. (32)
We omit cumbersome transformations that are required to construct estimates of the form
(32) for the general case. Now a solution of equation (19) can be found. The solution has the
form of a heat wave that propagates with the constant velocity u(t,z) = v.(x — ut — 7).
An interesting feature of this solution is that it is a soliton (solitary wave). We point out
that if & = 0 (no source) then solution has explicit form v = —u(x — ut — n)/v. It is easy to

show that it is not a soliton.
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Derivation of travelling wave solution. Since one can not obtain analytical solution of
problem (21), (22) we solve it numerically. It follows from the proof of Theorem 1 that solution
should be constructed on the interval [zg, 0], and zg < 0 is unknown. We only know that v(zp) = 0
and v'(z) — oo when z — zg. This is the problem with a free boundary, and its formulation is
non-standard for solving by the boundary element method. Note that we prefer to use the BEM
because, unlike difference methods, it allows one to construct a continuous solution.

For convenience, we use substitution V(z) = v(—z) and resolve equation (21) with respect to
the higher derivative. Taking into account (22), we have the Cauchy problem

V= iV = = av ] Vo) = 0. g0) = -2 (33)

It is difficult to find its solution with satisfactory accuracy on the interval z € [0, z,], where
z« = —2g, because of specific properties (mentioned above) of the unknown function. A correct
solution can be found in two stages. In the first stage, problem (33) is solved on the interval
z € [0, L], where L < z, is selected in such a way that V/(L) < 0, i.e., L > —zpax. Then the
BEM iterative procedure is used to obtain continuous solution of this problem (see [20]).

One cannot construct a solution of problem (33) on the interval z € [L, z,] in the original
formulation because the derivative is unbounded. Then, in the second stage, we interchange the
independent variable and the unknown function, just as we did in Section 2. As a result, we
obtain the inverse Cauchy problem for the unknown function z(V).

z' 1

&= b wd eV L) = L (L) =

where V € [0, L*], g, = 82z/0n, L* = V(L); V(L) and ¢(L) are obtained in the first stage.

Now problem (34) can be solved with the use of the iterative BEM. As a result, in particular,
the value z(0) = z, is found. The continuousness of the found function allows us to determine
V(z) for z € [0, z.] and the solution of problem (21), (22) without loss of accuracy. Note that
estimates (32) can be used to select parameter L.

(34)

Cylindrical geometry. For v = 1, there are no exact travelling wave solutions for equa-
tion (4). It is known [16] that for 5 = 1 equation (4) has a self-similar solution u(t,p) =
= a(t)a'(t)v(r), where 1 = p/(Re"), and R > 0,0 are constant. Function v(r) satisfies the
Cauchy problem

v+ y(v')? + (7" + ;) v+ (% - 2) v=0, v(1)=0, V(1) = ——. (35)

This solution corresponds to a heat wave with an exponential law of motion of the heat wave
front a(t) = Re%. Since equation (35) is not autonomous, it is difficult to perform a qualitative
analysis in this case, and we don’t consider this task here.

In conclusion, we note that solution of problem (35) by the iterative boundary element method
[20] does not require additional modification because the unknown function in the solution domain
r € (0,1] monotonically decreases. In this case, to solve problem (4), (5) in the time interval
t € [0,¢,], it is sufficient to solve problem (35) in the segment r € [a(0)/a (t.), 1].

4. Computational experiment

Verification of the BEM algorithm. Here we test the BEM algorithm developed in
Section 2 by comparing the calculation results with the exact solutions presented in Section 3
for various values of parameters.
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Example 1. We consider the problem in the case of plane geometry (v = 0) with v =1/3,a =
1,u=1,7=0. Parameter (8 is varied: § =0.8; 1; 1.2; 1.4; 1.6; 1.8; 2.

The accuracy of solving problem (4), (5) using the BEM algorithm is tested as follows. The
exact travelling wave solution u¢(¢, z) is found by solving problem (21), (22) using the boundary
element method described in Section 3. When the exact solution is found condition (5) that
corresponds to this solution is

u|g=0 = u®(t,0). (36)

Next, numerical solution of problem (4), (36) is calculated using BEM. Then it is compared
with the exact solution u®(¢,z). Numerical and exact solutions for 8 = 1.4 are shown in Fig. 3.

o [ — BEM, t=0.5
41 —BEM, t=1

[ BEM, t=1.5
® BEM, t=2

37 ¢ o exact, t=0.5
® exact, t=1

2 e exact, t=1.5
n exact, t=2

1

0 L 4 L »

0.5 1.0 1.5 20 x

Fig. 3. Travelling heat wave for g = 1.4

To estimate the accuracy of the numerical solution we compare the law of motion of the heat
wave front found by the BEM and the law of motion x = ut + n of the exact solution. The
relative error in determining the heat wave front is shown in Tab. 1.

Table 1. The relative error in determining the heat wave front

t | 3=08 | B=1 B=12 | B=14 | B=16 | B=18 | B=2
0.5 || 4.96E-03 | L.77E-03 | 6.29E 04 | 2.10E 04 | 7.22E 05 | 2.19E-05 | 2.86E-05
1 |[4.63E-03 | 1.61E-03 | 5.85E 04 | 2.10E 04 | 8.88E 05 | 4.97E 05 | 4.37E 05

The results show that the accuracy of the solution decreases as parameter 8 decreases. The
results are not acceptable for 3 < 0.8. This seems to be related to the fact that the term u”~*
(see (7)) has a singularity at w = 0 if 8 < 1. Note that Theorem 1 is also valid only for 8 > 1.
Nevertheless, one should note that the acceptable numerical results are obtained not only under
the conditions of Theorem 1 but also for 0 < 8 < 1.

Example 2. We consider the problem in the case of cylindrical geometry (v = 1) with v =
1/3,a=1,86=1,R=1,0=1.

The exact solution u®(t, p) is found by solving problem (35) using the BEM [20]. The bound-
ary condition for problem (4), (5) is

ul,=r = u(t, R). (37)

Comparison of the BEM solution of problem (4), (37) and the exact solution is shown in Fig. 4.
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Thus, the results demonstrate the effectiveness of the developed algorithm for solving the
problem of heat wave initiating for a non-linear heat equation with a source.

—BEM, t=0.5
20 3 —BEM, 1=0.8
BEM, t=1
15 e exact, t=0.5
s o exact, t=0.8
» e exact, t=1

1.0 1.5 2.0 2.5 p

Fig. 4. Heat wave with exponential front

Traveling wave. The second part of the computational experiment is devoted to the nu-
merical analysis of estimates obtained for the parameters of the solution of problem (21), (22).
Tab. 2 shows values of z, zmax and wvnpay, as well as boundaries of their interval estimates
Z2- € Zmax < 24, 27 < 20 € Zmaxs U— < Umax < Uy (see (32)) for « = p = 1 and various
~. One can see that the estimates are relatively accurate for zp.x and vmax. The values of zyax
are closer to the left border of the interval, and the values of v,y are closer to the right border.
For the wave length z, = —zy the rough estimate was obtained, and further improvement is
needed.

The results of calculations show that obtained analytical estimates can be probably im-
proved. So, for all calculations performed (both presented in Tab. 2 and not included
in it) the inequalities |zmax — 2zam|/|2a] < 0.05, v_ + 0.7 Av < Upax < v_ + 0.8 Avw
are valid. Here, zpr = (2= + 24)/2, Av = vy —o_. It follows from (28) and (29)
that if we have values of 2o(7, @, tt)|a=p=1, Zmax(V; @, 1) |a=p=1 and Vmax (7, @, 1) |a=p=1, We
can find zo(7y, @, 1), Zmax (7,0, 1) and vmax(v,a,u) for all o and p as zo(y,a,p) = =
/v‘a_120<% L1), zmax(7,q, M) = Ma_lzmax('% L1), 'Umax(’)/; Q, M) = ,u2a_1vmax(% L1).

Table 2. Estimates of travelling wave parameters

y a | Z_ Zmax Z4 - 20 V_ Umax Vi

1 1|1 -2 | —1.547918 | -1 —3.414214 —2.328672 0.5 0.858849 1

05|11 -3 | —2.575608 | —2 —5.449490 —4.265408 2 2.744421 3

1/3 11 -4 | -3.590301 | -3 ~7.464102 -6.229110 4.5 5.643519 6

02111 -6 | -5.611311 | -5 —11.477226 | —10.194475 12.5 | 14.4864942 | 15
Conclusions

In this study we consider the problem of a heat wave initiating for a non-linear heat equation
with a source and construct the solution on a specified finite time interval. We develop a step-
by-step algorithm based on the iterative BEM using the dual reciprocity method. We choose
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systems of radial basis functions that ensure convergence of the iterative process at each step of
the solution. To verify the developed algorithm we use exact travelling wave solutions. Their
construction is reduced to solving the Cauchy problem for the ODE with a singularity. For this
Cauchy problem we prove the existence and uniqueness theorem of the classical solution that
does not have to be analytical. A qualitative study of the solution properties was performed,
and some estimates for the amplitude and wave length were obtained. To solve the Cauchy
problem numerically, we develop an iterative algorithm based on the BEM. It allows one to
determine correctly the boundary of the solution domain where the derivative of the unknown
function tends to infinity. The performed calculations show the effectiveness and accuracy of the
developed computational algorithm.

Further research can be directed towards expanding the proposed approach to other types of
problems and to multidimensional equations. It is also interesting to apply new methods such
as the method of fundamental solutions, the interior field method and the null field method to
solve the considered elliptic equations and to compare these methods with the BEM.

The study was funded by RFBR (research project no. 20-07-00407) and by RFBR and MOST
(research project no. 20-51-552003.
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O mocTpoeHum perneHunii 3a4a49M CO CBOOOHOI rpaHuUIleit
JJIsl HeJIMHEIHOTo ypaBHEHUS TEIJIOIIPOBOJIHOCTHU

Anekcanap JI. KazakoB

WNucruryTr nuaamuku cucreM u Teopun yupasienust nmenun B.M. Marpocosa CO PAH
Npkyrck, Poccnitickast @enepartust

JleB ®@. CrieBak

WNucruryTr mammnaosegenus ¥YpO PAH

Exkarepunbypr, Poccuiickas ®eneparms

Munr-T'our JIn

Yuusepcurer HYynr Xya

Topon Cunbuxy, TaiiBanb

Amnnoranusi. B cratbe 06CyK1aeTcst IOCTPOEHNE PEIIEHU 3a1a9u CO CBOOOTHON TpAHUIEl sl HEJU-
HEHHOr0 ypaBHEHUsI TEIIONPOBOHOCTH, KOTOPbIE UMEIOT THUI TEIUIOBOH BOJHBL. (OCOGEHHOCTHIO TAKUX
pelleHunit ABJIsIeTCS TO, YTO YPaBHEHHE MMeeT BBIPOXKeHNEe Ha (DPOHTE TEIIOBOM BOJIHBI, KOTOPBIH pa3-
JessieT 00JaCTh MOJIOXKUTETBHBIX 3HAYEHUI MCKOMOM (DYHKITUU W XOJIOTHBIH (HyneBoﬁ) don. Ilpemio-
JK€H YHUCJIEHHBIN aJrOPUTM DPEIeHus yKA3aHHONW IPOOEeMbl Ha OCHOBE METOIA T'PAHUYHBIX JJIEMEHTOB.
ITockosibKy J10Ka3aTh CXOJMMOCTH aJITOPUTMa HE YIAeTCs W3-3a HEJHMHEHHOCTH 33J1a9 W HAJUIUs BbI-
POXKIEeHNUsI, B Ka4eCTBE METOJa BEPUMUKAINU PACUETOB BBIOPAHO CPABHEHWE C TOYHBIMHU PEIIEHUSIMU,
IOCTPOEHNE KOTOPBIX CBOAMTCs K MHTerpupoBanuio 3agaun Komm mis O/Y. IIposeneno kadecrsennoe
HCCJIeJIOBaHUE TIOC/IeHNX. BBINOIHEHB! UJLIIOCTPUPYIONIME PACUYEThI, HA OCHOBAHUU KOTOPBIX C HUCIIOJIb-
30BaHUEM De3yJIbTaTOB Ka4EeCTBECHHOI'O aHAJM3a CAECJIAHBI COAEP2KATE/IbHBIE BBIBOJDL.

KunroueBrble ciioBa: HeIuHEHHOE ypaBHEHUE TENJIONPOBOMHOCTH, TEIJIOBAs BOJIHA, METOJ I'PAHUYHBIX
3JIEMEHTOB, IPUOJIMKEHHOE PellleHre, TOYHOE PellleHne, TEOPEMa CYyIIeCTBOBAHMSI.
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Abstract. The work proposes a model for synthesizing a composite "metallic matrix-reinforcing inclu-
sions". The solution is based on two algorithms demonstrating similar results. It is shown that, like in
classic models of combustion, there is a domain of model parameters where a transition to the stationary
regime is possible. It is demonstrated that taking into account the thermal and mechanical processes
alters the effective properties (thermal capacity and thermal effects of the reaction) and provokes the
formation of a new heat source conditioned by the interaction of different physical processes.
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Introduction

Currently, there are numerous methods for synthesizing composites [1—3 and other]. One of
them is based on combustion synthesis or SHS [4]. The chemical reactions in powder mixtures
are diverse. The obtained multi-component and multi-phase reaction products, depending on
the conditions of synthesis, can possess different properties. In general case, the deformation and
stress field formation processes accompanying the chemical transformations are inherent stages of
the synthesis and may impact the effective properties and structure. Such mathematical models,
taking into account the processes of different physical nature, are called coupled models. From
this perspective, the models of classic combustion theory—taking into account the effect of heat
liberation from the reactions on the temperature field—also belong to coupled models. Taking
into account the mutual influence of thermal phenomena, chemical reactions and deformation,
in the elementary case, affects the effective formal-kinetic parameters [5, 6]. In the case of more
detailed investigation, it leads to the occurrence of new transformation regimes [7]. However,
before the detailed accounting of mechanical and mechanochemical phenomena, the sequence and
mutual influence of the chemical stages should be elucidated. This work is aimed at studying
the regimes of transformation using a non-stationary model of composite synthesis that includes
consecutive-parallel stages at the moment of powder mixture reaction initiation by a heat pulse
applied from a side end.

*anna-knyazeva@mail.ru
Tbnv@ispms.tsc.ru
© Siberian Federal University. All rights reserved
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1. Mathematical statement of problem

Let us assume that the composite synthesis can be described by a simple scheme of chemical
reactions. The result of the first reaction are reinforcing particles and an intermediate product
consumed in the second reaction. The second reaction immediately forms the matrix. The
general reaction scheme can be expressed as

2X +Y — P + 2D,
X+2P,+Z— P.

(1)

This scheme can be exemplified by the synthesis of composites in systems Al+Cro,O3+T% and
Al+ Fes03+ Ni. According to scheme (1), the reagent Y (oxides) takes part in the first reaction,
consequently changing its rate, while the concentration of the component Z (titanium or nickel)
in the initial mixture changes the rate of the second reaction. Therefore, these substances may
not be included into the kinetic equations. The resulting set of kinetic equations, corresponding
to the said reaction scheme, is as follows:

dP; —
EL (1) X2
7 1(T) X7,
dP: _ _
= 2 (1)X? — 20T PP X, (2)
dPl 2
— = k(TP X
dt 2( ) 2 )
_ FE
where X = 1 — P — P, — P, is the total number of reagents, k1 (T) = kigexp (_R}> and

E
ko(T) = koo exp <_R121> are the rates of reactions 1 and 2. Assuming that the synthesis is

initiated from the surface by a uniformly distributed heat source (heat pulse) and the side surfaces
are heat-insulated, in the thermal section of the problem we will stick to the one-dimensional
thermal conductivity equation with chemical sources:

oT o*T

Lo = A@ + Q1P + Q2P (3)

where (I)l = kl(T)XQ, (1)2 = k2(T)P22X
The boundary conditions are:

oT orT
z=0: _)\E = qo, t < timp7 and — )\% = 07 t> tim;m (4)
oT
—o00:— =0. )
T 001 o (5)
To reduce the number of variables and number of necessary numerical calculations, let us
T-T. t

introduce the following dimensionless variables: 6 = T 1 T = o ¢ = i, where t, =

* — 40 * Ty

cpRT? Eq @1
= exp ( ), T, = —
k10 E1Q1 RT., cp
Then, the problem (2)—(5) will take the following form:

At
+ Ty and 22 = == are the characteristic scales.
¢

06 0%

5_8762—’_”/0}“ (6)
8P1 w2 Oo
or X e (ﬁ(l—i—@a))’ @
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%I: — 2 X P2yexp (M) , ()
§—>0:—g—z:Qe, T <71, and —Z—Z:Q T> T, (10)
€ o0: 52 =0, (11)

T:029:—1, P:P1:P2:0,

t; B4 Oo o +¢
h . = tmp W ==X (X _ KozP2 _ .
where T = 5 Wen =5 ( eXp<6(1+90)>+ @ Qe"p<ﬁ<1+ea>>>

T, — T,
The problem, along with the pulse duration, includes dimensionless parameters o = — T 0 ,
RT, . . cpRT? )
8 = . the lesser parameter of the combustion theory, v = g Q* << 1 is the lesser
1 11
parameter of the combustion theory that characterizes the sensitivity of the reaction rate to
o k
burning-out, 6y = B is the temperature head, while the parameters Kgo = %, z = 1?27 € =
1 1
FEy—E t
= 1T2 characterize the relations between the kinetic reaction parameters, Q. = é—o Zis
1 1 K
the relation of heat accumulated in the layer z, to the reaction heat @)1, kK = —.
cp

2. Method of solution

The thermal conductivity equation (6) was solved using am implicit difference scheme of
first-order approximation in time and second-order approximation in spatial coordinates and
implementing the sweep method [8]. The kinetic equations for the total reactions were solved by
an explicit-implicit method, which efficacy was shown elsewhere [9]. For instance, let us express
eq. (7) for the numerical solution as

Plv 7p1v ~ ~ ~ ~ ~ Oo
L (1B - P, —B)(1- B~ P, — P, L —
AT K ( ! ti 2)( ! ti 21') P <5(1 + 6‘0))
" (1= P Py
P+ (1-P—P )7
P = - 12
17, 1+Z ) ( )
. . . 0
where Z = Aty (1 - P —-P, - Pg,i) exp (M) . In eq. (10), the numerator is, obviously,

always less than the denominator. Similarly for egs. (8) and (9):

_P2i+(1—Pi—P11.)Z
i 1427 +22, ’

Py

i = 1+ Zs s

whers 2= e (1 = By B = Prop (TS ). 20 = APl o (00 ).
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In eq. (12), the following notations were accepted: Pli is the value P; in point 4 of the difference
grid at the moment of time jA7; P, is the value P; in point ¢ of the difference grid at the
moment of time (j 4+ 1)Ar.

To confirm the correctness of the results, the problem was solved using two algorithms: (1)
consecutive calculations at each of the layers in time with the verification of the convergence
with decreasing step in time and number of decompositions of the calculation domain; (2) using
the iteration at each of the layers in time. In the second case, the iterations are repeated until
the result ceases to change (in the selected points) with a given accuracy:

—1/2

Z(ék—ek)2 <eg,

(k)

where 6}, is the solution for the temperature obtained in the previous iteration, 6 is current
calculation.

Tabs. 1 and 2 contain the data on the temperature at specific moments of time in point £ = 0
for h = 0.005 and different steps in time A7. Both the tables illustrate satisfactory convergence
with decreasing step in time. Both the algorithms demonstrate satisfactory convergence also
with increasing number of decompositions of the calculation domain (i.e. with decreasing spatial
step), which is not shown in the tables.

Table 1. Temperature and conversion degree in point & = 0 for different time steps for the
problem solution as per the first algorithm

dt t=0.5s. t=1s. t=2s.

0.0025 3.9386 | 10.7376 | 67.9454

0 0.005 3.9153 | 10.6336 | 65.6274
0.01 3.8695 | 10.4418 | 62.4896

0.0025 | 1.5441-10=% | 0.0697 | 0.4722
P 0.005 | 1.5252-10"% | 0.00684 | 0.4702
0.01 | 1.488-10~* | 0.00658 0.466

0.0025 0.02591 | 0.09022 | 0.4876

P 0.005 0.02589 | 0.08982 | 0.4856
0.01 0.02584 | 0.08906 | 0.4826

0.0025 0.0515 | 0.1664 0.037

Py 0.005 0.0514 | 0.1657 0.04
0.0512 0.0513 | 0.1645 0.046

The iteration method converges, on average, on the 2-6th iteration, depending on the pro-
cess stage: heating, reaction initiation, or process stabilization. The advantage of the iteration
method is in the possibility to use in calculations quite large time steps with satisfactory conver-
gence of the kinetic subproblem. The results below were generally obtained with the following
parameters of the problem: ¢ = 0.9, € = 0.01, v = 0.035, Ko = 0.3, 2 = 5.

3. Results and discussion

A typical distribution of the temperatures and concentrations in the surface layer at different
moments of time is shown in Fig. 1 for different external pulse durations. The small duration
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Table 2. Temperature and conversion degree in point £ = 0 for different time steps using iterations

dt | t=0.5s. t=1s. t=2s.
0.1 4.0828 | 12.3788 | 43.2305
0 0.04 4.2018 | 11.3522 | 51.7492
0.025 3.9876 | 11.1474 | 55.5466

0.1 | 0.00015 0.0111 0.4089
P 0.04 | 0.00018 0.0084 0.4462
0.025 0.0015 0.0078 0.4566

0.1 | 0.02912 0.1164 0.4655
Py 0.04 | 0.02879 0.0989 0.4744
0.025 | 0.02666 0.0955 0.4776

0.1 | 0.05746 0.2015 0.0998
Py 0.04 | 0.05701 0.1786 0.0676
0.025 | 0.05291 0.1740 0.0574

of the external pulse is insufficient for the reaction in the mixture to continue. Disabling the
source inhibits the reaction, after which the reaction stops (Fig. 1, left side). With increased
pulse duration, there is a self-sustained reaction and stabilization of the process (Fig. 1, right
side). We suppose that the stationary regime was caused by the conditions when the maximum
temperature does not change with the accuracy of 3-5%. Other criteria—connected with the
analysis of various thermodynamic characteristics are also possible. The figures in the center
correspond to some intermediate case, when the stabilization of the process takes long time. In
this case, there are fluctuations in the composition at the initial stage of the process evolution.

The maximum temperature, evidently, grows with the increase of the pulse duration. How-
ever, during the stabilization process, the maximum temperature decreases and approaches some
asymptotic limit. The same is applicable to the fraction of particles in the reaction products
P, and the fraction of the matrix P. The intermediate product exists in a considerable concen-
tration in the reaction front; however, then, the concentration P, appreciably drops due to the
end product formation. In the combustion theory, the stationary regime is a limit that should
not depend on the initiation conditions and properties of a system under study. In the investi-
gation of the stabilization process, it cannot be shown. Having a short pulse, the reactions in
the surface layer stop (Fig. 2b, solid lines). In the stationary regime, they condition some end
composition of the composite that depends on the initial composition of the reagents and other
parameters. In out model, the variation of the initial composition is bound with altered relation
of pre-exponential factors of the reactions.

Fig. 3 demonstrate changed composition of the products. The alteration of parameter is
connected with the change to the stationary velocity of the front that can be defined using various
methods (though, all the methods are equivalent to each other). For instance, the velocity can
be calculated from Fig. 3 using the data on the location of the point with fixed value of the
product P concentration at different moments of time. For three values of z = 0.5, 3 and 5, we
get V = 0.365, 0.592 and 0.735, respectively.

After changing parameters v or 3, we get the stationary regime of the composite synthesis
with different velocity and different temperature in the front. However, the composition of the
products remains unchanged.
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Fig. 1. Temperature and concentration distribution for different pulse durations 7, at different
moments of time. a), d), g) and j) correspond to 7. = 0.5; b), e), h) and k) correspond to 7. = 2;
c), f), i) and 1) correspond to 7. = 10. Moments of time: a)t = 1) 0.3, 2) 0.5, 3) 0.8, 4) 5,
5) 20, 6) 200; b) t = 1) 0.3, 2) 2, 3) 2.5, 4) 5, 5) 50, 6) 200; ¢) t = 1) 1, 2) 5, 3) 10, 4) 15,
5) 50, 6) 90, 7) 150, 8) 200; d,g,j) t = 1) 0.3, 2) 0.4, 3) 0.5, 4) 200; e,h,k) t = 1) 0.3, 2) 1.5,
3)7,4) 200; f,1,1)t=1)1,2) 5, 3) 20, 4) 50, 5) 105, 6) 155, 7) 200
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Fig. 2. Time dependence of the maximum temperature and concentrations in the surface layer.
The solid line corresponds to the calculation of the pulse duration 7, = 0.5; the dashed line
corresponds to 7, = 2; the dash-dotted line corresponds to 7, = 10. Curves 1 in b) correspond
to product P, the curves 2 correspond to product P;, the curves 3 correspond to product P
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Fig. 3. Temperature and concentration distribution for different values of parameter z at different
moments of time. The solid line corresponds to the parameter value of z = 0.5, the dashed line
corresponds to z = 3, the dash-dotted line corresponds to z = 5, v = 0.025. Moments of time:
t=1)4,2) 12, 3) 50, 4) 90, 5) 120, 6) 160, 7) 220, 8) 260, 9) 300

4. Transition to the coupled model

The mathematical model that takes into account the mutual influence of thermal, chemical
and mechanical phenomena for the described reaction scheme and built similarly to [10,11]
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includes an equation that is similar to eq. (3), but including an additional nonchemical source
of heat:

dT o*r
where
Kao? 1
. =c <1+3 S +”),
pce 1—v

1+v
Q) =Q1 — 3KQTTE (a1 —az) +2 (a2 — )],

Q)= Qs — 3KaTT% (@ — ay) — 2 (a — )],

2—4v /x d
tx) = 2K (f—l)T—F ),
witz) T \n TR

2 (" 4 "
F(t,z) = ﬁ/o w(t, z)x dr — %/0 w(t, z) dz,

w=3ar (T —Tp) + (1 —ay) (Pa — Pa,) + (@ — ) (P — Py)],

K is the isothermal volume elasticity modulus, v is the Poisson’s ratio; ar is the linearly coef-
ficient of thermal expansion (averaged in the properties of the reagents and products); «, a1,
«a,0, are the coefficients of concentration expansion of the reagents and reaction products; h
is the sample dimensions along 0X. The alteration of the effective properties (thermal capacity
and thermal effects of the reaction), compared to the uncoupled model, can be interpreted as the
expansion of the variation domain of the model parameters (6)—(11). However, the introduction
of the additional heat source may introduce its own peculiarities; for instance, lead to the expan-
sion of the domain of existence of stationary conversion regime, as compared to the classic works
[12-15 and other] even with due account for the peculiarities in the kinetic functions that reflect
the specificity of the reactions in heterogeneous systems. This should be investigated further.

Conclusions

Therefore, the work proposed the model of composite synthesis with reinforcing inclusions.
The synthesis of the matrix and inclusions is determined by two total parallel-consecutive stages.
Two algorithms for the problem solution on the reaction initiation give similar results. It was
shown that in the model, there is a domain of parameters, where a stationary synthesis regime
is possible. The composition of the products depends on the relation of the model parameters,
including the changes to the initial composition, which in the model is connected with the
alteration of the relation of the reaction pre-exponential factors. The paper presented a coupled
model of the composite synthesis, including the effective properties (depending on the mechanical
characteristics) and an additional heat source, conditioned by the interaction of different physical
processes. The role of the new factors requires additional investigation.

The reported study was funded by RFBR, project no. 20-03-00303.
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CBsi3aHHasg MaTeMaTHudecKas MoOJdeJIb CnHTe3a KOMIIO3UTOB

Anna I'. KagazeBa

Harasnba B. Bykpuna
WMucturyT dusukn npounoctu u marepuasioseaennss CO PAH
Tomck, Poccuiickas ®eneparms

Amnnoranusi. B pabore mpesjioxkeHa MOJeTb CHHTE3a KOMITO3UTA «METAJINIECKAs MATPUIA — YIIPOU-
HSAIOINE BKJIIOYEHHUs ». Pelrenne oCyIecTBIEHO ¢ IOMOIIBIO JBYX AJTOPUTMOB, TOKA3BIBAIOMNX OJIM3KME
pe3ysbrarel. [lokazaHo, 4TO, KaK M B KJACCUYECKUX MOJIEJISIX TOPEHMsI, CYIIeCTByeT 00JIacThb mapaMer-
POB MOJIeJIH, B KOTOPOil BO3MOXKEH IIepeXo, K CTallMOHapHOMY pexkumy. lIpomemoncTpupoBano, 4To y4uer
CBS32HHOCTHU TEIUIOBBIX M XUMUYIECKUX IIPOIECCOB NPUBOJUT K U3MEHEHUIO 3 DEKTUBHBIX CBOHCTB (Ter-
JIOEMKOCTH ¥ TEILIOBLIX 3(P(PEKTOB peakIn) ¥ HOSBJICHUIO JOIOJHUTEILHOIO UCTOYHUKA Tela, 00y-
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1. Introduction and preliminaries

The notion of complexity is widely used in Mathematics and Computer Science in the context
of several various abstract objects. The computational complexity of algorithms, the algebraic
complexity of polynomials, the Rademacher complexity in the computational learning theory or
the social complexity in the social systems are the concepts of great importance in the corre-
sponding fields of science. The present work is devoted to the particular type of complexity —
the analytic complexity of bivariate holomorphic functions.

The notion of analytic complexity is closely related to Hilbert’s 13th problem, which was
solved by A.N.Kolmogorov and V.I.Arnold in 1957 [1]. The initial formulation of Hilbert’s
13th problem asks whether any continuous function of several variables can be represented as
a finite superposition of bivariate functions [17]. The problem of finding similar representations
for analytic functions has given rise to the theory of the analytic complexity. The main objects
under consideration in this theory are the analytic complexity classes.

Definition 1 (See [2]). Let O(U(zo,y0)) denote the set of holomorphic functions in an open
neighborhood U(zo,10) of a point (xq,yo) € C2. The class Cly of analytic functions of analytic
complexity zero is defined to comprise the functions that depend on at most one of the variables.
A function f(x,y) is said to belong to the class Cl,, of functions with analytic complexity n > 0 if
there exists a point (zo,yo) € C? and a germ §(z,y) € O(U(xo,90)) of this function holomorphic
at (xo,yo) such that f(x,y) = c(a(z,y) + b(x,y)) for some germs of holomorphic functions a,b €
Cl,—1 and ¢ € Cly. If there is no such representation for any finite n, then the function f is
said to be of infinite analytic complexity.
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Example 1. A generic element of the first complexity class Cl; is a function of
the form f3(fi(z) + f2(y)). A function in Cly can be represented in the form

fr (fs(fi(x) + f2(y)) + fo(f3(x) + fa(y))), where fi(-) are univariate holomorphic functions,
i=1,....7.

For any class of analytic complexity Cl,,n € N there exists a system of differential polyno-
mials with constant coefficients A,, which annihilates a function if and only if it belongs to Cl,,.

Example 2 (See [2]). For a bivariate function f(x,y) consider the differential polynomial
AL(f) = ol ) Fiay = ()2 Fofogy + Foy (P22 oy — Foy (£ Fia
This differential polynomial vanishes if and only if its argument f € Cl;.

The problem of defining whether a function belongs to an analytic complexity class is equiv-
alent to computing the corresponding system of differential polynomials. Note that this is a
problem of formidable computational complexity [4,11] and a direct approach to its solution
appears to be inappropriate.

An important question is a possible connection between the classes of finite analytic com-
plexity and hypergeometric functions. In this paper we consider hypergeometric functions
as solutions of hypergeometric systems in the sense of Horn [8,10]. We choose a matrix
AeZm™ " = (A, i=1,...,m,j=1,...,n) and a vector of parameters ¢ = (c1,...,¢n) € C™.
We denote the rows of this matrix by A;, ¢ =1,...,m

Definition 2. The hypergeometric system (or the Horn system) Horn(A,c) is the following
system of partial differential equations:

z;Pi(0)f(x) = Q;(0)f(x), j=1,...,n, (1)

where

- 11 H (AZ,S )i+ 1y )

i:Ai>0 () _g
J

|Ai]—1

- II 1II (AZ,S +cz+l“)

i A”<0 l( )_0
J

0

and 0 = (01,...,0,), b; :xjaj'
J

It has been conjectured in [14] that any hypergeometric function has finite analytic complexity.
Hypergeometric systems of equations differ greatly from the differential criteria for the analytic
complexity classes, but numerous computer experiments suggest that the conjecture is true in a
lot of particular cases [6,7]. The case of hypergeometric systems with low holonomic rank has
been considered in [9].

The set of functions of infinite analytic complexity is also a matter of interest. Until recently,
all known examples of such functions were differentially transcendental functions, that is, func-
tions that are not solutions to any nonzero differential polynomial with constant coefficients.
Important examples of differentially algebraic functions of infinite analytic complexity have been
presented in [15,16].

A bivariate hypergeometric system can be defined by an integer convex polygon and a complex
vector of parameters as explained in the next definition.
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Definition 3. Let l; denote the generator of the sublattice {s € Z™ : (A;,s) = 0} and let
k; be the number of elements in the set {A1,..., Ay}, which coincide with A;. Let us define
the polygon P(A) (see [13]) as the integer convexr polygon whose sides are translations of the
vectors k;l;, the vectors Aq,..., A, being the outer normals to its sides. We will say that the
hypergeometric system Horn(A,c) is defined by the polygon P(A) and the vector ¢ € C.

Definition 4. A polygon is called a zonotope if it can be represented as the Minkowski sum of
segments.

In this article we investigate the analytic complexity of solutions to hypergeometric systems
of equations (1) defined by zonotopes.

The present paper is organized as follows. In Section 2 we investigate particular cases of hy-
pergeometric systems defined by zonotopes and analyze the analytic complexity of their solutions.
We formulate and prove an estimate of the analytic complexity for Puiseux polynomial solutions
to such systems in terms of the defining matrices and parameter vectors. In Section 3 we present
algorithms for finding the supports of Puiseux polynomial solutions to hypergeometric systems
and estimating the analytic complexity of polynomials. In Section 4 we consider examples of
hypergeometric systems and estimate the analytic complexity of their solutions. Throughout
the rest of the paper by «polynomial solutions to hypergeometric systems» we mean Puiseux
polynomial solutions.

We use the Wolfram Mathematica package HyperGeometry for solving hypergeometric
systems we investigate in this article. The package is available for free public use at
https://www.researchgate.net/publication/318986894 HyperGeometry, the description of avail-
able functions is given in [12].

2. Hypergeometric systems defined by zonotopes

Let us consider the special case of hypergeometric systems defined by zonotopes. Numerous
experiments suggest that the analytic complexity of polynomial solutions to such systems can be
much lower than its estimate based on their supports (see [3, Proposition 4]).

The set of hypergeometric systems defined by zonotopes enjoys the following properties:

a) these systems are holonomic for generic values of parameters;
b) the holonomic rank of a hypergeometric system (see Theorem 2.5 in [5]) is given by

rank(Horn(4, ¢)) = di1ds — Z Vij, (2)
A;,A; lin. dependent

m
where d; = Y A;;,j=1,2and
i=1
Azz'j >0

- min (|41 Ajal, |Aj14i2]), if A;, A are in opposite open quadrants of Z2,
7771 0, otherwise.

For the hypergeometric systems defined by zonotopes there is another formula for computing
their holonomic rank (see Proposition 1 in [9]), which in some cases may be more suitable;

¢) for any number of rows (a;, b;) belonging to the matrix A defining such a system, A contains
the same number of rows (—a;, —b;). Thus the rows of A can be grouped into two matrices A, —A.
This representation is in general not unique.
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d) for a hypergeometric system defined by a zonotope one can always choose parameter
values such that any solution to the resulting system is a polynomial (see [10, Proposition 6.5]).
Namely, for such a hypergeometric system Horn(A,c¢), where the matrix A contains 2k rows,
let @ = (e, ..., ax) be the part of the parameter vector ¢, corresponding to the matrix A (see
the property (c) above), 3 = (f1,...,0k) be the part of this vector corresponding to —A. By
Proposition 4.7 in [10] the general solution to Horn(A4, ¢) is a polynomial if —a; — 8; € N\{0}
fori=1,... k.

The simplest instance of a zonotope is a parallelogram. The analytic complexity estimate of
the solutions to the systems defined by parallelograms is the basis for more complex cases.

Proposition 1. The analytic complexity of a solution to a hypergeometric system defined by a
parallelogram cannot exceed 2.

Proof. The solutions to the hypergeometric system Horn(A, ¢) defined by a parallelogram have
been described in Proposition 4.7 in [10]. For a bivariate system (n = 2) this formula leads to

(g ) (Lo a0y )~ (o (L )

where A1 = ( a2 ) ;¢ = (a1,02,01,82). The monomials 7 “"'x; “*' and xq “2x, %2
a1 022

both belong to Cly, thus for any univariate analytic functions ¢(-),%(-) the product

Gay “Mray ) - p(x] 2y ") belongs to Cl. O

The following example shows that the solutions to hypergeometric systems defined by more
complex polygons can still have low analytic complexity.

Example 3. A simple zonotope. Let us consider the hypergeometric system Horn(A’, ¢)

1 -1 1 -10 0\
defined by the matrix A’ = 1 -1 0 0 1 -1 and the parameter vector ¢ =
(—23,22,-10,0,—9,0). Using the formula (2) we conclude that the holonomic rank of this sys-

tem is equal to 3. The hypergeometric system Horn(A’,¢’) is defined by the zonotope shown in

Fig. 1.
] - \ +

Fig. 1. Polygon defining the system Horn(A’,¢’), and its representation as the Minkowski sum
of segments

The support of the polynomial solutions to the system Horn(A’, ¢’) is shown in Fig. 2.

Let us consider the part of the solution py(x,y) whose support is bounded by the straight lines
parallel to the coordinate axes. Note that pg(z, y) contains 110 monomials (we do not put here the
whole expression due to its large size) and the known estimates for polynomials [3, Proposition 4]
imply that the analytic complexity of po(x,y) does not exceed 5. Indeed, the support of py(z,y)
lies in the union of 10 lines parallel to the s axis. The analytic complexity of the polynomial
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Fig. 2. The support for the solution of the system Horn(A’,¢)

whose support lies on a straight line parallel to an axis cannot exceed 1. Then the analytic
complexity of the sum of k such polynomials cannot exceed 1+ [log, k], where by [z],z € R we
denote the smallest integer not exceeding x. Later we prove that in fact the analytic complexity
of po(z,y) does not exceed 3.

In general, appending a pair of rows (a;, b;), (—a;, —b;) to the matrix defining a hypergeometric
system is equivalent to adding a pair of parallel straight lines bounding the support of the solution
in the exponent space. Let the hypergeometric system be defined by a parallelogram, and let

po(x,y) = >, ¢st-2°y' be a polynomial solution of this system with the support S. Adding
(s,t)eS
a pair of straight lines in the exponent space leads to the system whose solution is given by

p1($7y) _ Z F(a18+51t+71 +1)

- Cg .xSt: O{S"‘ t+ $St:
T (ars + But + 1) Ty Z (a5 + Bit +71) 2°y

(s,t)ES (s,t)€S

- (alea: + Bloy + ’Yl) Z Cs,txsyt = (alex + ﬁley + 71)p0(m7y)'
(s,t)eS

Using this formula repetitively we obtain the solution for k& additional pairs of
rows (a;, b;), (—a;, —b;):

)
pr(T,y) = <H (ajOy + B0y + ;) )p0(937y)~

Thus the estimate for the analytic complexity of pi(x,y) depends on the analytic complexity
of po(z,y). This dependence is described in detail in the following Proposition and its corollaries.

Recall that we use the notation 0, = x—, 0

a .
oz’ y:y% and o, 35,7 €C,j=1,... k.
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Proposition 2. If f(z,y) € Cl,, then (o, + 0, + ) f(x,y) € Clopi1.

Proof. We use induction by n to show that (af, + 80,)f(x,y) € Clay,.
For n =1 we can represent f(x,y) in the form f(z,y) = c(a(z) + b(y)).

(b + B6y)c(a(x) +b(y)) = ' (a(z) + b(y)) - (azd () + Byb'(y)),

and this function belongs to Cly as a product of Cl; functions. If the statement holds for all
n < N, and f(z,y) belongs to Cly, which means it can be represented as f(z,y) = h(f1(z,y) +
fQ(fE, y))7 where fl(mv y)a fg({E, y) € ClN*h then

(05(993 + Beu)h(fl(may> + f2($,y>) =

= h/(fl ('Tvy) + f2($7y)) ((aez + Bey)fl(xa y) + (aew + ﬂ9y>f2(m?y)) .

Both of the functions fi(z,y) and fa(x,y) belong to Cly_1, so the estimate of the analytic
complexity for (ab, + 80,)fi(x,y), i = 1,2 is Clany_2. Then their sum belongs to Clan_1 and,
after the multiplication of the result by h'(fi(z,y) + f2(z,y)) € Cly, the product belongs to
Clan. Thus we conclude that for any n, if f(x,y) € Cl,, then (af, + 56,) f(x,y) € Cla,. Adding
~vf(z,y) € Cl,, to this expression we obtain a function in Cla, 1. O

Corollary 1. For any f(z,y) € Cl,, the analytic complezity of

k
(H (02 + B0y + ;) ) f(z,y)
j=1

cannot exceed 2F(n + 1) — 1.

Corollary 2. Assume that the analytic complexity of a polynomial solution po(x,y) to the hy-
pergeometric system Horn(A, ) does not exceed n, S is a support of po(x,y). Let the matriz A be
obtained from A by appending k pairs of vectors (a;,b;), (—as, —b;), vector ¢ be obtained from & by
appending 2k elements. Then the analytic complexity of a polynomial solution with the support S
to the hypergeometric system Horn(A,c) does not exceed 2F(n + 1) — 1.

Example 3.(Continued). Let us use Corollary 2 to estimate the analytic complexity of a solution
to the system Horn(A’,¢’). To do this, consider the system Horn(fi’ ,c), defined by the matrix
A= < (1) (1) 7(1) _(1) > and the vector of parameters ¢ = (—10, —9, 1, 1). This system differs
from the original one only by the absence of the pair of straight lines with the normal vectors (1, 1)
and (—1, —1) bounding the support of the solution. Thus this support for the system Horn([l’ e )
coincides with the support of pg(x,y). Note that this system is defined by a parallelogram and
hence by Proposition 2 the analytic complexity of its solutions cannot exceed 2. Computations
show that the basis in the space of solutions to the system Horn(/i’ . ) consists of the single
function (z — 1)*°(y — 1)? € Cly, and hence po(z,y) € Clz by Corollary 2. The supports of two
other solutions to Horn(A4’, ¢’) lie on two parallel straight lines, so a linear combination of these
solutions belongs to Cl3, and the general solution to Horn(A’,¢') is a function in Cly.

The following theorem is the main theoretical result of the paper. It contains the general
estimate of the analytic complexity for polynomial solutions to hypergeometric systems defined
by zonotopes.
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Theorem 1. Let Horn(A,c) be a hypergeometric system defined by a zonotope. Assuming that
the matriz A contains 2k rows, consider the matrices A and —A such that the union of their rows
coincides with the set of rows of A. Let o be a part of the parameter vector ¢ corresponding to the
matric /Al, B be a part of this vector corresponding to —A, and define the vector ¢ = (¢1,. .., Ck)

by & = —a; — B
If ¢; e N\{0},i = 1,...,k, then the analytic complexity of the general solution to Horn(A,c)
does not exceed

min (3 e [logQ bk — 1)],2 + [logy( max &+ 1)] + [logy(k — 1)1) :

2 =1,...,k
Proof. For any system defined by a parallelogram the condition ¢; € N\{0} provides the existence
of a polynomial solution (see [10, Proposition 4.7] and the proof of Proposition 2.). Appending
of the rows (a;, b;), (—a;, —b;) to the matrix defining the hypergeometric system affects only the
coefficients of this solution but not its support. Without loss of generality we can choose a vector
of parameters ¢ such that the support of the general solution to Horn(A, ¢) coincides with a union
of supports of the solutions to a finite number of systems defined by parallelograms (see proof of
Proposition 6.5 in [10]). Thus the condition ¢ € N\{0} provides the existence of a polynomial
basis in the space of solutions to Horn(A4, ¢).

The matrix A contains 2k rows, so supports of the solutions are bounded by k pairs of straight
lines. Let us assign a natural number from 1 to k to each pair of lines. The union of these supports

k(k — 1)
2

each intersection we denote as [0; j, where ¢ € {1,...,k} and j € {1,..., k} are numbers assigned
to pairs of straight lines which form the intersection, i < j. For any (i,7) € {1,...,k}? the
solution to Horn(A,c) whose support lies in the intersection 0;; belongs to Cls.oe-2_1 (by

k(k—1)
2

is a subset of parallelogram intersections (it is the sum of an arithmetic progression),

Corollary 2). The analytic complexity of the sum of functions in Clg.ox-2_; (that is, the

k
analytic complexity of the general solution to Horn(A, c¢)) cannot exceed estim1< U Di:j) =

i,j=1
=3.22 14 [log2 @—‘ (see [3, Section 5]).

On the other hand, there is the estimate based on the number of parallel straight lines con-
taining the points of the support (see Proposition 4 in [3]). While the analytic complexity of any
polynomial with the support belonging to a straight line does not exceed 2, the number of these
lines corresponding to the i-th row of A equals ¢;+1. Thus for any ¢ the analytic complexity of the
part of the solution whose support belongs to LkJ 0;,; cannot exceed 2 + [logQ(i Erllaxkéi +1)].

j=r =L,
Note that there is no need to use all of k pairs of bounding straight lines to estimate the an-

alytic complexity of the general solution this way, since k — 1 pairs already bound the whole

k
estimg( U Di,j) = 2 + [log, ( ‘_Irllaxkéi + 1)} + [logy(k — 1)]. The minimal of the numbers

i,j=1
k k
estiml( U Dm-),estimg( U Di,j) is the sought estimate. O
ij=1 ij=1

An example of using the estimate given in Theorem 1 is shown in Fig. 3. Note that there
are three sets of parallel lines, each corresponding to one of the ¢;. For each of the parallelogram
intersections there are 2 estimates: estim(0; ;), based on Corollary 2 and estimo(0; ;) based
on Proposition 4 in [3].
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é3 =2

estimy(0y,3) =3-2F72 —1

estimg (g 3) = 2 + [loga(min(éy +1,é3 +1))] =3

estimy (0p 9) =3-2F"2 -1

estimg(0y 2) = 2 4 [loga(min(éy + 1,82 +1))] =3

Fig. 3. The analytic complexity estimate for a polynomial solution to a simple hypergeometric
system

We order ¢; by the ascension and choose v to be a vector with the elements v; =
= min (2 + [logy(& + 1)],3- 2572 — 1+ [logy(k —4)]),i = 1,...,k — 1. To find more accurate
value for the analytic complexity estimate from Theorem 1, one could use Algorithm 2 from
Section 3 using v as an input vector. The general estimate from Theorem 1 can be rough, if
values of ¢; vary greatly for different ¢. For example in Fig. 3 estima(01 2) = estima(013) = 3,
estimy(0sz,3) = 4, and for the general estimate we use the maximal of these values. The vector
v in this case provides the choice of the better estimate.

3. Algorithms of analytic complexity estimation

The following algorithm allows one to compute the analytic complexity of any given bivariate
polynomial.

Algorithm 1: Finding an analytic complexity estimate for a polynomial

Input: p(z,y) - a polynomial, z,y € C.

Output: N - an estimate for the analytic complexity of p(z,y).
result < 0

short + {}

polys < {pi(z,y)Ip(z,y) = > pi(z, y), Supp pi(z,y)||Supp p;(z,y)Vi, j}

W N =

4 for p € polys do

5 curr = getShort(p)

6 if curr ¢ short then
7 L result +=1

8 short = short U curr

©

N < 2+ [Logs(result)]

The main advantage of this algorithm compared to the existing ones is its ability to distinct
the powers of lower degree polynomials included in the original polynomial as summands. With-
out this feature, even the analytic complexity of the function like p(a(z) + b(y)) € Cly, where
p(t), a(z), b(y) are univariate polynomials, is estimated based on its support, which becomes very
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inaccurate with the growth of degree of p(t).

The input of the function getShort() is a homogeneous polynomial and the output contains
elements of its decomposition into the sum of powers. Note that the definition of polys assumes
the ambiguity of the representation of the polynomial as the sum of finitely many polynomials
supported in parallel straight lines. Any of such representations yields an estimate, but some of
them may be better than the other ones.

To estimate the analytic complexity of the general solution to the hypergeometric system
from Theorem 1 one can use the following algorithm.

Algorithm 2: Finding an analytic complexity estimate for a sum of functions

Input: ¢ = {c1,¢a,...,¢n} - a set of known estimates of the analytic complexity values for
bivariate functions fi(z,y), f2(z,v), ..., fo(x,y), where (z,y) € C2.
n

Output: N - an estimate for the analytic complexity of the function Y fi(x,y).
i=1
1 while ¢ contains more than 1 element do

2 find 2 minimal elements of ¢, namely, ¢; and c;.
¢ = (cU {max(es,c;) + 1)\ e 05 -
4 N < only element of c.

3

Algorithm 2 is finite, since at each step the number of elements in ¢ decreases by 1.

The following algorithm allows one to find the support of a polynomial solution to a given
hypergeometric system defined by a zonotope, provided that such a solution exists. The algorithm
is based on Proposition 4.7 in [10].

Algorithm 3: Constructing the support of a polynomial solution to a hypergeometric
system

Input: the matrix A, the parameter vector ¢ for the hypergeometric system Horn(A, ¢)
defined by a zonotope

Output: supp - the support for the polynomial solution to Horn(4, ¢).

supp + {}

find A : rows(A)U rows(—A) = rows(A)

for (r;,7;) C rows(A),i < j do

Aij < (riry)T

a  elements of ¢ corresponding to (r;,r;)

=

<+ elements of ¢ corresponding to (—r;, —r;)
if —a; — ;>0 for j =1,2 then

At LAl T A1, T2 b2
8 supp = supp U Supp | ™ i @ (1 +z w‘“) (1 +z w‘”)

9 else
10 L the general solution to Horn(A, ¢) is not a polynomial

N 0 Gk WwN

For some pairs of rows 7;,7; the solution to the corresponding system defined by a parallelo-
gram is not a polynomial. In this case, a part of the basis in the solution space can still consist
of polynomials, and their supports can be found by means of Algorithm 3.

4. Examples

Example 3 (Continued). Let us replace the parameter vector ¢’ in the system Horn(A’, ¢') by
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the vector (k,0,0,0,0,0). The corresponding system is given by

205(0, + 0, + k) —0,(0, +6,),
YOy (0 + 0y + k) — 0, (05 + 6y).

k=1 (_1)i k=1 (=1)J

T = L R,
x—1 j:13($*1)j y—1 j:l](yfl)J

so there is no polynomial basis for these parameter values. Nevertheless, the analytic complexity

of the general solution is equal to 1.

T

A basis in its solution space is given by 1, log

The present example shows that the analytic complexity of solutions to hypergeometric sys-
tems can be heavily dependent on parameter vectors defining these systems. A resonant choice
of their parameters can drastically reduce the analytic complexity of general solutions to such
systems.

Example 4. An octagon zonotope. Consider Example 6.8 in [10]. In order to find the analytic
complexity of a polynomial solution to the hypergeometric system defined by the matrix

q_(1 -1 -1 1 =33 2 2\
“\l2 2 1 -1 22 -1 1

and the vector of parameters ¢ = (3,—5,—-2,1,—2,—1,—1,—1) we can use the basis of the
solutions to this system, computed in [10]. There are 3 solutions whose analytic complexity is
equal to 2, and 28 solutions in Cl;, two of them also belonging to Cly. Therefore the analytic
complexity of the general solution to this system cannot exceed 7. Note that this estimate is
based on a trivial grouping of the basis functions into pairs, but the very specific structure of
the solution support makes it possible to show that the analytic complexity does not exceed 6.

Let us estimate the analytic complexity of the general solution to this system using Theorem 1.
The vector ¢, ordered by the ascension, is (1,2, 2,3). Then the vector v = (3,4,4) (it includes only
support-based estimates, because of low values of the elements of ¢), and, by using Algorithm 2,
we conclude that the general solution belongs to Clg.

Futhermore, we can estimate the analytic complexity of a solution to any hypergeometric
system we obtain by appending a pair of rows to A (the only condition is that these rows
are not collinear to the rows of A). Note that this estimate does not depend much on the
difference between new parameters. If this difference is big, it becomes the last element of
the ordered vector ¢, and does not affect the new vector v, the new element of the vector v is
equal to 2 + [log,(3 + 1)] = 4, and the resulting analytic complexity is 6. On the contrary, if
this difference is low, for example, if it is equal to 1, the new vector é = (1,1,2,2,3), the new
vector v = (3,3,4,4), and the analytic complexity is also equal to 6. Thus we conclude that
appending 2 rows to the matrix A does not affect the analytic complexity of the solution to the
system.

Example 5. A decagon zonotope. Consider the hypergeometric system Horn(Aq,¢;), defined by
the matrix

3)

and the parameter vector ¢; = (—1,0,4,—5,1,—4,—9,6, —4,0). The zonotope defining the ma-
trix 3 is shown in Fig. 4.

By Theorem 2.5 in [5] the holonomic rank of the system Horn(A1, ¢1) equals 34. The support
to the solution to this system computed by the means of Algorithm 3 is shown in Fig. 5.

A polynomial basis in the solution space to Horn(Aj,c;) consists of the 4 monomials
26 17/3 43 48/3
P E R R

11 00 -2 23 -3 3 -3\
00 -1 1 1 -1 1 -1 2 -2

and 30 polynomials

<
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Fig. 4. The zonotope which defines the matrix (3)

1 5643 247095 329460 27455 82365 741285+724812

637zy®  8281xy* = 8281xy3 * 286y* * 493 + 492 Ty
20y° 497 4y® 18y 3y*/?  3969y°/%  1323y"* 51 24
63z 35z 5 5 © 380z 41990z 16796z 55
11y'? 33yt 297410 244° 3y° % 3697 2
- - - - + oo Tas Tz TV W -
115311z 38437z 100555z 5915z = 1105 26 = 143 13
8y° 4yt | 50y° 155077527/%y° 31465272y e 517527/2y*
99z 3r ' 81 Y0 82808479 61400001 4 89947
154724y 9laty*  91a%y® e 806y°  84656y* N yt z13/3 N 451213/3
103455 6840 1026 Yo 1200873 T 735058 T 48/ Y6 261y5
87y° 5220y° 36575y* 4 44y° 33y° 4 16/3 1378216/3
v v v,y y._ | 33y - % AN L
8247/3 ' 275561410/3  239224/3 © 27/3 118323 ' 18222 ' =z y® 451y7
1 223y 4 230 119 £5/3,4 12 FByP 4 By 364 /xy°® 2z
167 VT T aggt Y Yt 1045 R
11985 g7 o7 | 1438225%/7 287 120022/7  345z%/7  29/7 2103 261510/3
———x"y + ) - 1 + ) — T )
299 253y5/7 y12/7 1643y3/7  31y3/7  10/7 y 238y3
11477425/7y5/7  118826/7 N x0/7 x10/7 N 731237 N 1763210/7
28405 65y2/7 ' y9/7’ y8/7 6387y 754y
x4/7 N 32680211/7 1558x4/7\7f 169 57 T4 T x5/7 N 65212/7
yo/7 T 8613457 T 261 Y 1507 Y 7 T 136y
11/5,,7/5 11/5,,12/5
_ i5x2y3 n §x2y2 _ §x2y+x2, P1V/5,2/5 _ 4301211 /5y7/5 2322540 11/5y12/ ’
66 7 28 4277 1056419

a%/5y3/% 128729/5y8/5  5591329/513/5

68 116
G125y 405 _ 22, 7/5,9/5 _ 222 12/5,9/5

1634 346408 19 231 ’
/5,675 5824x'3/5¢5/5  10642%/5y!1/5 b N 82° 21zt 1822  9la?
Y 432837 2829 0 47 1545 55y0 15y 2dyd
z14/3 N 828x14/3  585488x11/3 N 21758z'4/3 2488324211/
y7 856 48825y° 23715y5 35805y

There are 14 functions in Cl; and 20 functions in Cls\Cly among these polynomials.
The analytic complexity estimate of the general solution to Horn(A;, ¢1) obtained by grouping
these functions into pairs is Cly. Theorem 1 gives a better estimate: since é = (2,2,3,3,4),
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Fig. 5. The support for the solution of the system Horn(A41,c1)

v = (4,4,4,4), it follows that the general solution belongs to Clg.

The following examples present hypergeometric systems defined by polygons other than zono-
topes whose solutions have low analytic complexity.

T
Example 6. A pentagon. The matrix ( -l 0 1 -1 00 ) and the vector of

1 0 -1 0 0 -1 1
parameters (—4,0,0,—1,—2, —1, —2) define the hypergeometric system
(0 + 0y —4)(0, — 1) — 0,(0, — 2),
y(0z + 0y — 4)(0, — 1) — 0,(6, — 2).

This system is holonomic and its holonomic rank equals 4. The pure basis (see [10]) in its solution
space is given by the Taylor polynomials

(4)

22y?, 1 —dx —4y + 122y, 627 — 423 + 2t — 122%y + 423y, 6y — 120y% — 49> + 4y + .

The first and the second of these polynomials belong to Cly, the third and the fourth belong
to Cly. Thus the general solution is a function in Cly.

Example 7. A trapezoid, high holonomic rank. A basis in the solution space of the hypergeo-
metric system with holonomic rank %k defined by the operators

$9§_1(91 +0,) — (_1)k9§>
y(0s +0y) + 0y

is given by {log? ((y + 1)/x),j = 0,...,k — 1} (see Fig. 6). The generating solution equals
logk_l((y + 1)/z). Thus the general solution to this system belongs to Cl; by the conserva-
tion principle. This example shows that the analytic complexity of solutions to hypergeometric
systems with high holonomic rank can still be low.
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a) b)

Fig. 6. a) the supports of solutions to the system (4); b) polygon defining the system (4)

Example 8. A triangle with no symmetries. The hypergeometric system

2(0p+ 0, — 4) (0, + 20, — 4) — (20, + 30, — 4)(20, + 36, — 5),

(5)
Y(On+ 0, — 4) (04 + 20, — 4) (0, + 20, — 3) — (20, + 30, — 4)(20, + 30, — 5)(20, + 36, — 6)

is holonomic and its holonomic rank equals 6. The pure basis in its solution space is given by

the Laurent polynomials

I74y4, I72y3, I7y73, I8y74, 3y2 —|—2I71y2,

622 + 122° + 2t + 42%y 2 + 625y 72 — 1221y 71 — 42y~ — 122y — 4a?y.
In the Fig. 7 the small filled circles correspond to monomial solutions, the two empty circles

indicate the binomial solution and the big filled circles correspond to the remaining polynomial
solution. The analytic complexity of the general solution to the system (7) does not exceed 5.

[V

Fig. 7. The supports of solutions to the system (5)

This research was performed in the framework of the state task in the field of scientific activity
of the Ministry of Science and Higher Education of the Russian Federation, project "Development
of the methodology and a software platform for the construction of digital twins, intellectual
analysis and forecast of complex economic systems"”, Grant no. FSSW-2020-0008.
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BepxHue rpaHuiibl aHAJIUTUYECKOI CJIOXKHOCTH PeIleHM’id
JABYMEPHBIX I'MIepreoMeTpruvecKnX CUCTEM B KJacce

MHorowienoB IIron3o

Burtanuit A. Kpacukos
Poccuiickuit skonomuaeckuit yuusepcurer uM. I'. B. [lnexanosa
Mockga, Poccuiickast @enepariust

AHHOTaI_lI/Iﬂ. B craTbe HUCCJIeyeTCd aHaJIUTUIEeCKasd CJI02KHOCTD peIlIeHI/If/'I JABYMEPHBIX I'OJIOHOMHBIX I'H-
nepreoMeTpuieCKux CucreM THUIla FopHa. HOJIyquI)I OII€CHKH AHAJIUTUYIECKON CJIO>KHOCTHU peH_IeHI/Iﬁ B
KJjIacce MHOTO4IeHOB Ilion3o JJId TUIIEPreOMEeTPUICCKHUX CUCTEeM, 3aJaHHbIX 30HOTOIIaMHU. Taxzke upen-
JIO?KE€HDBI aJITOPUTMBI IJIfd OIEHKN AHAJIMTUIECKON CJIOKHOCTU MHOT'OYJIEHOB.

KiroueBsblie ciioBa: runepreoMerpryecKue CUCTEMBbI uddepeHnuaabHbIX YPABHEHNH B 9aCTHBIX IPO-
WM3BOJHBIX, TOJIOHOMHBIH PaHT, IOJUHOMUAIBHBIE PEIIEHIs, 30HOTOIIbI, AHAJUTHIECKAsI CIIOXKHOCTD, -

depeHITnaTbHBIT MHOTOYJIEH.
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Introduction

Lie algebra is an algebra satisfying the anticommutativity identity and the Jacobi identity.
The derivations of finite-dimensional Lie algebras are a well-studied direction of the theory of Lie
algebras. It should be noted that the space of all derivations of Lie algebras is also Lie algebra
with respect to the commutator. In the set of derivations of Lie algebras, there exist subsets
of the so-called inner derivations. Naturally, there is a question: in what classes of algebras do
derivations exist? and which are not inner? For the semisimple Lie algebras the sets of inner
derivations and derivations coincide [14].

Almost inner derivations of Lie algebras were introduced by C. S. Gordon and E. N. Wilson [13]
in the study of isospectral deformations of compact manifolds. Gordon and Wilson wanted to
construct not only finite families of isospectral nonisometric manifolds, but rather continuous
families. They constructed isospectral but nonisometric compact Riemannian manifolds of the
form G/T, with a simply connected exponential solvable Lie group G, and a discrete cocompact
subgroup I' of G. For this construction, almost inner automorphisms and almost inner derivations
were crucial.

Gordon and Wilson considered not only almost-inner derivations, but they studied almost
inner automorphisms of Lie groups. The concepts of "almost inner" automorphisms and deriva-
tions, almost homomorphisms or almost conjugate subgroups arise in many contexts in algebra,
number theory and geometry. There are several other studies of related concepts, for example,
local derivations, which are a generalization of almost inner derivations and automorphisms [2,3].

In [4] we initiated the study of derivation type maps on non-associative algebras, namely,
we investigated so-called 2-local derivations on finite-dimensional Lie algebras, and showed an
essential difference between semisimple and nilpotent Lie algebras is the behavior of their 2-local

*adashevjq@mail.ru  https://orcid.org/0000-0002-4882-4098
ftuuelbay@mail.ru https://orcid.org/0000-0002-9963-872X
(© Siberian Federal University. All rights reserved
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derivations. The present paper is devoted to local derivation on finite-dimensional Lie algebra
over an algebraically closed field of characteristic zero.

Local derivation first was considered in 1990, Kadison [16] and Larson and Sourour [18]. Let
X be a Banach A-bimodule over a Banach algebra A, a linear mapping A : A — X is said to
be a local derivation if for every = in A there exists a derivation D, : A — X, depending on =,
satisfying A(z) = D, (z).

The main problems concerning this notion are to find conditions under which local derivations
become derivations and to present examples of algebras with local derivations that are not
derivations [8,16,18]. Kadison proves in [16, Theorem A] that each continuous local derivation
of a von Neumann algebra M into a dual Banach M-bimodule is a derivation. This theorem
gave rise to studies and several results on local derivations on C*-algebras, culminating with a
definitive contribution due to Johnson, which asserts that every continuous local derivation of
a C*-algebra A into a Banach A-bimodule is a derivation [15, Theorem 5.3]. Moreover in his
paper, Johnson also gives an automatic continuity result by proving that local derivations of a
C*-algebra A into a Banach A-bimodule X are continuous even if not assumed a priori to be so
(cf. [15, Theorem 7.5]).

In the theory of Lie algebras, there is a theorem which says that in the finite-dimensional
nilpotent Lie algebra there are not inner (i.e. outer) derivations [12]. We give an Example 2.1
to shows that that there exists 4-dimensional nilpotent Lie algebras, where any almost inner
derivation is an outer derivation, and the converse is true also. But this question is still open for
the general case. In [9] authors study almost inner derivations of some nilpotent Lie algebras.
Prove the basic properties of almost inner derivations, calculate all almost inner derivations of
Lie algebras for small dimensions. They also introduced the concept of fixed basis vectors for
nilpotent Lie algebras defined by graphs and studied free nilpotent Lie algebras of the nilindex
2 and 3.

We recall that the study of almost-inner derivations of the Leibniz algebras is an open problem.
Therefore in this paper we consider almost-inner derivations for some nilpotent Leibniz algebras.
We prove the basic properties of almost inner derivations of the Leibniz algebras. We get almost
all inner derivations of four-dimensional nilpotent Leibniz algebras. The study of the inner
derivations of nilpotent Leibniz algebras is a very difficult problem. Therefore, we consider some
subclasses of these nilpotent algebras. We study almost inner derivations of the null-filiform
Leibniz algebras, and also consider almost inner derivations of the some filiform Leibniz algebras.

1. Preliminaries

Definition 1.1. An algebra L over a field F is called the Leibniz algebra if for all x,y,z € L
the Leibniz identity holds:

[l‘, [y,z}] = Hx7y]’z] - [[xvz]vy]v

where [ , | is the multiplication in L.

For an arbitrary Leibniz algebra L, we define a sequence:
LY=L, LFM'=[L* LY, k>1.

The Leibniz algebra L is said to be nilpotent if there exists s € N such that L®* = 0. The
minimal number s with this property is called the nilpotency index or nilindex of the algebra L.

We recall that the Leibniz algebra is called

null-filiform, if dimL' = (n+1) —i, 1 <i<n+1;

filiform, if dimL? =n —1i, 2 <1i < n.

Let L be a nilpotent Leibniz algebra with nilindex s.
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We consider L; = L' /L', 1 <i < s—1 and grL = L1®Lo® - -®Ls_y. Then [L;, L;] C Ly,
and we obtain the graded algebra grL.

Definition 1.2. If the Leibniz algebra L is isomorphic algebra grL, then L is called naturally
graded Leibniz algebra.

For the Leibniz algebra L, we denote the right and left annihilators, respectively, as follows
Ann,.(L)y={x € L|[L,z] =0}, Ann(L)={x€ L |[z,L]=0}.

We denote the center of the algebra by Cent(L) = Ann.,.(L) N Anny(L).
A linear map d is called a derivation of the Leibniz algebra L, if

d([x,y]) = [d(z),y] + [z, d(y)].

We denote the space of all derivations by Der(L).

For each = € L, the operator R, : L — L which is called the right multiplication, such that
R.(y) = [y,x], y € L, is a derivation. This derivation is called an inner derivation of L, and we
denote the space of all inner derivations by Inner(L).

Definition 1.3. The derivation D € Der(L) of the Leibniz algebra L is called almost inner
derivation, if D(z) € [z, L] ([z,L] C L) holds for all x € L; in other words, there exists a, € L
such that D(x) = [z, a,).

The space of all almost inner derivations of L is denoted by AID(L).

Definition 1.4. The derivation D € AID(L) of the Leibniz algebra L is called the right central
almost inner derivation, if there exists x € L such that the map (D — Ry) : L — Ann,(L).

The space of right central almost inner derivations of L is denoted by RC AI D(L), respectively.

Definition 1.5. The derivation D € AID(L) of the Leibniz algebra L is called central almost
inner derivation, if there exists x € L such that the map (D — R;) : L — Cent(L).

The space of central almost inner derivations of L is denoted by CAID(L), respectively.

2. Main results

2.1. The properties of almost inner derivations of the Leibniz algebras

The subspaces Inner(L), CAID(L), RCAID(L), AID(L), Der(L) are Lie subalgebras with
[D,D'] = DD’ — D'D.

Proposition 2.1. We have the following inclusions of Lie subalgebras
Inner(L) C CAID(L) C RCAID(L) C AID(L) C Der(L).

Proof. Let Dy, Dy € AID(L) and x € L. Then there exist y;,y2 € L such that D;(x) = [z, 1],
Dy(z) = [x,y2]. Using the property of the derivation and the Leibniz identity, we get the
following

[D1, Do(x) = (D1D2)(z) — (D2D1)(x) = [D1(2), y2] + [z, D1(y2)] — [Da(2), 1] — [z, D2(y)] =
= [[z,y1], v2] = [[2, v2l, 1] + [, D1(y2)] = [z, D2(y1)] =
= [#, [y1, 2]l + [z, D1(y2)] — [, Da(y1)] = [, [y1, y2] + D1(y2) — Da2(y1)]-
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Therefore, [D1, Do](z) = [z, [y1,y2] + D1(y2) — D2(y1)] € [z, L], we have [D1, D3] € AID(L).
Let C1,Cy € CAID(L). Then there exist yi,y2 € L such that C; — R,, and Cy — R, are
maps from L to Cent(L). We consider [C, R;] = R¢(s) for C € Der(L) and obtain the following

[Cl - RTJNCQ - Ryz] = [017 02] - [Cla Ry2] - [Ry1702] + [RyuRZh} =
= [C1,Cs] — Rey(ys) + Bos(yy) = Rlysn) = [C1, Co] = (Rcl(y2) — Rey(y,) + R[y2,y1])-

Hence we have that the linear transformation [C, Ca] — (Re, (y,) — Ry (yr) + Riys,yi)) maps L to
Cent(L). Hence [C1,Cs] € CAID(L).

Let D1, Dy € RCAID(L). Then there exist y1,y2 € L such that D; — R, and Dy — R, are
maps L to Ann,.(L). We consider [D, R;] = Rp(y) for D € Der(L) and obtain the following

[Dl - RyUDQ - Ry2] = [Dl’Dﬂ - [DlvRy2] - [RylaD2] + [RyuRyz] =
= [D1,Ds] - Rp,(yo) T BDo(y1) = Blyo,n] = (D1, Do) — (RDl(yz) — Rp,(y,) + R[Z/N/l])'

Hence we have that the linear transformation [Dy1, Da] — (Rp, (y,) — Rp, i) + R ) maps L
to Ann,(L). Hence [Dy, Do] € RCAID(L).
Now let us show that Inner(L) C CAID(L). Let R, R, € Inner(L) and R, — R, : L —

Cent(L). For every z € L, a € Cent(L) we consider the following

y2,Y1]

(Ry — Ry)(2) = [z,2] — [2,y] = [2,2] — [2,a + 2] = [2,a] € Cent(L).
Therefore, Inner(L) C CAID(L). O
Proposition 2.2. The subalgebra RCAID(L) is a Lie ideal in AID(L).

Proof. Let C € RCAID(L) and D € AID(L). We must show [D,C] € RCAID(L). We already
know [D,C] € AID(L). We fix an element « € L such that ¢’ := C' — R, maps L to Ann,(L).
We denote D' := [D,C] — Rp(y). Then from [D, R,] = Rp(y) we obtain

[D,C"]=[D,C = Ry] = [D,C] = [D, Rs] = [D,C] = Rpa) = D'
and D’ maps L to Ann,(L). Hence for all y € L we have
D'(y) = [D,C"(y) = D(C'(y)) = C'(D(y)),
because C' maps L to Ann,.(L) and D maps Ann,.(L) to Ann,.(L). O

Proposition 2.3. Let L be the Leibniz algebra. Then the followings are true:

1) Let D € AID(L). Then D(L) C [L,L], D(Cent(L)) =0 and D(I) C I for every ideal I
of L.

2) For D € CAID(L), there exists an x € L such that Dz, 1) = Raz|[1,1)-

3) If L has nilindex 3, then CAID(L) = AID(L).

4) If Cent(L) = 0, then CAID(L) = Inner(D).

5) If L is nilpotent, then AID(L) is nilpotent.

6) AID(L & L') = AID(L) & AID(L').

Proof. 1) By definition, almost inner derivations of L maps to [L, L] and Cent(L) to 0.

Let z € I. Then we have D(x) € [z, L] C [I,L] C I.

2) For a given D € CAID(L), there exists ¢ € L such that D’ = D — R, satisfies D'(L) C
Cent(L). Hence D’ is derivation and for all u,v € L we have

D'([u,v]) = [D'(u),v] + [u, D'(v)] = 0.
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3) If L is nilpotent with nilindex 3, i.e. L3 = 0, then for each D € AID(L) we get D(L) C
[L,L] C Cent(L) and get equality.

4) We suppose Cent(L) =0 and D € CAID(L). Then there is « € L such that D — R, = 0.
Therefore D is inner.

5) Let D € AID(L) and @ € L. Then D*(z) € [[[..., [, L],... L], L] (k times L). If k is
higher than nilpotent class over L, then we have D*(x) = 0, therefore D is nilpotent. By Engel’s
theorem for Leibniz algebras [5], AID(L) is nilpotent.

6) Let D € AID(L @ L'). Then the constraints are again almost inner derivations, i.e.
Dy € AID(L) and D, € AID(L'). It is obvious that the mapping D + D|;, @ D)1/ gives a
one-to-one correspondence between AID(L & L') and AID(L) @ AID(L’).

O

2.2. Almost inner derivations of null-filiform Leibniz algebras

Firstly we consider a certain class of nilpotent Leibniz algebras, the so-called null-filiform
Leibniz algebra [7].

In any n-dimensional null-filiform Leibniz algebra L there exists a basis {e,ea,...,e,} such
that the multiplication in L has the form:

NFTLZ [€i7€1]:8i+17 1<Z<7’L—1 (1)

(the omitted of products are equal to zero).
Let L be a null-filiform Leibniz algebra.

Proposition 2.4. For the n-dimensional null-filiform Leibniz algebra N F,, the following equality
holds:

AID(NEF,) = Inner(NF,).

Proof. The null-filiform algebra L is a one-generated algebra, i.e. generated by e;. Let
D € AID(NF,). Then, by the definition of almost inner derivation, there exists a., such
that D(e1) = R,,, . Let D' € AID(NF,) and let D' = D — R, , then we get D’(e1) = 0. Then
by multiplication (1) we have

D’(ei) = D'([ei,l,el]) = [D’(ei,l,el)} + [eifl,D/(el)] = 0, 2 < ) < n.

This means that
AID(NF,) = Inner(NF,).

O
2.3. Almost inner derivation of non-lie filiform Leibniz algebras
Now we consider filiform non-Lie Leibniz algebras Fy(ay, as, ..., a,,0) and F5(Bs, ..., Bn,7)
from [7]:
[61, 61] = €3,
leise1] = eip1, 2<i<n—1,
n—1
Fi(ag,as,...,a,,0) : le1, ea] = ages + Oey,
s=4
n—j+2
leje2] = D asesija, 2<j<n—2,
s=4
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[ela 61] = e3,

lei,e1] = eip1, 3<i<n—1,

F2(64,ﬁ5,...,ﬂn,"y) . [61;62] =k§4ﬁkek,

[62a 62] = Yen,
n+2—1 )
lei,ea] = > Breryi—o, 3<i<n—2
k=4

Let L be an algebra from Fy(ay,as, ..., qn,0) or Fo(B4, 85, .-, Bn,7)-
Let L be the Leibniz algebra and E, 5 : L — L be a linear mapping such that

En,2(ei) = 51',2671; 1<e< n, (2)

1, i=2

0, i£2 Kronecker symbol.

where §; o = {

Theorem 2.1. Let L be a non-Lie filiform Leibniz algebra and let D € AID(L). Then there
exist an element x € L and X € C such that

D — R, = A\E,,.

Proof. We first consider the non-Lie filiform Leibniz algebra L = Fy(ay, as, ..., an,0).

Let D € AID(L). This algebra is a two-generated algebra, i.e. we have generators e; and es.
Then, by the definition of almost inner derivation, there exists a., such that D(e1) = R,,, . Let
D" € AID(L) and D" = D — R,,_, then we get D'(e;) = 0. Since D’(e1) = 0, then we have the
following:

D'(e3) = D'([e1, e1]) = [D'(e1). e1] + [e1, D'(e1)] = 0,
D'(e;) = D'([ei-1,e1]) = [D'(ei—1), e1] + [eim1, D'(e1)] = [D'(ei-1),e1] = 0, 4 <i <.

Let D'(e2) = Y bje;. we check the following:
j=1

D/(63) = D/([€2781]) = [D/(€2)7 61} = |:ij61'7 61:| = (bl + b2)63 +bses+ -+ bp_1ep.
j=1

On the other hand, D’(e3) = D([e1,e1]) = 0. So we get
blifbg, bl:(), 3<’L<Tl*1
Now we check the following:

0 = D'([er,ea]) = [D'(e1), 2] + [e1, D'(e2)] = [e1, brer — brea + buen] =
= bies —bi(aues+ -+ an_1en_1 +0ey).

We have b; = 0 and D’(e3) = bye,. On the other hand, by definition of almost inner derivation
bnen= D'(e2) = [e2, ac,| = €2, a21€1+a2 262+ - - -+az ney] = az 1€3+0az 2(qaes+ases+ - - +ayey).
We obtain

(3)

as1 =0, az20; =0, 4<i<n—1,
bn = Q2,20n.
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Hence D'(e2) = agaanen. If ag2a,, =0, then AID(L) = Inner(L), so

agyzan # 0,
therefore from (3) we get
a; =0, 4<i<n—1.

In the end we obtain D’ = as sn Eyp o = AE, 2.

Let L = F5(B4,05,---,0n,7) and D’ € AID(L). By definition AID for ey there exists a,
such that

D/(€2) = [62,(152] = [62, azie; + -+ a2,n] = a22%€n-

Conducting analogously reasoning in this algebra we obtain D’(e;) = 0, D'(e;) =0, 3 < i< n
and D' = as 2vE, 2 = AE,, 2, where X € C.
Now we consider the following equality:

azoyen, = D'(e1) + D'(e2) = D'(e1 + e2) = [e1 + €2, Cey4e,] = [€1 + €2, 161 + C262] =
= ciez +cofaea +co(Ba+ Bsles + -+ ea(Bat o+ Puo1)en—1+
+ea(Ba+ -+ Buo1 + Bu +7)en.
We get

=0,
cfi=0,4<i<n—1,
c2(Bn +7) = az,27.

If at least one of f;, # 0 (4 <ip < n — 1), then we have ¢ = 0, hence AID(L) = Inner(L).

Therefore 5; =0, 4 <i<n—1.
Thus, for filiform non-Lie algebras we obtain D — R, = AE, 2, A € C. O]

Remark 2.1. Let L be a filiform non-Lie Leibniz algebra. If at least one of oy # 0 and B, # 0,
i0,J0 € {4,5,...,n — 1}, then we get AID(L) = Inner(L).

Theorem 2.2. Let L be an n-dimensional filiform non-Lie Leibniz algebra Fy(0,...,0,ap,0) or
F5(0,...,0,8,,0). Then at run 0 =0, «, #0 and B, =0, v # 0 respectively we obtain

AID(L) = Inner(L) ® (E, 2),

where E,, o is the matriz of the elements in which in the place (n,2) we have 1, and other elements
are 0.

Proof. Let L = Fy(0,...,0,a,,0). We have to show that E, 5 is an almost inner derivation of

n
the algebra L. We take the element x = Y z;e; € L, then there is ¢; = c1e1 + cae2 € L and we
i=1
check up the following

n
Ena(z) = [x,¢0] = [ineivclel + coe2| =
i=1

=ci(x1 +x2)es + crxzes + crzaes + - + C1Tp_2en—1 + (C12p_1 + c2(210 + T201,) )€y

Too
If 6 # 0 and z3 # 0, then for 1 = — 29 2 the map E, 2 is not almost inner derivation.

1
Therefore 8 = 0 and for any x € L choosing ¢; =0, ¢ = — we have E,, 2(z) = x2¢,,. Hence
B € AID(L). "
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Let L = F5(0,0,...,0,0,,7). Let Vo = > z;e; € L, then 3¢, = cre1 + caea € L and we
i=1
obtain the following

n

Enap(z) = [z,c0]= | ) wies,crer +caea| =
i=1
= caTie3+ c1r3es + c1r4€5 + o+ C1Tp_2en-1 + (C1Tn—1 + c2(T1 85 + T27))en-

T
If 8, # 0 and x4 # 0, then for z; = 2 the derivation E, 5 is not almost inner derivation.
n

1
Therefore 8, = 0 and for any « € L choosing ¢; = 0, co = — we have E, o(z) = z2¢,,. Hence
Y
E,, € AID(L). O
Theorem 2.1 and 2.2 imply the following consequence:

Corollary 2.1. In filiform non-Lie Leibniz algebras, if all parameters are equal to zero, then
these algebras turn into a graded algebra. Then the almost inner derivations of graded non-Lie
Leibniz algebras coincide with the inner derivations.

2.4. Almost inner derivations of sme filiform Leibniz algebras

We consider filiform Leibniz algebra L = F3(61, 02, 03), which contain filiform Lie algebra [10]:

[e1,e1] = Oren, [e1,ea] = —e3 +baen, [ea,ea] = bO3en,
[€i7€1]26i+17 2<Z<TL—1,
F5(01,62,05) : le1,e5] = —ei1, 3<z_<n_17
n—i+3 ‘
i e2] = —[ea,ei] = S Brertiz, 3<i<n—2,
k=5
leise;] = —[ej,e)] =0, i,j>3.

Theorem 2.3. Let L = F3(01,02,03) and let D € AID(L). Then there exist an element x € L
and A € C such that
D — R, = \E, 5.

Proof. Let L = F5(61,02,05). Let D € AID(L). Then D induces an almost inner derivation of
D by L/{e,). By induction, we can assume that after changing D to inner derivation, we have
D = pE,_1 for some p € C. This implies such that D(e;) = ae, for some a € C. Now we
replace D with D' = D + R, _,. Then we have

D'(e1) = D(e1) + Rae,,_,(e1) = ae, + [e1,ae,-1] =0,
D'(e;) = D(e;) + [es, aen—1] = D(e;), i > 2.

We get,
D'(e2) = D(e2) = pen_1 + Aen, p, A€ C.

Hence, we have the following

D'(e3) = D' ([ea, e1]) = [D'(e2), €1] = [en—1 + Aen, €1] = pien,
D'(es) = D'([es, e1]) = [D'(es), e1] = [pen, e1] =0,

moreover, D'(e;) =0, i > 5.
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Since we have D’'(e

3) = pe, and D' € AID(L), then there exists an element a., = as1e1+
+ag 2e2 € L such that D'(e3) =

[e3, @ey] = pen. Therefore we get the following
Hen = [@3aa3,1€1 + (13,262] =ag,1e4 + 03372(6565 + Bees + -+ + Bnen).

We obtain
a31 =0, a3z26;=0, 5<i<n—1, az26,=p

Since we assume p # 0, then we have

Now we consider the following

n

D'(e2) = [e2,ac,] = {62,20246;‘] = ag€3 + (az,203 — az 380 )en.
j=1

On the other hand D’(e3) = pe,—1 + Ae,. We have
as1e3 + (a2203 — a2 30n)en = pen—1 + Aey.

Since we assume that p # 0, this equation does not have a solution, which is a contradiction.
Hence indeed p = 0, and therefore D' = AE3 ,,. O

Proposition 2.5. Let L be an n-dimensional filiform Leibniz algebra F3(601,02,03). Then
AID(Fg(Hl, 927 93)) = InneT(Fg(Hl, 927 93)) (&) <En,2>,

where E,, 5 is the matriz of the elements in which in the place (n,2) we have 1, and other elements
are 0.

Proof. The proof is analogous to Proposition 7.4 in [9]. O

2.5. Almost inner derivations of low dimensional nilpotent Leibniz
algebras

N. Jacobson proved the following theorem [12]:
Theorem 2.4. Fvery nilpotent Lie algebra has a derivation D which is not inner.

There is a question: Are almost inner derivations of nilpotent Lie algebras outer derivations?
And is the converse right? Generally this question is open. We give an example which answers
in the positive on this question.

Example 2.1. We consider 5-dimensional nilpotent Lie algebra in which there exist almost inner
derivations which are not inner [9].

1) 953 : [e1,e2] = ea, [e1,e4] = e5, [e2,e3] = e5, the omitted products are equal to zero.
Derivations, inner derivations and almost inner derivations of this algebra have the following
matrix forms respectively:

a1,1 O 0 0 O

a1,2 Qa2 0 0 0
Der(g573) = a1’3 a2,3 2(11,1 0 0 s

14 Q24 —a22 Q1,1 +a22 0

ais azs5 azs —ai3tasg 2a11 +ag:2
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0 0 0 0 0 0 0 0 0 O
0 0 0 0 0 0 0 0 0 O
Inmer(gss)=| 0 0 0 0 0 |, AD@s)=| 0 0 0 0 o0
p2 —p1 0 0 0 ary azyg O 0 0
fa  p3  —p2 —p1 O ais G255 ass aga O

Ifa14 =a15 =a24 = azs =0, then we obtain the matrix of outer derivation of algebra gs 3:

ai,i 0 0 0 0
ai2 a2 0 0 0
Outer(gg)’g) = a1z a3 2&1,1 0 0
0 0 —G22 411 + a2 .2 0
0 0 as;s —ay 3 2a1,1 + az2

Therefore, AID(gs 3) C Outer(gs,3) and any almost inner derivation of the algebra g5 3 is outer.
If in Outer(gs s) we have a11 = a12 = a13 = az2 = ag3 = 0, then the space of all outer
derivations coincides with the space of all almost inner derivations.

Now we give examples for low dimensional nilpotent Leibniz algebras.

Example 2.2. Let L be the three-dimensional nilpotent Leibniz algebra:

Li(a): [ez,ea] =e1, [es,es] =aer, les,e3]=e1, a€C,

Lo : [e2,e2] = €1, [es,ea] =e1, [ea,e3] =e1,

Ls: le2,e2] =e1, [es,e3] =e1, [es,ex] =e1, e, e3] = e,
Ly: [e3, e3] = e,

Ls : le2,e3] = e1, [es,e3] = e,

Lg : [es,es] =e1, [e1,es] = ea.

For three-dimensional nilpotent Leibniz algebras L, the following equality
AID(L) = Inner(L)
holds.

Example 2.3. Let L be four-dimensional nilpotent Leibniz algebra. Then from [1] there are 28
algebras and we give only those algebras which will be necessary to us:
Ly:  [er,e1] =es, le1, 2] = aeq, [e2, e1] = e3, [e2, €2] = eu,

[es, e1] = eq, a€{0,1};
Ly: [e1,e1] = ey, [e2, e1] = e, [e2, e2] = ey, le1, e2] = —e3 + 2ey,
[e3, e1] = eq, le1, e3] = —eu,
Lio: [e1,e1] = ey, [e2,e1] = es, [e2, ea] = ey, les, e1] = ey,
le1,e2] = —e3, [e1,e3] = —ey;
Lip: [er,en] =eq, [er,ea] =es, [ea,e1] = —e3,  [ea, ea] = —2e3 + ey;
Lio: [e1,e1] = es, [e2, e1] = ey, [e2, €2] = —es;
Liz: ler,e1l) =e3, [e1,ea] =eu, le2,e1] = —ave3, [e2, 2] = —ey;
Log: [e1,e2] = ey, [e2,e1] = 1J:Ze4, [e2, e2] = e3, aeC\{1}.

Let us show the calculation of the dimension of almost inner derivations and the inner deriva-
tions of these algebras.
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e The algebra L, is a filiform algebra from the class F;(0,...,0,ay,,0). Therefore, by The-
orem 2.2 we have: if a = 0, then AID(Ly) = Inner(Ly), and if & = 1, then AID(L4) =
= Inner(Ly) @ (E42).

e We consider the algebra Lg. Let D € AID(Lg), then by definition AID for 1 < ¢ < 4 for

4

each e; there is a., = > a; je; and we have the following:

j=1
D(e1) = [e1,ae,] = —a12e3 + (@11 +2a12 — a13)es, D(e2) = [e2, ae,| = a2,1€3 + a2 2€4,
D(es) = [e3, ae,] = as 164, D(ey) = [e4,ae,] = 0.

Since D is derivation, we check the following:
az1eq = D(e3) = D([ez, e1]) = [D(e2), e1] + [e2, D(e1)] = az 164,

from here we get a1 = a3 1. Therefore, the matrix AID of this algebra has the following form:

0 0 0 0
0 0 0 0

AID(Lg) = —ars a2 0 0 ,
a1 +2a12 —a13 az2 az; O

hence dimAID(Lg) = 4.

Now we calculate the dimension of the space of inner derivations. To do this, we take the
4

element = Y z;e; and consider R,(e;), (1 <i<4):
i=1

R.(e1) = [e1, 2] = —wae3 + (w1 + 222 — w3)eq, Ry(ea) = [e2, 2] = w1e3 + Taey,

Ry(e3) = [es, ] = z1€4, R.(e4) = e, 2] = 0.

The matrix of inner derivation of algebra Lg:

0 0 0 0
0 0 0 0

Inner(Lg) = oy 2 0 0 |
Ty 4+ 29 —x3 T2 x1 O

hence dimInner(Lg) = 3.
From the matrices AID(Lg) and Inner(Lg) it is clear that AID(Lg) = Inner(Lg) & (E42).

4
Now let’s calculate the dimension of RCAID(Lg), for this we take every element of x = > z;e; €

=4
Lg and
0 0 0 0 T
_ 0 0 0 0 |f @ | -
(D — Rx)(z) - —a1p— Ty a9 — 1 0 0 T3 = 0.
ay3— T3 Gz2—T2 az1—x1 O T4

Then we have a1z = x2, @) 3 =3, az1 = x1, a22 = v2. Hence, dimRCAID(Lg) = 3.

e For algebras Lig, L11, Li12, Log similarly conducted reasoning and calculated dimension
AID(L) and Inner(L).

e Now we consider Li3 and get the following matrices:

0 0 0 0 0 0 00
0 0 0 0 0 0 0 0
AID(Ly3) = G1 —azy 0 0 | Inner(Ly3) = 21—z 0 0
ai,2 —a22 0 0 i) —X9 0 0
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This shows that dimAID(Ly3) =4, dimRCAID(Ly3) = dimInner(Ly3) = 2, hence we obtain
AID(L13) = Inner(ng) D <E372 + E4)2>.

For other algebras, except those shown, almost inner derivations coincide with inner deriva-
tions.

Therefore, we have the following table:

| Algebra | dim Inner(L) | dimRCAID(L) | dimAID(L) | dimDer(L) | D ‘
L 2 2 3 1 Fia
To 3 3 1 1 Eurs
T1o 3 3 1 1 B
I 2 2 3 5 E1s
T1 P 2 3 5 B
L3 2 2 4 5 Ei0+4+ E32
T2 2 2 3 7 Fin

Example 2.4. Let L be a complex Leibniz algebra of dimension n < 2. Then we have
AID(L) = RCAID(L) = Inner(L).

It is clear that for abelian Leibniz algebras Inner(L) = RCAID(L) = AID(L) = 0.
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IToutn BHyTpennue auddepeHnmpoBannss HEKOTOPHIX
HIJIBIIOTEHTHBIX aJjareop Jleitouuiia

2Kobup K. A naries

Wucruryr maremarukun AH PY3
TarmkenT, ¥Y36ekucran

Tyyenb6ait K. Kypbanbaen
KapaxkaJsmmakckunit rocyiapcTBeHHbBI YHUBEPCUTET
Hyxkyc, ¥Y36ekucran

Amnnoranus. B crarbe ucciegyercsa nourn BHyTpenHue 1ndOepeHnnpoBaHnsi HEKOTOPBIX KOHEYHOMED-
HBIX HUJIBIIOTEHTHBIX ayrebp JleitGuuia. Mbl mokasbiBaeM CyIIeCTBOBAaHME TIOYTH BHYTPEHHUX jude-
peHnupoBaHuit GuINGOPMHBIX HEJMEBBIX aaredbp JIefibaua, OTINYHBIX OT BHYTPEHHUX TU(MOEPEHITHPO-
BaHUM, & TAKXKE [TOKA3BbIBAEM, UTO MOYTH BHyTpeHHHUE AuddepeHImPOBaHNsT HEKOTOPBIX (MUINMOPMHBIX
anrebp Jleitbuua, comepxamux GunudopMHubie aaredpsl JIu, He coBMaaOT ¢ BHyTpeHHUMH audde-
PEHIIUPOBAHUSIMU.

KuaroueBbie cioBa: anrebpa Jleitbnuna, quddepennnpoBanue, BHyTpeHHee nddepeHImpoBanme, mo-
atu quddepeHInpOBAHUE.
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Introduction

Control of multidimensional inertialess processes is considered in the paper.

It is assumed that a controlled process has a parametric structure. In other words, in designing
a control algorithm differential equation or system of equations that describes the process is
known.

Often the structure of the controlled process is not completely known. In this case, before
designing a control algorithm, one need to restore the structure of the controlled process.

Restoring the structure of the process is very complicated process. A control algorithm that
does not require restoring of the structure of the control process is considered in the paper.
In other words only the values of the input variables & and output variables & are used in the
algorithm. It is assumed that some qualitative characteristics of the process are also known, such
as inertia and the degree of nonlinearity of the process.

One of the features of considered processes is stochastic dependence between components
of the vector of input variables (@). That is why the process proceeds not in domain Q()
determined by the vector of input variables but in some subdomain Q¥ (x). Often the fact that
components of input variables are interdependent is unknown. Of course, the type of relationship
is also unknown.

Processes with stochastic interdependency of components of the vector of input variables are
called H-processes [1].

Processes in which components of the vector of input variables @ should be supplied in a
certain proportion are H-processes.

Multidimensional H-processes are considered in the paper. Multidimensional H-processes
include multiple output variables #. For each component of the vector of output variables
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xj,] = 1,k there is its own QF (x;), where k is the number of elements in the vector of output
variables. In other words, the interrelation between input variables is different for each output
variable x;.

For example, consider some chemical process with two output products (k = 2). To obtain the
first output product one should satisfy some conditions. In other words, temperature, pressure,
oxygen supply, etc. must be taken into account (components of vector #). The process proceeds
when values of some input variables  satisfy some relationships. The domain where these
relationships are satisfied is Q% (z;).

To obtain the second output product one should satisfy some other conditions (Q (x3)). How-
ever, these conditions may be different from conditions for the first product (Q7 (z1) # Q7 (z3)).
Only the values of input variables that satisfy at the same time the conditions for both
products allow one to obtain both products. Both products can be obtained in domain
QH(mlg) = QH(I‘l) N QH(.’L‘Q).

The described above process is an example of a multidimensional H-process.

Obviously, there are many processes with this feature. Standard control algorithms (P -, PI -
PID - regulators) do not use the process domain Q(z). That is why these control algorithms
are not suitable for the processes under consideration.

Thus the need to construct new control algorithms for multidimensional H-processes is actual
issue.

The simplified schematics of the considered control loop is shown in Fig. 1, where A is the
considered process, 4 is the vector of input variables, & is the vector of output variables, ©* is
the setting action and £ is the noise.
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Fig. 1. Schematic representation of the control loop

The H-process does not proceed in domain (z) but in some subdomain of Q(z). A
schematic representation of the multidimensional H-process is shown in Fig. 2, where 4 is the
input vector of dimension n.

The process is characterized by vector of output variables & of dimension k. Arrows indicate
the interrelation between the input variables.

It is important that the values of the components of the setting action belong to Q¥ (x5),
j =1,k. There is no information on interrelation between input variables. Then it is difficult to
determine the domain to which every output variable belongs.

Suppose that the process proceeds in domain Q7 (z). One should find subdomain Q' (z) €
QH (x) which is part of process domain (Fig. 3).

However, it can be difficult to find domain Q' (@) because domain Q (@) is unknown. In
addition there can be several intersections of domains Q2 (z;), j = 1,k. Then one needs to
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Fig. 3. Isolation of H-process flow domain

decide: what intersections should be used to control the process? Should the transition between
these intersections be used in control and how the transition influences the process control?

These difficulties demonstrate that development of control algorithms for multi-dimensional
H-process is the topical problem. The control algorithms should use the domain where the
process proceeds and it should include some analysis of the control object. In other words, the
control algorithm should be the adaptive algorithm.

The nonparametric dual control algorithm [1] is used in the paper. The nonparametric dual
control algorithm is based on two methods: the dual control method developed by A. A. Feldbaum
[2] and the nonparametric regression function estimation method [4]. The nonparametric dual
control algorithm was developed by A.V.Medvedev [3].

The nonparametric regression function estimation

Let us consider statically independent observations of two random variables (z,y) =
= (x1,41),---,(Tn,yn) that are distributed with unknown frequency function P(z,y).

Let us assume that p(x) > 0Vx € Q(x). To approximate the unknown stochastic relationship
between y and = the regression is often used [4]:

v=10=([ (y)P(m)dy)l ¢ Q(y)P(x,y)dy> 1)

Nonparametric estimation of relation (1) is

n -1,
)= i) = (Zcb(xcf")) > (G o - ) ©)

i=1
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When x = (x1,...,2%) and y = (y1,. .., yx) are vectors relation (2) becomes

o(Cy (n)(a — )

7 7

k
15—

- ' _ . d=1,k (3)
[T— ®(C;  (n) (27 — )

Ja =

n
2y
=1
n
>
=1

The nonparametric estimate of the regression curve is convergent, i.e.,

lim M((f(x) ~ ful(®))?) = 0,2 € Q(a) (4)
lim M(f(x)) = f(2).¥z € Q). (5)

Information on the parametric structure of the object is not needed for the noparametric
estimate of regression function.

Nonparametric dual control

In the case when control algorithm includes control and investigation of the system, it is
called dual control algorithm.
Dual control algorithm was developed by A.A.Feldbaum. The nonparametric dual control
algorithm is
Ust1 = Uy + OUusy1, (6)

where u? is "knowledge" of the object, dus41 is "learning" search steps (in the classic form of
nonparametric dual control algorithm) and dusyq is

dusyr = E(xs — ). (7)

Using the noparametric estimate of the regression function (z;,u;),7 = 1,s, we obtain the
estimate of the object & = f(u) as

®)

Here bell-shaped functions ®(-) and smooth coefficient ¢, satisfy convergence condition, u =
f~1(x), where f~1(z) is the inverse of f(u), and u? is

3 u; @ (=)

i=1
ug = ; 9)
P(x*—x;)

Cs

n
i=1

where z* is the setting action.

At the beginning of process control, second component dusy1 is more important component
of control. This is the time of active investigating of the dual control system. This stage begins
with receiving of the first values of the input and output variables. The first component (ug.)
becomes more important component of control after stage of active investigating. Thus, there
are stage of object investigation and stage of action in the process of dual control.
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Modification of nonparametric dual control algorithm
for multidimensional H-processes

In multidimensional H-process control the action cannot be arbitrarily specified as it is con-
sidered in control theory. This is due to the fact that it is possible to set a vector of action
such that [[i: = lef{ (Z*) = @. In other words, this action is not achievable for all components

k
of vector #* at the same time. That is why it is important to set #* € [[ QF (), i.e., define
i=1
1, X5, ..., Xy
We propose the following method:

s k ¥ — ;s
1. Calculate the value > [[ © (u), where #* is the action and s is the size of sample
c

i=1j=1 sj
observations.
sk TG — Xij | . .
2. If the calculated value > [] @ <7> is not equal to zero then the action is achievable
i=1j=1 Csj

otherwise the action may not be achieved.

Let us note that in nonparametric dual control the calculation of the search step 541 is
performed with the use of (7). In the case of H-process with several output variables the described
method for calculating the search step d41 is not suitable because the input action must belong

tOHQH()

Taklng this into account, we propose to use an algorithm with punishment to calculate dts 1.
This method determines the reachability of the action and it can be described as follows

1) @s(2*) is calculated;

2) a random vector dis11 is generated;
3) ts41(x*) is calculated;
)

4) if g1 € QF (@) then @y, is used as a control action otherwise we return to step 2;

5) if Z |is41 — ]| < Z |z; s — xf| then dtis11 is used as the next value of the search step
T othervvlse the random Vector 0ts4o is generated;

6) go back to step 1.
The length of the vector 6@ is m|z* — x5|, where m is the preassigned coefficient.

Results of computer simulation

Examples of control of the inertialess process and H-process are presented. Standard regulator
and regulator on the basis of the nonparametric algorithm of dual control are used in simulations.

Firstly, the PID regulator is compared with the modified algorithm of nonparametric dual
control. Secondly, the nonparametric dual control algorithm is used to control the multidimen-
sional H-process.

The simulated multidimensional process is defined as follows

21(@) = f(ur,u2) = ug * 3 * sin(ug) + 7 + &1,

(10)
wo() = flur,uz) =4 * (u1) +ug + &2.

Let us note that structure of the object is not used in the algorithm. It is used only to
generate a sample of observations.
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Next the result of control based on the PID regulator is presented.

The result of control over 7 is shown in the upper part of Fig. 4. The result of control over
Zo is shown in the lower part of the figure. The value of the action is marked by the dashed line.
The iteration number is shown on the abscissa.
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Fig. 4. Result of the PID control

Results presented in Fig. 4 demonstrate that PID algorithm successfully controls object (10).
This algorithm is not adaptive, and it does not include training. This means that algorithm
controls the process without using a sample of observations to improve its characteristics. That
is why the control efficiency did not increase.

Nonparametric dual control algorithm is used to control process (10) in the next experiment.

Unlike the PID algorithm used in the previous experiment (Fig. 5) this algorithm includes
training. This is confirmed by the fact that after training the control is more efficient.

Next we consider a multidimensional inertialess H-process. There is a stochastic relationship
between input variables in the H-process.

The process is described by the system of equations (10). The relationship between input
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Fig. 5. Result of nonparametric dual control

variables is described by the following equations

ug =up 5 —3+&1,& € (—0.4;0.4),
up =ug*3+ 1+ &, & € (—0.6;0.6).

Variables £1, & characterize the "width" of domains Q1(i) and Q2(@), respectively.
It is difficult to control this H-process using the PID algorithm because this algorithm does

not take into account domain (Q1 (%), Qf2(4)). This is important in the case of the H-process.

The H-process under consideration is controlled with the use of the modified nonparametric

dual control algorithm (Fig. 6).

The modification of the nonparametric dual control algorithm can be successfully applied to

control the multidimensional H-process. It is demonstrated in Fig. 6. The nonparametric dual
control algorithm is adaptive.

Therefore, after training, the proposed modification more effectively controls the process.
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Fig. 6. Result of control with the modified nonparametric dual control algorithm

Conclusion

A modification of the nonparametric dual control algorithm was proposed. A feature of the
proposed modification is a new choice of the search step which takes into account the domain
of the process. The proposed modification was applied to control multidimensional inertialess
processes with interdependent input variables.

The modified nonparametric dual control algorithm and the PID algorithm was compared.
It was demonstrated that the modified nonparametric dual control algorithm is adaptive. After
training this algorithm controls the process more effectively than the PID algorithm. The mod-
ification of nonparametric dual control was applied to a multidimensional inertialess H-process.
The proposed algorithm successfully controls the multidimensional inertialess H-process.

This work was financially supported by the Ministry of Science and Higher Education of the
Russian Federation under the project "Creation of a production of earth stations of advanced
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YnpasjieHne CTOXacCTUIEeCKUMHU MPOoIleccaMi C OTPaHUYIEeHHON
00JIacTbIO MTPOTEKAHUS

Anekcanap B. MenBenen

Esrenmnii /1. Muxos
Cubupckuit de1epajbHbIil YHIBEPCATET
Kpacnosipck, Poccuiickas @eneparus

AmnnHoranusi. B crarbe paccMaTpuBarOTCS BOIIPOCHI YIIPABJIEHUS CTOXAcTHYeCKnMu mporeccamu. Ormm-
caHbl HOBBbIe Bupbl niporeccos (H-mporeccs), B KOTOPBIX MMEETCs CTOXACTHIECKAsl 3aBUCUMOCTD MEXKLY
BXOJHBIME ITepeMeHHBbIME. [11s1 pertennst mpobJieM, BOSHUKAIONINX [IPY PEIIEHNH 33121 UICHTHMOUKAIIN
¥ yIPaBJIEHNUsI, ObLIa MPETOXKEHA MOAM(PUKAIIIS aJITOPUTMA HETAPAMETPUIECKOTO JyaaIbHOTO yIIPaBJIe-
Hud. [IpoBeneHbI 9KCIIEpUMEHTHI, B KOTOPBIX IIPEJIOKeHHasd MOIUMUKAIUS AJTOPUTMa CPABHUBAETCS
o addexrusuoctu ¢ [N JI-perynsaropom. B KoHIle craTby npe/CTaBIeH SKCIEPUMEHT 10 YIIPABJICHUIO
H-nporteccom ¢ HECKOTBKUMEI BBIXOJHBIMU TTEPEMEHHBIME [IPH TTOMOIIH Pa3PabOTAHHOTO aJTOPUTMA.

KuroueBrie cioBa: HenmapameTpudeckue ajaropurmsl, H-iporieccsl, yrpasienue.
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Abstract. We study the unique solvability of the mixed Dirichlet-Neumann problem for the biharmonic
equation in the exterior of a compact set under the assumption that solutions of this problem have
bounded Dirichlet integrals with the weight |z|*. Depending on the value of the parameter a, we obtained
uniqueness (non-uniqueness) theorems of the problem and present exact formulas for the dimension of
the space of solutions of the mixed Dirichlet-Neumann problem.
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1. Introduction and preliminaries

Let Q be an unbounded domain in R”, n > 2, Q = R"\ G with the boundary 992 € C?,
where G is a bounded simply connected domain (or a union of finitely many such domains) in
R™, 0 € G, Q= QU is the closure of Q, z = (z1,...,7,) € R® and |z| = /27 + - + 22.

In the domain 2 we consider the following mixed problems for the biharmonic equation

A%y =0 (1)

with the Dirichlet—Neumann boundary conditions

_ Ou

u’rl =% =0, Au|F2 =

—0, 2)

2

Ov Ir

'

where I'y UTy = 9Q, 'y NIy = 0, mes,, 1 I'y # 0, v = (v1,...,1,) is the outer unit normal
vector to 0.

As is well known, if  is an unbounded domain, one should additionally characterize the
behavior of the solution at infinity. As a rule, to this end, one usually poses either the condition
that the Dirichlet (energy) integral is finite or a condition on the character of vanishing of the
modulus of the solution as |z| — co. Such conditions at infinity are natural and were studied by
several authors (e.g., [6-8]).

Elliptic problems with parameters in the boundary conditions have been called Steklov or
Steklov-type problems, since their first appearance in [27]. For the biharmonic operator, these

*hmatevossian@graduate.org  https://orcid.org/0000-0002-9895-9628
(© Siberian Federal University. All rights reserved
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conditions were first considered in [1,9] and [25], where the isoperimetric properties of the first
eigenvalue were studied.

Note that standard elliptic regularity results are available in [3]. The monograph covers
higher order linear and nonlinear elliptic boundary value problems, mainly with the biharmonic
or polyharmonic operator as the leading principal part. The underlying models and, in particular,
the role of different boundary conditions are explained in detail. As for linear problems, after a
brief summary of the existence theory and L? and Schauder estimates, the focus is on positivity.
The required kernel estimates are also presented in detail.

In [2], the boundary value problems for the biharmonic equation and the Stokes system are
studied in a half space, and, using the Schwarz reflection principle in weighted L9-space, the
uniqueness of solutions of the Stokes system or the biharmonic equation is proved.

In the present note, this condition is the boundedness of the weighted Dirichlet integral:

Dq(u,Q) = / jz|” > [0%uPdw < 00, a€R.
¢ Jal=2
In various classes of unbounded domains with finite weighted Dirichlet (energy) integral, one
of the author [10-23] studied uniqueness (non—uniqueness) problem and found the dimensions of
the spaces of solutions of boundary value problems for the elasticity system and the biharmonic
(polyharmonic) equation.
By developing an approach based on the use of Hardy type inequalities [6-8], in the present
note, we obtain a uniqueness (non—uniqueness) criterion for a solution of the mixed Dirichlet—
Neumann problem for the biharmonic equation.

Notation: Cg§°(2) is the space of infinitely differentiable functions in € with compact support
in Q. We denote by H™(Q,T), I' C Q, the Sobolev space of functions in € obtained by the
completion of C>°(€2) vanishing in a neighborhood of I' with respect to the norm

1/2
[[u; H™(Q,1)]| = (/ > |3“u2dw> , m=12,
Q

lal<m

where 9% = 9l*l/ox( ... 028", a = (ai,...,a,) is a multi-index, o; > 0 are integers, and

n

la| = a1+ -+ ay; if T =0, we denote H™(Q,T') by H™ ().
om

H (©) is the space obtained by the completion of C§°(£2) with respect to the norm
B (@)

i 10c (§2) is the space obtained by the completion of C§°(2) with respect to the family of
semi-norms 1/2

|u; H™(Q N By(R))|| = > 0%l da
QNBo(R) lalsm

for all open balls By(R) := {z : |z| < R} in R" for which QN By(R) # 0.
Let (Z) be the (n, k)-binomial coefficient, (Z) =0 for k > n.

2. Definitions and auxiliary statements

Definition 2.1. A solution of the homogenous biharmonic equation (1) in Q is a function
u € HE (Q) such that for every function p € C§°(Q), the following integral identity holds:

AuApdr =0.
Q
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Lemma 2.2. Let u be a solution of equation (1) in Q such that D,(u,Q) < co. Then

u@)=Pl@)+ > 0T@)Co+u’(x), z€Q, (3)
Bo<|a|<B
where P(x) is a polynomial, ord P(x) < mg = max{2,2—n/2—a/2}, o =2—n/2+a/2, T'(z) is
the fundamental solution of equation (1), C, = const, 8 > 0 is an integer, and the function u”
satisfies the estimate:

P (z)] < CplalP P~ O 5 = const
Y8 ’ B »
for every multi-index .

Remark 2.3. As is known [26], the fundamental solution T'(z) of the biharmonic equation has
the form
I'(z) = Clz|* ™ if 4—n <0 or nis odd,
= Clz[*"Inl|z| if 4—n >0 and n is even.
Proof of Lemma 2.2. Consider the function v(z) = Oy (x)u(z), where Oy(x) = 6(|z|/N),0 €
C>®(R"), 0<6<1, 60(s)=0fors<1, O(s)=1fors>2 while N>1and G C {z:|z|] < N}.
We extend v to R” by setting v =0 on G = R" \ Q.
Then the function v belongs to C°°(R™) and satisfies the equation
A%y = f,

where f € C§°(R™) and supp f C {z : |z| < 2N}. It is easy to see that D,(v,R") < co.

We can now use Theorem 1 of [5] since it is based on Lemma 2 of [5], which imposes no
constraint on the sign of 0. Hence, the expansion

v(z)=P@)+ Y  0T(2)Ca+0"(x),
Bo<|a|<B
holds for each a, where P(z) is a polynomial of order ord P(z) < mo = max{2,2 —n/2 —a/2},
Bo=2-n/2+a/2, C, = const and
10708 (2)] < CplzP P O 5 = const.

Therefore, by the definition of v, we obtain (3). The proof of Lemma 2.2 is complete. O

Definition 2.4. A function u is a solution of the mized Dirichlet—Neumann problem (1), (2),

0?2
if w€H,,, (Q,T1) such that for every function ¢ € C5°(R™), ¢ = 0 in the neighborhood of T'1,
the following integral identity holds:

/ AulApdr = 0. (4)
Q

3. Main Results

Theorem 3.1. The mized Dirichlet-Neumann problem (1), (2) with the condition D(u,) < oo
has n + 1 linearly independent solutions.

Proof. For any nonzero vector A in R™, we construct a generalized solution u 4 of the biharmonic
equation (1) with the boundary conditions

Oua(x) _ 0(Ax)

‘ B 8AuA
ov I, ov

uA =
F17 |F2 aV

wale)|, = ()] .
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and the condition

/Q(IuA(sc)2 L Vua@)P | |VWA($)|2> e

] e
for n > 4,
Xl = a@P | [Vua(@)? o
upA\T upA\T 2
+ + |VVua(z )d;v<oo
A@Wmm2nmmw [VVuale)l

for 2 < n < 4,

for A,x € R", where Az denotes the standard scalar product of A and =x.
Such a solution of problem (1), (5) can be constructed by the variational method [26], mini-
mizing the functional

d(v) = %/Q |Av|? dx

ov(x) O(Ax)
ov ‘Fl T o ‘Fl’
v is compactly supported in ﬁ} The validity of condition (6) as a consequence of the Hardy
inequality follows from the results in [6-8].
Now, for any arbitrary number e # 0, we construct a generalized solution u. of equation (1)
with the boundary conditions

in the class of admissible functions {v: v € H?*(), v(x)‘rl = (Ax)‘rl,

B Oue

| O0Au,
U =e =
€ITy v |p

T Ju

=0, Au,

I

and the condition

/Q(|ue(x)|2 N |V (z)]? N |Vv%(x)|2> e

||t ||
for n > 4,

X, 1) = ue(@)? | [Vuo ()l )
= + z +VVuex2>dm<oo
L@wmﬂv|mmm2 @)

for 2 < n < 4.

The solution of problem (1), (7) is also constructed by the variational method with the
minimization of the corresponding functional in the class of admissible functions {v : v €
1o} _
H%(Q), U|F1 = e, 8—U = 0, v is compactly supported in Q}. The condition (8) as a con-
Vip,
sequence of the Hardy inequality follows from the results in [6-8].
Consider the function v(z) = (ua(z) — Az) — (u. — €). Obviously, v is a solution of problem

(1), (2):

v 0Av
A2v=0, 2z€Q, v|. =—| =0, Av|. =—o | =
9 |1"1 81/ I, |1"2 61/ Iy
One can easily see that v 20 and D(v,Q) < oco.

To each nonzero vector A = (Ag, A1,...,A,) in R"T! there corresponds a nonzero solution
VA = (VAg,VAy,---,04, ) of problem (1), (2) with the condition D(va, ) < oo, and moreover,
va(z) =ua(x) —ue — Az +e.

Let Ag, A1,...,A, be a basis in R™"!. Let us prove that the corresponding solutions

VAgsVAys---,04, are linearly independent. Let
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Z Civa, =0, C; = const .

Set W(z) = > C;A;x — Coe. We have W(z) = 3 Ciuq, (z) — Cou,
o~ :

i= =1

/ || 2 VW |? do < 0o, n > 4; / ||| In|2|| 2| VW] do < 0o, 2< n <4
Q Q

Let us show that
W(x) =Y Cidiz — Coe = 0.
i=1

Let T = )" C;A; = (to,...,tn), where Ag = —e. Then
i=0

/|9:|72\VW|2 dz:/|x|72(t%+~~+ti) dr =00, n >4,

Q Q

[ e tn ol WP do = [ flolln]al[ (8 4o+ ) do =0, 2<n<d
Q Q

if T #0.
n
Consequently, T'= > C;A; = 0, and since the vectors Ag, 41, ..., A, are linearly indepen-
i=0

dent, we obtain C; =0, : =0,1,...,n.

Thus, the Dirichlet—Neumann problem (1), (2) with the condition D(u,€2) < co has at least
n + 1 linearly independent solutions.

Let us prove that each solution u of problem (1), (2) with the condition D(u,{2) < co can
be represented as a linear combination of the functions va,,v4,,...,v4,, i€

n
u = g Civa,, C; = const .
i=0

Since Ag, Ai,...,A, is a basis in R?T1, it follows that there exist constants Cy, C1,...,Cp
such that N
A=Y "CiA
i=0
We set

Uy = U — ZCiUAi~
=0
Obviously, the function ug is a solution of problem (1), (2), and D(ug,2) < oo, x(ug, ) < co.
Let us show that ug =0, = € Q. To this end, we substitute the function p(z) = ue(z)0n(x)

into the integral identity (4) for the function ug, where Oy (x) = 6(|z|/N), 8 € C*(R), 0 < 0 < 1,
0(s) =0 for s > 2 and 6(s) =1 for s < 1; then we obtain

/Q (D) 20w (2) dz = —J1 (o) — Ja(uo), )

where
Jl(UQ) 22/ AUQVUO V@N(l‘) dx, JQ(U()) Z/UO AUO AHN(I) dx.
Q Q
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By applying the Cauchy—Schwarz inequality and by taking into account the conditions
D(up, ) < oo and x(ug,) < oo, one can easily show that Ji(ug) — 0 and Ja(ug) — 0 as
N — oo. Consequently, by passing to the limit as N — oo in (9), we obtain

/Q(AUO)Q dx = 0.

Therefore, we have
Aug=0, x€Q,

8u0 6AUO
=— =0, A = =0.
Uo’n o |p uO|F2 o |p,
Hence, it follows [4, Ch.2] that ug = 0 in . The proof of the theorem is complete. O

Theorem 3.2. The mized Dirichlet-Neumann problem (1), (2) with the condition D, (u, ) < oo
has:

(1) the trivial solution forn —2 < a < oo, n > 4;

(i) n linearly independent solutions forn —4 < a<mn—2,n > 4;

(iti) n + 1 linearly independent solutions for —n < a<n—4,n > 4;

(iv) k(r,n) linearly independent solutions for —2r+2 —n<a< -2r+4—n,r>1,n >4,

where
—4
k(r7n>:(r+n)_<r+n )
n n

The proof of Theorem 3.2 is based on Lemma 2.2 about the asymptotic expansion of the
solution of the biharmonic equation and the Hardy type inequalities for unbounded domains
[6-8]. In case (iv), we need to determine the number of linearly independent solutions of the
biharmonic equation (1), the degree of which do not exceed the fixed number.

It is well know that the dimension of the space of all polynomials in R™ of degree < r is equal
("*™) [24]. Then the dimension of the space of all biharmonic polynomials in R™ of degree < r

r+n r+n—4
n n ’
since the biharmonic equation is the vanishing of some polynomial of degree r — 4 in R™. If

we denote by k(r,n) the number of linearly independent polynomial solutions of equation (1)
whose degree do not exceed r and by I(r,n) the number of linearly independent homogeneous

is equal to

polynomials of degree r, that are solutions of equation (1), then

k(r,n):il(s,n), where z(s,n)(5+”1><s+"5), s> 0.

= n—1 n—1
Further, we prove that the mixed Dirichlet—Neumann problem (1), (2) with the condition

D,(u,Q) < oo for =2r+2 —n < a < —2r + 4 — n has equally k(r,n) linearly independent
solutions.
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MoCKOBCKUIi aBUAMOHHBIA UHCTUTYT (HAIMOHAJILHBLH MCC/IeN0BATENbCKUN yHUBEPCUTET)
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AnaHoTauus. 3yvaiorcs Bompochkl €MHCTBEHHOCTH pPeIeHns cMelrannoi 3agauu Jupuxiae—Helimana
JLJIsL 6I/Il"apMOHI/I'-IeCKOFO YpaBHEHHsI BO BHEHIIHOCTHU KOMIIAKTHOI'O MHOX2KECTBa, B IIPEIAIIOJIO?KEHUU, YTO
060BIIEHHOe perenne 3ToH 3amadu 00/IaIaeT KOHEIHBIM nHTerpasoM Jupuxie ¢ Becom |z|*. B sasucn-
MOCTHU OT 3HAQUYEHUA IIapaMeTpa a JOKa3aHbl TEOPEMbI € IMHCTBEHHOCTH (Hee,HI/IHCTBeHHOCTI/I), n HaI‘/II,JeHI)I
TOYHBIE (bOpI\dy.HBI JJIgl BBIYMUCJICHUA Pa3MEPHOCTU IIPOCTPAaHCTBa peH.IeHHI?I CMeIIaHHOI 3a1av9In ZLI/IPI/IXJ'[Q*
Heitmana.
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1. Problem Statement

The urgency of a theoretical study of filtration problems in porous media is associated with
their wide application in solving important practical problems: filtration near river dams, reser-
voirs and other hydraulic structures; movement of magma in the earth’s crust, etc. In many
practical problems the porosity of the medium is variable, and the medium is deformed. The
model of fluid filtration in a viscous non-isothermal porous medium considered in the work is
based on the laws of conservation of masses and energy, Darcy’s law, as well as rheological
relationships for porosity and pressures. The system of equations has the following form [1,2]:

A1 —¢)ps 0 4 4

% + 5 (L= Bpsvs) =0, (g’;@ + 5 (prdvg) =0, 1)
IR SCORIIE O, ___1_
¢(vf - US) - L ( or )’ ox B 5((725, 0)pe’ (2)
Ipto
gtxt = —ptotgs Prot = Opf + (1= @)ps; Pe = DPtot —Pf, DProt = ¢y + (1 — ¢)ps, 3)
20 00 0, 00

(prerd+ pses(L = @) 5 + (prepdvs + pses(l = d)vs) 5 = 5 (A5), )

and is solved in the domain (z,t) € Qr = Q2 x (0,T), Q = (0, 1), under the boundary and initial
conditions
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Vs ‘.’L‘:O,fﬂ:lz vf |.'E:O,."c:1: % |m:0,z:1: 07 ¢ |t:0: ¢O(I)’ 0 |t:0: GO(I) (5)

This initial-boundary value problem describes the one-dimensional motion of a two-phase
medium between impenetrable heat-insulated walls [1,2]. Here ps, ps,vs,vs, are, respectively,
the constant real densities and velocities of phases (s is solid porous medium, f is liquid), ¢ is
porosity (fraction of pores), ps and py are pressures in solid and liquid phases, p;o is total
medium pressure, p. is effective pressure, p;,; is two-phase density, 6 is absolute temperature,
g isdensity of the mass forces, c; and cy are heat capacities for at constant volume of phases,
K (¢) is permeability coefficient, p is dynamic fluid viscosity, £(¢, ) is bulk viscosity coefficient,
A(¢) is heat conductivity coefficient (the prescribed functions). The problem is written in Euler
coordinates (z,t).

For the permeability coefficient K (¢), a well-known dependence of the form is used K(¢) =
K'¢", where K’ = const > 0, n = 3 [1]. The bulk viscosity coefficient £(¢, 6) is usually taken as
&(p,0) =n(0)/¢™, m € [0,2], where n(0) is the coefficient of dynamic viscosity of the skeleton,
which characterizes the relationship between the strain rate tensor and the stress tensor and is
determined from the experiment under uniaxial compression [3,4]. The following dependence is
taken as a model one: n(8) = 7, exp(Q.(1—60/6,.)/ RO), 0y, Q+, 6;-, R are positive constants (analog
of the Arrhenius formula for the dependence of the reaction rate on temperature) [1]. The thermal
conductivity coefficient of the medium A(¢) is taken in the form A(¢) = Ap¢ + As(1 — ¢), where
Af, As are the thermal conductivity of liquid and solid phase (averaged thermal conductivity) [2].
In what follows, the notations are used k(¢) = K(¢)/u, 1/&(¢,0) = a1(6)&1(0), ar(d) = o™,
&1(0) = 1/n(0).

The local in time solvability of the initial-boundary value problem for the equations (1)—(3)
at constant temperature in the case of a compressible fluid was established in the work [5]. A
numerical analysis of the initial-boundary value problem for the system (1)—(3) is carried out in
[6]: difference schemes are constructed and their convergence is established. In paper [7], the
global solvability of the problem (1)— (3) is proved in the case of constant phase densities.

Systems of equations similar in structure were considered in [8-16]. The local solvability of
the Cauchy problem in Sobolev spaces was established in [8]. The simplest models of deformation
of a poroelastic medium were studied in [9,10]. Self-similar solutions of the traveling wave type
for the equations of magma motion were considered in [11,12]. The works [14,15] are devoted to
numerical calculations. The problem of substantiating multidimensional models of fluid filtration
in poroelastic media is open.

In the notation of function spaces, we follow [15]: C**t*7+8(Qr) is the Holder space, where
[, are natural numbers, (a, 3) € (0, 1], with the norm |[f[|citerts(g.)-

In this paper, we prove the local classical solvability of the problem (1)—(4) in the case
when the bulk viscosity coefficient £ is a function of porosity and temperature. An example of
decidability "in the whole" is given.

Definition. By a solution of problem (1)-(5) we mean the set of functions ¢, ¢, 0,vs, vy €
C*olt8(Qr), pr,ps € CHFOIHB(Qr), such that 0 < ¢ < 1,0 < 6 < co. These functions satisfy
the equations (1)-(4) and the initial and boundary conditions (5) and regarded as continuous
functions in Qr.

Theorem 1. Suppose that the data of problem (1)-(5) satisfies the following conditions:

1) the functions k(¢),a1(d), AN(@),&1(0) and their derivatives up to the second order are
continuous for ¢ € (0,1), 6 € (0,00) and satisfy the conditions

ko ' (1= 9)® < k() < kod™ (1 — )™,
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ko 167 (1= 9)% < M) < koo™ (1= )™, &1(6) >0, 6 € (0,00),
1

fg) ~ (@9 (1= 0< Ry <ao(6) < Re < ox,

where ko, i, R;,i = 1,2 are positive constants, q, ..., qs are fized real numbers.
2) the function g, the initial functions ¢° and 0° satisfy the following smoothness conditions:

c Cl+a’1+6(QT), 90’¢0 c C«2+(J4(Q)7
and the inequalities
0<mo< () K My<1l, 0<m<Oz)<M<oo, |glz,t)]<go<oo, €, te(0,T),

where mq, My, m, M, gg are given positive constants.

Then problem (1)-(5) has a local solution, i.e., there exists a wvalue of to such that
6(o,8), Gu(,0),0(x,8) € CHE3(Q), (uaa,t), vy(2,1) € CHP(Quy), (py(a,t),ps(2,8)) €
Cl+a,[3(@t0).

Moreover, 0 < ¢(x,t) < 1, 0 < 0(z,t) < 00 in Q-

Theorem 2. Let, in addition to the conditions of Theorem 1, the functions k(¢), (¢, 0) satisfy

the conditions K (9)
plo) - & g) = 1\
(@) =" &@0) =",

where K, u are positive constants.

Then for all t € [0,T], T < oo uniqueness solution of problem (1)-(5) exists, and there are
numbers 0 < my < My < 1, 0 < mg < My such that m; < ¢(x,t) < My, mg < 6(z,t) < M,
(LU,t) € QT-

2. Local solvability

Proof of Theorem 1. When proving Theorems 1 and 2, it is convenient to use the Lagrange
variables [17]|. Suppose that T = Z(7,z,t) is a solution of the Cauchy problem

% =vs(Z,7), T |r=t=x.
We set & = z(0,z,t) and take & and ¢ for the new variables. Then J(i,t) = %(x,t) =
= (1 —¢(2,t))/(1 — ¢°(2)) is the Jacobian of the transformation. Following [5], we rewrite the
system (1)—(4):
0 ¢ \ 0 1 0G(9)\
o (155) = 5 (M0 -07 (5252 - Kol +00) . (©)
0 1 0G
<(]- - d))% <W8t) ptot + Pf > |z 0,z=1— Oa (rb |t:0: ¢O(w)7 (7)
o6 86 0 a0
(Csps + Cfﬂf&) ¢ T erpro(vs —vs)o = o (/\(1 - ¢)8$> : ®)
872 lem0,0=1=0, 0 |i—0= 0°(z), 9)
0G(p) aG 1
L e (10)
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In the system (6)—(10), the basic equations are (6) and (8) for the required functions ¢ and 6.

We substitute in the coefficients of the equation (6) and the boundary condition (7) instead
of §(x,t) an arbitrary smooth function 6y(z,t) € C2+1:14+51(Qr), which satisfies the inequalities
0 <m < 6%°z) < M < co. We retain the previous notation ¢ for solving the arising problem and
the latter is called Problem I.

Lemma 1. Let the data of problem I satisfy the conditions of the theorem. Then problem I has
a unique local solution, i.e., there exists a value of tg such that

(¢, ¢) € C2T1B(Qy), ¢ € (0,1).

1 090G . .
Proof. Suppose that z = m§7 we arrive at the following problem for G, z :
1 090G
Z= maa G |i=0= G(¢°) = G°(x), (11)
i (0% -uE)) =0 (aG)FE <O beasm=0. (2
where
a(G.00)) = —— A a(@) = K@(G)(1 - 6(C)). B(G) = k(O(C)glprar + ).
)= @) a @) | ’

Since 0 < my < ¢°(z) < My < 1 and the function G(¢) is monotone, then G(mg) < G°(z) <
G(My). From (11) when the inequality max, 4) |§1(0)2(x,t)| < co we have that there is a value
to, such that for all ¢ < ¢y the estimates take place

Gl(mo) = G(mo) — cotg < G(l’,t) < G(M()) + cotp = G’g(]\fo)7
(13)
0 < G HG1(mo)) < ¢, t) < G7HG2(Mp)) < 1.

Let Go(z,t) be a function continuous in z and ¢, satisfying inequalities (13) and having a
continuous derivative 0Gq/0x with respect to x, t. Substituting Go(x,t) instead of G(z,t) into
the coefficients of the equation (12) and the boundary conditions, we arrive at a linear problem
for z, in which a > 0, b > 0 and d > 0. The solution to this problem is unique. Existence follows,
for example, from Hilbert’s theorem [18] for ordinary linear equations of the second order. The ¢
variable plays the role of a parameter. Thus, (z, 2z, 2z2) € C(Q4,). After finding z(x,t), we can
find a new value G(x,t) from the equation (11). This value will satisfy the condition (13).

To prove the solvability of problem I, we use the method of successive approximations. Let
2%(z,t) and G*(z,t) be a solution to the problem

i+1 ) )

T =), 6w 0) = 6),
Zi—i—l o ; azi+1 ;

d(G) oz (“(G) g oC )> =0

aZiJrl

(ate)

where i = 0,1,2,.... Substituting G°(x) into the equation for z at the first step, we find 2! (x, ).
After that, from the equation for G we find G*(z,t), etc. For each i there is a unique solution

- b(GZ‘)) R
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24 (z,t) and G*(z,t), satisfying (13). It is checked in a standard way that for a small value of g
the solutions 2%(z,t), G%(x,t) and their derivatives up to the second order inclusive are bounded
uniformly in .

We put ¢t = 2+ — 21 it = G+l — G We have

awi—i-l
ot

=& (00)y T, Wt o= 0,

y N .
— + Ajw' — = (ayit + Asw') =
aGry A gy (T + Aw) =0,

(ay;ix+1 + A2wi)|x:0,m:1 - 07

where the coefficients A, As are easily recovered and are limited. We have from this system the
following inequalities

1 1
/ ("™ + Jyz ) d < Cl/ ! P < ey max o[,
0 0

t
max [w' | < cl/ max |y |dr,
x 0 xr

where the constant ¢; does not depend on i. Taking into account the last inequality for the
¢

function v'(t) = max, [y'(z,t)]* we get v'T1(t) < ¢ [v(7)dr and therefore [19], vi(t) <
0

(e2T)%/i! — 0 for i — oo. After that it is easy to establish that the sequences 2%, G are
fundamental in C'(Qy,) and have limits z(z,t) € C(Q4,) and G(z,t) € C(Qy,). The sequences
i, 2L, G are also fundamental. Passing to the limit as ¢ — 0o, we obtain that the limit func-
tions satisfy the problem (11), (12). The uniqueness of the solution is proved similarly to [7].
Increasing the smoothness of the initial data to those specified in the conditions of Theorem 1
allows us to obtain that ¢(x,t), ¢¢(z,t) € C2H148(Q,).

Lemma 1 is proved. U

Y2

Z xrx)

z

Substituting 6y (z,t) and the solution to Problem I into the coefficients of equation (8), we
arrive at a linear problem for 6(x,t) of the form

06 20 0 00
Qa JrV% = 9z (A(l - d))@x) .
a0

% le—0,20=1= 0, 0 |i—o= 0°(x),

where
o 0z
Q= pscs + PICIT Vi=crprd(vy —vs) = presk(9) <(1 — )5+ 9(Pror + Pf)) :

The unique solvability of this problem in Holder classes follows from [19], and the solution
satisfies the estimate

0<60=mind"(z) <O(z,t) <maxf’(x) = 0 < oo.

x

After these remarks, the local solvability of the problem (6)—(9) can easily be obtained using the
Schauder theorem according to the scheme used in [7].
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After finding ¢, 0, the remaining functions from the system (1)—(4) can be defined as follows.
We find the phase velocities from (1)

© 09

5 | e @),

vp(z,t) =

val,t) = 1_¢/ e e c2o8(qy,).

From (3) we find pyoi(z,t) = fptotgdg € C3FTIHB(Qy).

—%x‘ £(6,0) € C+09(Qu,), then

From (2) we have p.(z,t) =

pr(x,t) = prot —pe € C'T*P(Qyy),  ps(w,t) = 1pft¢ - %pf € C'TP(Qy,).

Theorem 1 is proved. O

3. Global solvability

Proof of Theorem 2. By Theorem 1, we will assume that on the interval [0, ¢o] there exists a
solution to the problem (1)—(5), and 0 < ¢(x,t) < 1,0 < O(z,t) < o0, x € Q, t € [0,%0]. After
obtaining the necessary a priori estimates that do not depend on the value of ¢, the local solution
can be continued to the entire segment [0, 7.

Lemma 2. Under the conditions of Theorem 2, for allt € [0,T] the following relations hold:

1 1
/Os(a:,t)dx:/o s(z)dx, 52%, sY = s(x,0), (14)
0<0= Zgl[g}l] 0°(x) < O(z,t) < Jmax, 6°(z) = 6 < oo, (15)
L1 e oG\, 1! o ( 1 9G\|
[ amis(5) dr g [ o005 (gmar )| o
1
< %/O %QQ(Ptot+pf)2dx<N- (16)

Hereinafter, N denotes a constant that depends only on the data of the problem (1)-(5) and does
not depend on tgy.

Proof. Let us integrate the equation (6) over  from 0 to 1 and take into account the boundary
condition (7). After integration over time from 0 to the current value of ¢, we arrive at the
equality (14).

The equation (8) is written in a divergent form:

0 9 06
ot ( (esps +cppry— 0 (z))) t9. (9Cfpf¢(vf — ) = A(1 — (/))&1:) —

9 0
.y L% (csps + CfPflf(b) + g (crprolvy — Us))} : (17)
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The right-hand side of this equality is equal to zero, since the second equation from (1) in
Lagrange variables becomes [5]

5 (155 + 3 (000 =) =0,

In particular, from (17) we have

/1 (Cfpfgzs + csps) fdz = /1 (Cfpf ¢O + Csps> eodxa
o \PIT 5 o \PIT g0

and therefore 6(z,t) € L1]0,1] for all ¢t € [0, T7.

Let the smooth function x(f) satisfy the condition x”(0) = d?k/df#* > 0. Multiplying the
equation (8) by k’(0) = dr/df, and following the equality (17) we reduce the resulting equality
to the form

0 0

i ((come b ermr 2 ) <) + 5erprotos — ve(e) =
) A (0) A
— 5 (M=% ) o) (5) aa-o, (19)

In the case k(0) = 6P, p > 1, from (18) we deduce
1 0
cips ¢ (x) 0(
/0 0P (z,t)dx < mrél[%}i] <Csps 1= (= + 1) / |60° (2)|Pdz.

Whence, in the standard way, we get that 6(z,¢) < maxxe[o 1 0°(z) for all t € [0,T), z € [0,1].
Put ¢, = 1/60 and the equation (6) can be represented as’

o\ 06, 9, 9 ael 96, \>
(Csps terrir—g ) ar T crpr(vp —vs) 5= oo (AL =) 5= | =2AA = 9) | 7~ | 0.
Multiplying (8) by ] (01) = dk1/df:1, k1 = 6%, and integrating over x, we arrive at a relation of

the form (14) for 61 (x,t). Therefore 6(x,t) > mingc 4 00( ) for all t € [0,T],z € [0,1].
1

oG
&1(0) ot

(20 s [Mhoa - o (2 e =

! o ( 1 oG
:/0 k((b)g(Ptot-i-pf)aTE (51@315) dr <

<3 [ H0-0)|2 (2N ao st [ ED 5 4

The last term on the right—hand side is bounded uniformly in ¢y, since ¢ < 1 and, therefore,

Multiplying the equation (6) by

Ptot < max(py, ps). Finally, due to (14) we have

/01 1d_x¢ = 1—|—/01 s9(z)dx.

Lemma 2 is proved. O
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Lemma 3. Under the conditions of Theorem 2, for all t € [0,T], z € [0,1] the estimate takes
place
0<m< Plx,t) < M <1. (19)

5 1/2
dx) .

Proof. From the inequality (16) by the conditions of Theorem 2 it follows

[ (awar )| ([ 1%)1/2 </01(1_¢) o (awar)

From (6) it also follows that

1
ay 5‘G .

oG
and, therefore, there is a point zo(t) at which —(z¢(t),¢) = 0. Therefore

ot
L Lol [ |2 (0
51(6) 51(9) (’% = 0 8x 51(0) 8t

Taking into account (15) and the conditions of Theorem 2, from the last inequality we have

H@G < dr < N.
ot

min
z€(0,1)

lins(z,t)] < |G(x,t)] < |G%(2)| + NiT < No.

Then we arrive at (19) with m = (1 +e™2)~1 M = (1 + e N2)~ L.

Let z = &0 88—6; The problem (6), (7) takes the form
a )z 0 0z
MO _ 2 (MO =95~ KOl +01)).

(MO = T~ K@lg(pur + 7)) Lm0

By Lemmas 2 and 3, we have

t ol 1
/ / 02 dxdr +/ (22 + 22 4 02)dx < N,
0o Jo 0
where N3 is a positive constant depending on the initial data, parameters and problem constants,
but does not depend on .
Using the representation

co) - | 61 (0)zdr + O(6°),
we get t i
' ($)6s = / (2260(0) + 2610,)dr + G (6°).
Therefore

1
/ $2dr < Ny.
0

The equation for function z(x,t) takes form

a0(¢7 6>Z =ai (¢)Z:vw + a/l((b)(bwzw + aé((b)(bw
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The coefficients ag(¢,8) > 0, ai1(¢p) > 0, az(¢$) are limited and easy to calculate.

We have ) ) )
/ 22 dx < Oy (/ (2% + ¢2)da —|—/ |zmzx¢w|d:ﬂ> ,
0 0 0

1 1 1/2
0 0

1 1/2 1 1/2 1
<01<</0 zixda:> (/0 ¢Id:1:> +(/0 zfmdas>

The constant C; is not depend on .
1
max |z, —|—/ 22.dr < Ny.
z 0

where
1/2

1
([ e)"
0
3/4 1 1/2
(o))
0

Therefore

The equation for the function 6(x,t) has the form
et + a/3(¢a Zm)ew - a4(¢)9x;v + a5(¢)¢m9w7

where the coeflicients as(¢) > 0, az(¢, 25), a5($) are limited and easy to calculate.

Since
1 1
/ 020200, |de < max |6, | (/ Hiwdx>
0 z 0

1
([ )
0
1 3/4 1/4
<c </ Gfmdx)
0

1 1/2 1
() (] 5e)
0 0
then from the equation for 6 we have

1 t el
/ 02dx —I—/ / (67 4 02,)dxdr < Ns.
0 0 Jo

To complete the proof of Theorem 2, it is necessary to obtain the Holder continuity in x,t¢
of the functions ¢, and z, included in the coefficients of the equations for z and 6. From the
embedding z,, € L3[0,1] and the representation for ¢ we have ¢,, € L2[0,1]. Then for w = 6,
we get

1/2 1/2

1 t 1
/ Ch +w§)dz+/ / (w} +w?,)drdr < Ng.
0 0 JO

After that we deduce that |¢.:| < N7. Finally, following [7] for the function o = z; we get
oz € Ly [0, 1]
Theorem 2 is proved. O

Conclusion

The local solvability in the Holder classes of the initial-boundary value problem of one-
dimensional fluid motion in a nonisothermal viscous porous medium is proved. An example of
decidability is given at any finite time interval.

The work was carried out in accordance with the State Assignment of the Russian Ministry
of Science and Higher Education entitled ‘Modern methods of hydrodynamics for environmental
management, industrial systems and polar mechanics’ (Govt. contract code: FZMW-2020-0008,
24 January 2020).
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Abstract. The article considers the flow patterns of an electrically-conductive fluid in a 90 degree bend.
The magnetic field is directed parallel to the outlet branch of the bend. Magnetohydrodynamic equations
in terms of the small magnetic Reynolds numbers approach and the spectral-element method were used.
The flow patterns were studied at different values of the Reynolds and the Hartmann numbers, and with
regard to different values of the bent radus. A reverse flow was found in the outlet branch of the channel.

Keywords: magnetohydrodynamics, channel flows, spectral-element method.
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Introduction

The phenomenon of a magnetic field interaction with fluid is observed in nature, and is widely
used in industry. Plasma in some cases can be considered as a viscous electrically-conducting
fluid. It is intended to use liquid metals for cooling advanced nuclear and thermonuclear reactors,
and in large batteries that are designed to buffer energy from wind- and solar-power plants. For
the design of such devices, it is important to understand the interaction mechanism of the folded
flow of the electrically conducting fluid with the magnetic field. In the cases of a jet and a single
vortex influenced by a transverse magnetic field, this issue was considered in [1,2]. In these
papers it was found that a vortex in a uniform transverse magnetic field can generate secondary
vortices that rotate in the reverse direction. In [3], it is described that similar phenomena can
be observed in a bent channel in a vertical magnetic field in that a reverse flow was observed in
the inlet branch. In this paper, we study conditions for the origin of the reverse flow in the bend
in the presence of a horizontal magnetic field.

1. Equations and numeric method

Consider the flow in a bent channel as shown in Fig. 1. The length of the input and output
branches are indicated as L; and Ly respectively. The channel width is 2d, and the bend radius is
R. The flow of the electrically-conducting viscous fluid occurs under a constant pressure gradient
between the "inflow" and "outflow". The state Hartmann flow with the maximal velocity Vj

*k210@list.ru  https://orcid.org/0000-0002-4485-2120
famsagalakov@mail.ru
© Siberian Federal University. All rights reserved
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forms in the inlet branch. The Reynolds number is

Vod
Re = - 1
€ v ) ( )

where v is the viscosity. The Hatrmann number is

Ha=dBy, |2, (2)
pv

where By is the magnetic field, o is the electrical conductivity, and p is the density of the fluid.

3
S
v =
a |
R
L
’ —— By
2d L. y
L
in flow

Fig. 1. The bent channel

The problem is considered under the assumption that the magnetic field generated by the
movement of the fluid does not affect the flow. This small magnetic Reynolds number approach
is suitable for most engineering applications [4]. It is now possible to write the equations in the
following form:

1
8—1)—l—(v-V)v:—;Vp—&—I/Av—i—F(v,Bo),

ot (3)

V-v=0,

where v is the fluid velocity, p is the pressure, and F' is the magnetic force.
Ombh’s law is
J=0(=Ve+vxBy), (4)

where j is the electric current density, ¢ is the electric potential. A condition V - j = 0 for the
electric current leads to

Ap =V - (v x By). (5)

Using Reynolds (1) and Hartmann (2) numbers , equations (3) can be written in a non-
dimensional form

ov 1 Ha?
E—!—(vV)v_—Vp+§Av+ﬁ(—V<p+vao) XB(),
V-v=0, (6)

AQO:V'(’UXB()).

As the flow is two-dimensional, the flow fields do not depend upon the coordinate z, and

v, = 0. This approximation leads to the simplified form Ay = 0 of the electric potential equation,
Ha?

and hence ¢ = 0. Consequently, the magnetic forces will take the form F(v, Bg) = 7 (v x
e

By) x By and the electric potential is excluded from the equations (6).
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Boundary conditions v = 0 are set on the channel walls. At the inflow, the Hartmann flow is

established
cosh (Ha) — cosh (Ha - x)

vy () = cosh (Ha) — 1 ' @

At the outflow, the velocity satisfies the condition

ov

The spectral-element method and the computer program described earlier in [5] were used
for calculations. The mesh is shown in Fig. 2. The state flow was determined by integrating
equations over time until constant values of at least eight digits were established at test points.
The Fig. 3 shows some of these points, marked with the letters A, B, C. The Tab. 1 contains
the velocity values at these points when increasing the approximation order p from 5 to 12. The
convergence has been achieved to at least five significant digits. A similar analysis with different
grids was performed in [3].

i

Fig. 2. The mesh Fig. 3. The test points

Table 1. Convergence at the test points

D A, vy B, v, C, vy C, vy

5 0.98470321 0.8643492 -0.03093629 -0.00133713
7 0.98465574 0.8639382 -0.03093710 -0.00131847
10 0.98465842 0.8638807 -0.03093676 -0.00132150
12 0.98465844 0.8638864 -0.03093673 -0.00132158

2. Results and discussion

Primarily, the flow at small Reynolds numbers was considered. Fig. 4 shows streamlines in
the outlet branch at Re = 0.1 and Ha= 10(a), Ha= 35(b), Ha = 100 (c), and Ha = 300 (d).
At Ha = 10, the streamlines are parallel. At Ha = 35, a small vortex is observed near the outer
wall after the bend. At Ha = 100, a reverse flow is observed near the outer wall of the outlet
branch. When the Hartmann number increases to Ha = 300, the reverse flow area shifts to the
center and a return jet is formed near the channel axis. The corresponding velocity profiles in the
middle of the length of the outlet branch are shown in Figs. 5 and 6. Fig. 6 shows the velocity
at a large scale by a dashed line. The magnitude of the reverse flow has a perceptible value by
comparison to the velocity scale Vj.
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(d)

e NS
ﬁ%/g
Fig. 4. Streamlines at Re = 0.1, R =2: Ha = 10 (a), Ha = 35 (b), Ha = 100 (¢), Ha = 300 (d)

Uz
1—0.01 0 001 002 003 004 005 0.06
T T T T T

Uy v,

Fig. 5. Velocit in th tlet b h at
ng: 2, R: o:m %fz 12(1 8:01110’6 H:an:c 3a5’ Fig. 6. Velocity v, in the outlet branch at

_ R =2, Re=0.1, Ha = 300. The dashed line
Ha = 100.
shows the plot at the large scale.

Fig. 5 shows that for Ha = 10 the velocity profile is symmetrical. When the magnetic field
increases, the velocity maximum drifts to the inner wall. To move to the upper part of the outlet
branch, the fluid would have to flow across the magnetic field. With regard to this direction, the
magnetic force supresses the movement of the fluid. In the inlet branch, this magnetic braking
is compensated for by the pressure gradient, but there are no forces that would cause a vertical
movement in the outlet pipe. Such forces exist only in the bend, where the velocity distribution
is formed due to the action of the inertia forces, the magnetic forces, and the gradient of the
pressure field. In Fig. 4 (c), one can see that the streamlines from the input branch take up only
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the lower half of the outlet branch. In the upper half, the fluid is dragged by viscous forces, and
the flowing forward volume is compensated for by the reverse flow from the outlet of the channel.

The mechanics of motion in a bent channel is similar to that of a free vortex in the transverse
field, for which analytical solutions and estimates were obtained in [2]. The origin of the pair of
reverse vortices was described in [1,2] and is analogous to the origin of the reverse flow.

Fig. 7 shows the dependencies of the critical Hartmann number Ha, from the Reynolds
number. The critical Hartmann number is the number at which the reverse flow occurs, initially
in the form of a small vortex as shown in Fig. 4 (b). The bend radii were considered equal to
R =1, 2 and 3. For the Re — 0, the dependencies Ha.(Re) have horizontal asymptotes, that is,
the occurrence of the reverse flow does not depend on the Reynolds number. At 10 < Re < 100,
these dependencies have minima. For Re > 100, the curves Ha.(Re) increases.

90
R=10 —=—0
80 R=20 ——
R=30 ——
70
60
<
=
50
40
30 |
20 | | - 1l | I
0.1 1 10 100 1000
Re

Fig. 7. Reverse flow diagram for R =1, 2, 3

Fig. 8 shows the streamlines of the reverse flow at Re = 1000: Ha = 10(a), Ha = 65 (b),
Ha =100 (c). At Ha = 10, a vortex is observed near the inner wall of the channel straightway
after the bend. At Ha = 65, a vortex exists at the outer wall in the outlet branch. When
Ha = 100, a reverse flow is observed. At the Reynolds number Re = 1000 it was not possible
to obtain a flow without vortices, as shown in Fig. 4 (a): at the smallest Hartmann numbers the
flow has the form as in Fig. 8 (a). Also, due to instability, it was not possible to obtain a state
reverse jet at Ha = 300.

Conclusion

This paper describes the flow of a viscous electrically-conducting fluid in a bent channel. The
magnetic field is directed parallel to the outlet branch. The occurrence of the reverse flow in the
form of the near-wall flow and the near-axial jet is presented, including the data for several bend
radii. The obtained results are interesting with regard to the design of magnetohydrodynamic
devices such as liquid metal blankets for thermonuclear reactors, given that they have a large
number of bent channels. The suppression of rotational motion by a magnetic field should have
a strong effect on their hydraulic characteristics. At the same time, the complete mathematical
modeling of flows in engineering devices is currently a very expensive task. A solution of model

=778 —



Alexander V. Proskurin, Anatoly M. Sagalakov Patterns of Magnetohydrodynamic Flow . ..

Fig. 8. Streamlines at Re = 1000, R = 2: Ha =10 (a), Ha =65 (b), Ha = 100 (c)

problems, and the identification of general laws of magnetohydrodynamic flows in bends, would
have a great influence on the design of blankets and the interpretation of experimental results.
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[I0JIb30BAJIMNCh YPABHEHHUs] MATHUTHON T'MJIPOJMHAMUKY B IIPUOJIMKEHUN MAJIbIX MAUHUTHBIX 4dnces Peii-
HOJIBJICA U CIIEKTPAJIbHO-3JIEMEHTHBIN MeTO. [laTTepHbI TeueHUst N3y YeHbl IPYU PA3HBIX 3HAYEHUSIX INCET
Pettnonbaca u 'aprmana, pasubix pagmycax n3rubda kanaaa. OGHAPYKEHO BOSHUKHOBEHHUE TTPOTUBOTEYE-
HUs B BBIXOJHON YaCTU KaHAJA.
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Abstract. Stability of high-order linear multistep Stérmer-Cowell and symmetric methods are discussed

in detail in this paper. Efficient algorithms for obtaining intervals of absolute stability and periodicity
are given for these methods. To demonstrate the accuracy of numerical integration of the orbit over an
interval about one year two model problems are considered. First problem is the 3D Kepler problem.
Second one is a specially designed 3D model problem that has the exact solution and simulates the
Earth-Moon-satellite system.

Keywords: linear multistep method, symmetric method, Stérmer-Cowell method, PECE scheme, orbit.

Citation: E.D.Karepova, I.R. Adaev, Y.V.Shan’ko, Accuracy of the Symmetric Multi-Step Methods
for the Numerical Modelling of Satellite Motion, J. Sib. Fed. Univ. Math. Phys., 2020, 13(6), 781-791.
DOI: 10.17516/1997-1397-2020-13-6-781-791.

Introduction

Accuracy of the numerical integration of a satellite motion still remains one of the top prob-
lems associated with Global Navigation Satellite Systems. A review of the approaches used by
Analysis centres of International GNSS Service [1] shows that the basic techniques of the nu-
merical integration of a satellite orbit are the Adams-Bashforth/Moulton PECE-algorithms, the
nonlinear Everhart’s procedure [2] and collocation methods [3,4]. However, a linear multi-step
symmetric methods shows considerable promise [5] for near-circular orbits that are typical for
navigation satellites.

The theory of multi-step methods, including the Adams family which are traditional for the
numerical integration of the motion of celestial objects, are widely discussed in many textbooks
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on numerical methods [6,7,9-12]. The Stormer-Cowell methods were developed and successfully
used since the early 20th century. However, in 2016 an interesting result concerning instability for
small step size of some Stérmer-Cowell methods was presented by Nersett and Asheim [13]. The
general theory of the symmetric multi-step methods was developed by Lambert and Watson [14].
The symmetric methods of high order were discussed in relation to the numerical integration of
planetary orbits over a long period of time.

The orbital motion is described by the system of second order ordinary differential equations
(ODE). It is generally agreed that is better to solve numerically the second order ODE rather
than equivalent system of two first order equations [6,15]. We also confirm this in our numerical
experiments.

In this paper, we discuss the accuracy and stability of high-order explicit symmetric multi-
step methods and their advantage over the Stormer-Cowell methods with/without "predict —
evaluate — correct evaluate" (PECE) mode. We propose an efficient way to calculate intervals of
absolute stability and periodicity for any linear multi-step method.

To study stability and periodicity we used the general-purpose computer algebra system
REDUCE over the complex field with an accuracy of 40 significant digits. Numerical algorithms
were implemented in C++ using the library quadmath for quadruple precision calculations.

1. Linear multistep methods

On the discrete point set {t, : t, = to +nh, h > 0,n =0,1,...}, we consider the k-step
linear multistep method

k k
Z%‘Inﬂ = h? Zﬂjfnﬂ', k>2, (1)
=0 =0

for the numerical solution of the special second-order initial value problem
2 = f(t,x), x(to) =m0, 2'(to)=2. (2)

Here x,, is the approximation of the exact solution z(t,) € R and f,, = f(tn, z,). Method (1) is
characterized by polynomials p(§) and o (&), where

k k
pE) =D 0, o= ¢, EeC.
j=0 j=0

k
We suppose that p and ¢ have no common factors, o = 1, |ag| + |Bo| # 0, and ) |5;] # 0.
j=0
If B, = 0 the method is explicit, otherwise it is implicit. For method (1) to be consistent, it is
necessary and sufficient that p(1) = p/(1) = 0 and p”’(1) = 20(1). Method (1) has the order p if
for all sufficiently smooth test functions z(t)

k k
> aja(t+jh) — k> B (t + jh) = Cpyah? 2202 (1) + O(WPT).
j=0 j=0

We assume that if the Cauchy problem (2) is solved with the use of method (1) the accuracy of
first starting values z,, n =0,...,k — 1 is at least not less than the order of the method.

All Stérmer-Cowell methods have p(€) = &¢F — 2¢k=1 4 ¢5=2 Method (1) is symmetric if
a; = ag—j, Bj = Pr—j, 5 = 0,...,k. A symmetric method has only even order [7]. We study
higher order methods, namely, from 6th to 12th order Stormer-Cowell methods and even order
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symmetric methods. Coefficients «; and j; for these methods are presented in [13| and [5,14],
respectively.

These methods are consistent and zero-stable. Hence they are convergent [6,14] and polyno-
mial p has the root of multiplicity two at +1. Let us denote the roots of p by &, s =1,...,k,
where 1 = & = 1 are the principal roots and the remaining k — 2 roots are spurious. All spurious
roots of any Stérmer-Cowell method are zero.

We demonstrate main differences between symmetric and Stérmer-Cowell methods by the
example of the harmonic oscillator equation

" =Nz, x(ty) =z, 2'(to)=2, AER. (3)

That has general solution z(t) = A cos At + B sin At with period T = 27/ .
Using method (1) to solve (3), we obtain the difference equation

k
Z aj+H?Bj) xprj =0 (4)
7=0
with general solution .
n=Dir] + Dory + Y Darl. (5)
s=3

Here H = Ah, D, € C are constant. Let us assume that all the roots 75, s=1,... k of the stability
polynomial
w(r; H?) = p(r) + H?o*(r) (6)

are distinct. Since the roots of the polynomial are continuous functions of its coefficients, r, are
perturbation of & when H? > 0. Thus, the numerical solution of (3) x,, may be represented
by the sum of the component (z,)p = Dir} + Daor} associated with the perturbation of the
principal roots and (x,)s that arises from perturbation of spurious roots.

Absolute stability of the Stérmer and Cowell methods. Root-locus curves for some Stérmer
and Cowell methods are shown in Fig. 1 (a-i). They are constructed by the "boundary locus"
method [12] which gives a general shape of the boundary |r| = | exp(i@)| = 1 of the open stability
region in the complex plane H2. The stability region is always at the left of the curve when we
move along the curve as ¢ increases from 0 to 2w. For example, there is no stability region
for the 10th order Stérmer’s method (Fig. 1 ¢). Moreover, the stability region near the interval
of absolute stability is shown in more detail in Figs. 1 (b,f,h) for methods that are used in
our numerical experiments. Let us note that in the general case A € C the stability region is
determined, while for the harmonic oscillator we obtain the stability interval on the real axis.

In order to determine the stability interval more accurately the Routh-Hurwitz criterion [16]
can be used. In this case, a transformation of the region |r| < 1 into the region Re(z) < 0
is required. There are the Schur-Cohn [12] and the Jury [17-19] criteria that test the strong
stability of (r; H?) directly. The Schur-Cohn and the Jury criteria are convenient for program
implementation and they are easily tested for a given H2.

According to the Jury criterion, the problem of determining the set of all values of H?
that all roots of 7(r; H?) are inside of the umit circle, is reduced to solving the system of k
inequalities, where k is the degree of m(r; H?). The left-hand side of each inequality is the ratio
of polynomials in H? and the right-hand side is zero. The polynomial coefficients are obtained
from the coefficients of 7(r; H?). Even for small k the system of the inequalities can be analysed
analytically only in some cases. For high order methods this task becomes computationally
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Table 1. Stability intervals of H? for Stérmer’s and Cowell methods and the interval of periodicity
of H? for symmetric methods

Order 5 6 7 8
" 360 60 o7
Stormer 393° 19 unstable (0;0.3820447 .. .) 198
Cowell 0: 60 0: 60 87280 189 4221504 189
11 13 308407 52 1824647° 71
Order 9 10 11 12
.. - 51975 9450
Stormer unstable unstable <0, 1636934 (0, 9516 3>
20790
Cowell (0;0.3597184...) (0;1.0218233...) (0.1898631; 28687 unstable
Order 6 8 10 12
Symmetric | (0;0.8021734...) (0;0.5157665...) (0;0.1724269...) (0;0.0456343...)

intensive. For example, when the Jury criterion is applied to the 8th order Stérmer method the
maximum degree of the polynomial equals to 12, and for the 8th order Cowell method it equals
to 117!

We propose the following effective method to determine the boundaries of the stability interval
of method (1). We have to define all H? for which the polynomial 7 (r; H?) has a root that belongs
to the unit circle. Consider the roots r* = exp(ip) and r* = exp(—ip) of (6), 0 < ¢ < 7. Let us
represent 7(r; H?) in the form:

7(r; H?) = S(r; H*)(r? — 2rcosp + 1) + R(r; H?)

where S(r; H?) is a polynomial of the order (k — 2) in r with real coefficients, R(r; H?) =
= ag(H? cos ) + a1 (H?, cosp)r, ag, a1 € R. Since r* and r* are the roots of both polynomials
7(r; H?) and r? — 2r cos o + 1, R(r; H?) = 0. Therefore aq(H?, cos ¢) = 0 and a;(H?,cos ) = 0.
Consider solutions (H?2, p.) of the last two equations, where —1 < cos ¢, < 1. In addition, the
case ¢ = 0 gives H? = 0 and the case ¢ = 7 immediately gives H2 = —o(—1)/p(—1). Choose
all H2 € R only, and they divide RT into disjoint intervals. We test polynomial (6) using the
Jury criterion for strong stability for some value of H?2 belonging to each interval. The interval
in R for which m(r; H 2) is strongly stable corresponds to the interval of absolute stability of
method (1).

Tab. 1 presents the absolute stability intervals for the Stérmer and Cowell methods of orders
from 5 to 12 . The results show that not all methods are stable at small H2. For example, the
Cowell method of order 8 has a very short stability interval separated from zero. The presented
results are the same as those from [13], with the exception of the 7th order Stérmer method for
which one more root was found. It is close to but it does not agree with that found in [13]. This
reduces the stability interval. In addition, rational boundaries of the stability intervals can be
found with our approach find if they exist.

Interval of periodicity of symmetric methods. If é is a root of a symmetric polynomial then
1/€ is also its root. Then for symmetric method (1) there is no such H? that all roots of
the stability polynomial 7(r; H?) are in the unit circle. Therefore, any symmetric method is
absolutely unstable. On the other hand, symmetric methods can have another useful property,
namely, they can have a non-vanishing interval of periodicity [14].
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According to [14] method (1) has non-vanishing interval of periodicity (0; H2) if for all
H? € (0; H2) the roots r, of the stability polynomial 7 (r; H?) satisfy relations

r1=exp(i0(H)), ro=exp(—if(H)), |rs|=1, s=3,....k 0O(H)eR

and if the order of (1) is p then §(H) = H + O(hP*!) € R.

If method (1) has non-vanishing interval of periodicity then it is symmetric. The opposite is
not true, but if polynomial p of symmetric method (1) has all roots in the unit circle and there
are no other double roots except the principal ones then the method has a non-vanishing interval
of periodicity. In this case, since the roots of the polynomial continuously depend on parameter
H?, all roots of w(r; H?) remain in the unit circle when H? changes from 0 to some HZ. Then the
principal component (z,,)p of the numerical solution is periodic with a period close to 27/ (the
period of the analytical solution of (3)), and (z,)p dominates over (x,)s which is also periodic.

The approach to determine the value of Hy is proposed [14]. Some polynomial is constructed
from 7 (r; H?) by special transformation of variable r [14]. The value of HZ is determined from the
condition that all roots of the polynomial are real, distinct and non-negative. This corresponds
to the condition that the absolute values of all roots of m(r; H?) are equal to 1 for H? € (0; H3).

We propose an alternative method based on determining of H2 in such a way that multiple
root arises for 7(r; HZ). Let symmetric method (1) has a non-vanishing interval of periodicity
(0; H3)> Then for H € (0; H?) all roots of m(r; H?) are distinct and lie on the unit circle.
Moreover, each root that does not lie on the real axis has the conjugate root as the root of a
polynomial with real coefficients (Fig. 2 a). If H? > HZ then there exists £* = r*(cos 6* + sin 6*)
root of 7(r; H?), where r* > 1. Therefore 1/£* = (cos#* — isin#*)/r* and its conjugate £* =
= r*(cos 0* — isin@*), 1/€* = (cos@* + isinf*)/r* are also the roots of 7(r; H?). Because r*
is continuously depends on parameter H there exists H = H* for which r* = 1, that is, £* is
root of multiplicity 2. Therefore, H* coincides with the right-hand boundary of the interval of
periodicity Hy. Thus, Hy can be found as the minimum positive real root of the discriminant
of the stability polynomial of a symmetric method. In Fig. 2, the behaviour of the roots of the
stability polynomial for the 8th order symmetric method is shown when H approaches Hy and
when H is greater than Hy. Table 1 shows the interval of periodicity for the symmetric methods
considered here.

The Stérmer methods have a non-vanishing absolute stability interval but do not have an
interval of periodicity. Alternatively, symmetric methods are absolutely unstable but they have
a non-vanishing interval of periodicity. These differences are shown in Fig. 3 for the following
simple numerical example. Let us consider problem (3) with the initial conditions z(0) = 1 and
2'(0) = 0. Then the exact solution is z(¢) = cos(At). Equation (3) has two the first integrals

2'(t)
Az(t)

Although the velocity 2/(t) = wv(t) is not directly defined by (3), it can be determined by
equation (3) through introduction of unknown function v with the initial data v(0) = 0,
v'(0) = 2”7 (0) = —\2.

The error of the first integral AE = E" — E for (3) is shown in Fig. 3 (a) and (b) for
A = 1. equation (3) is integrated with the 8th order symmetric method and Stérmer method,
respectively. The error of the first integral Af = 0" — 6 is demonstrated in Fig. 3 (c) for both
methods. Here E, 0 are exact values of the first integrals (they equal to 1 and 0, respectively)
and E" 0" are numerical values of the first integrals. The step-size h = 7/128 belongs to the

E =) (2(1))* + (2/(t))* = const, 6 := A\t + arctan

— const.
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Fig. 1. The root-locus curves and the stability regions for some Stérmer and Cowell methods in
the complex plane represented by H?>

interval of periodicity of symmetric method and to absolute stability interval of the Stérmer
method.

The symmetric method gives a periodic solution, therefore E” is a periodic function with
constant amplitude. One can see in Fig. 3 (a) that the energy of the system does not increase
with time. Since all roots of 7(r; H?) for the Stérmer method are less than 1, the energy of the
numerical solution decreases (Fig. 3 (b)). Since the period of the numerical solution does not
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a) b) C) d)

Fig. 2. The roots of stability polynomial 7(r; H?) for the 8th order symmetric method (1) in the
complex plane; 7 is shown for H? = HZ/10 (a), H?> = 9HZ/10 (b), H> = HZ (c), H> = 11HZ/10
(d). The roots r; and ry that correspond to the perturbed principal roots £ = & = 1 are marked
with black triangle marker

8.0E-15 —— Symmetric

1.6E-15 6.0E-14 , seeeee Adams-Shtérmer
4.0E-15 5.0E-14
1.2E-15
A 4.0E-14
0.0E+00
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= \j v T 30614
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0.0E+00 -8.0E-15 0.0E+00
0 3 6 g 12 0 3 6 9 12 0 3 6 9 12
=6 =0 =6
a) b) c)

Fig. 3. The errors of the first integrals for the equation of harmonic oscillator for the symmetric
(a,c) and Stérmer (b,c) methods with step-size h/T = 256, t in radians.

coincide with the theoretical one, the numerical solution is either ahead of or lagging behind
the exact solution. For the symmetric method |Af| grows slower than for the Stérmer method

(Fig. 3 (c)).

2. Numerical experiments

Let us consider two three-dimensional model problems that have exact solutions. By “exact
solution” is meant a solution that can be obtained by integrating Kepler’s equation.
Model problem 1 is the three-dimensional Kepler problem

X (1) = —u@, (7)

where p is the standard gravitational parameter, x = (x1,x2,23) is the radius-vector of the
satellite and |x| is the Euclidean norm of x.

Model problem 2 is specially constructed from the restricted three-body problem (Earth—
Moon-Earth’s satellite of negligible mass). In this problem, the force acting from the Moon
on the satellite is compensated by an additional force which depends only on time and it is
independent of the position of the satellite on the orbit. This force affects the movement of the
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satellite in such a way that the exact solution of the problem describes the movement of the
satellite around the Earth in the absence of the Moon.

Let us consider the equation of motion for a satellite of negligible mass in an inertial reference
frame centred at the Earth-Moon barycentre

X —XEg X — XM

X (t) = — i +E(1). (8)

x—xpP M- xul?
Here x = (x1,z2,23), xg = ((xp)1, (zE)2, (zr)s) and xpr = ((zar)1, (Tar)2, (xar)3) are posi-
tions of the satellite, the Earth and the Moon, respectively; pugr=3.986004419E+14 m?/s? and
par=4.9048696E+12 m? /s? are the standard gravitational parameters of the Earth and the Moon;
£(t) = (f1(t), f2(t), f5(t)) is an additional force. The coordinates of the Earth and the Moon are
determined by two-body problem. Let xgg be the exact solution of the Kepler problem (7) for
the system Earth-satellite. Then x = xggs + xg and

Xps +Xg — XM Xp — XM

£(t) = (9)

MM xps +xm —xu M m —xu

Thus, model problem (8)—(9) has the exact solution, and the errors of the numerical solution
are calculated directly. Since the Jacobian of the problem coincides with the Jacobian of the re-
stricted three-body problem the stability properties of the numerical methods for these problems
coincide.

The following initial orbital parameters are adopted in numerical experiments. For the
Moon they are ap; = 3.94748F + 08 m, ep = 0.042200, wyr = 22°8", Qg =4°40",
in = 18°31", (Mp) pr=340°13". For satellite they are agq:= 2.5500000004E+07 m, €g4:= 0.00068,
wsat=135.0000214°, Qgar=120°, igq=64.9°, (My)sar= 32.6650111°, T, = 11h15'44".

We compare the accuracy of the orbit integration by the Stérmer method and symmetric
methods. Additionally, the results for the Bashforth method are shown in the case when problems
(7) and (8) are represented in the form of six first-order ODEs. To improve the accuracy of
the Adams methods the predictor-corrector scheme is also used in the form P(EC)3E, where
the right-hand side (E) and the corrector (C) are evaluated three times at each step. Since
the absolute stability intervals of the 8th order Stormer and Cowell methods do not coincide,
calculations were carried out for the case when the orders of the predictor and corrector coincide,
and they are equal to 8 (Pg(ECg)?E), and for the case of the 9th order corrector (Pg(EC)°E).

For each Model problem, we are interested in the maximum deviation of the calculated
satellite position from the exact one after integration for about a year. Let us denote the
numerical and exact solutions at the moment t,, by xﬁ and X, (t,), respectively, n = k, ..., K,
tg = 71797 5qt, Tsqt is a period of satellite. The following notations for errors are used

h h h h h h
An :xn_XGT(tn)7 Az :n:rE?,K| (An)1|7 p :n:%l’a’X’KlAn‘
In addition, we consider the decomposition of the error vector A” in terms of the basis vectors as-
sociated with the exact ellipse. They are ro(t,) = Xex (tn)/|Xex(tn)]; T0(tn) = = Ver (tn)/|Ver (tn)]
and ng = ro(t,) X 70(tn). Then we have

- T - n|’ n =
n=~k,..., n=~k,..., n=~k,...,

h_ N h_ AR ho_ AR
oy = maXK|r0(tn) All, 6 I?](flaXK|T0(tn) A ) ma K|n0(tn) Al

Results of calculations with fixed step-size h = Ty, /512 for the Model problems 1 and 2
In Tabs are presented in 2, 3, respectively. One can see that the direct solving of the second

- 788 —



Evgenia D. Karepova. ..

Accuracy of the Symmetric Multi-Step Methods for the Numerical. . .

order ODE is more efficient. Explicit symmetric methods give more accurate results even in
comparison with the explicit—implicit PECE algorithms. In Model problem 1 the Stérmer-Cowell
PECE algorithm offers slight advantage over other algorithms only in the error along the radius.
However, symmetric method offers advantage over other algorithms in calculating positions of
the satellite. The symmetric algorithm symmetric method offers advantage over other algorithms
in the case of Model problem 2.

Table 2. Accuracy of the orbit integration (h = Tsq:/512). Model problem 1

Bashforth- Stormer- Stormer-
Bashforth Moulton  Stérmer Cowell Cowell symmetric
Ps(ECg)3E Ps(ECg)3E  Pg(ECo)*E
A, m | 7.43E-03 1.77E-04 7.06E-04 2.04E-05 8.45E-06 1.61E-06
Al m | 1.07E-02 2.55E-04 1.01E-03 2.93E-05 1.21E-05 2.20E-06
A 'm | 1.08E-02 2.59E-04 1.03E-03 2.98E-05 1.23E-05 2.27E-06
P, m 1.20E-02 2.86E-04 1.14E-03 3.29E-05 1.36E-05 2.60E-06
5" m 4.98E-06 1.06E-07 3.82E-07 1.73E-08 1.30E-08 1.42E-07
6P m 1.20E-02 2.86E-04 1.14E-03 3.29E-05 1.36E-05 2.60E-06
6" m 1.77E-24 1.74E-24 1.40E-22 7.03E-23 1.17E-22 5.07E-23

n’

Table 3. Accuracy of the orbit integration (h = Tsq:/512).

Model problem 2

Bashforth- Stormer- Stormer-
Bashforth Moulton  Stérmer Cowell Cowell symmetric
Ps(ECg)3E Ps(ECR)3E  Pg(ECy)E
A? m | 1.36E-01 3.23E-03 1.27E-02 3.62E-04 1.56E-04 8.89E-05
Al m | 1.95E-01 4.64E-03 1.82E-02 5.20E-04 2.23E-04 1.28E-04
Al m | 1.97E-01 4.70E-03 1.84E-02 5.27E-04 2.26E-04 1.29E-04
ph, m 2.19E-01 5.22E-03 2.05E-02 5.85E-04 2.51E-04 1.43E-04
6" m 3.44E-04 8.14E-06  3.20E-05 9.05E-07 4.02E-07 3.70E-07
6" m 2.19E-01 5.22E-03  2.05E-02 5.85E-04 2.51E-04 1.43E-04
5P m 7.55E-04 1.80E-05 9.56E-06 2.73E-07 1.17E-07 6.77E-08

Table 4. Accuracy of the orbit integration (h = Ts4¢/den). Model problem 1

Bashforth- Stormer-  Stoérmer-
Bashforth Moulton  Stérmer Cowell Cowell symmetric symmetric
Pg(ECs)°E Pg(ECs)’E  Pg(ECo)°E
rhp 486876 1286888 377037 1012680 922316 174497 253176
den 625 413 484 325 296 224 325
h, sec 64.8 98.1 83.7 125 137 181 125
H? 1.01E-04 2.31E-04 1.69E-04 3.74E-04 4.51E-04 7.87TE-04 3.74E-04
P, m | 1.99E-03 1.98E-03 1.89E-03 1.98E-03 1.89E-03 1.91E-03 9.80E-05
8P m | 6.56E-07 7.51E-07 6.86E-07 7.64E-07 1.81E-06 1.07E-04 5.41E-06
5t m | 1.99E-03 1.98E-03 1.89E-03 1.98E-03 1.89E-03 1.91E-03 9.80E-05
8t m | 1.22E-24 1.12E-24 1.02E-22 4.49E-23  5.65E-23 2.41E-23 5.57E-23

Another series of calculations were carried out to determine the step at which the maximum
deviation of the numerical solution from the exact one does not exceed 2 mm for a year. The
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Table 5. Accuracy of the orbit integration (h = Tsqt/den). Model problem 2

Bashforth- Stormer-  Stérmer-
Bashforth Moulton  Stérmer Cowell Cowell symmetric symmetric
Ps(ECs)°E Ps(ECs)’E  Ps(ECo)’E
rhp 671499 1779216 519594 1402180 1274424 289789 350551
den 862 571 667 450 409 372 450
h, sec 47.0 71.0 60.8 90.1 99.1 109 90.1

H? 5.31E-05 1.21E-04 8.87E-05 1.95E-04 2.36E-04 2.85E-04 1.95E-04
P, m | 2.00E-03 1.95E-03 1.87E-03 1.88E-03 1.89E-03 1.84E-03 4.02E-04
6" m | 3.10E-06 3.03E-06 291E-06 2.92E-06 3.03E-06 4.75E-06 1.04E-06
6" m | 2.00E-03 1.95E-03 1.87E-03 1.88E-03 1.89E-03 1.84E-03 4.02E-04
§" m | 6.89E-06 6.72E-06 8.75E-07 8.78E-07  8.86E-07 8.69E-07 1.90E-07

results of calculations are presented in Tabs. 4, 5. The first row marked “rhp” shows the number of
evaluations of the right-hand side that were required to achieve the accuracy. In the last column,
the results are presented for the symmetric method with the step it takes the Stérmer-Cowell
PECE algorithm to achieve the specified accuracy. The advantage of the symmetric method is
obvious, especially for Model problem 2. In addition, the symmetric methods have the lowest
number of right-hand side evaluations in comparison with other methods considered.

This work was supported by the Krasnoyarsk Mathematical Center and financed by the Min-
istry of Science and Higher Education of the Russian Federation in the framework of the establish-
ment and development of regional Censers for Mathematics Research and Education (Agreement
no. 075-02-2020-1631).
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Amnnoranusi. B crarbe Mbl Togpo6HO 06Cy2K/1aeM yCTOMIMBOCTD JTHHEHHBIX MHOTOINIATOBBIX CHMMETPU Y-
HBIX METOJOB BBICOKOTO TOPSIKa B 3aJa4e TapMOHMYECKOTO OCHMLIATOpa. llpuBeneHbl 3¢ @deKTUBHbBIE
AJITOPUTMBI BBIYUCIEHUsT MHTEPBAJIOB abCOTIOTHON YCTONYUBOCTH M IEPUOTUIHOCTH. IUC/TEHHBIE JKCITe-
PUMEHTBI JIEMOHCTPUPYIOT TOYHOCTD BBIYUCJIEHUST OPOUTHI HA MHTEPBAJIE OKOJIO OIHOTO TOHA I TPEX-
MepHOIl 3amaun Kemsepa u fjs crenuaj bHO paspaboTaHHONW TPEXMEPHOW TeCTOBOI 3ajadu, KOTopast
MOJEIUPYyeT cucTeMy 3eMisi-JIyHa-CIIyTHUK U MMEET TOYHOE peIleHUe.

KiroueBble cJjioBa: JMHEHHBIE MHOIOIIATOBBIE METOJbI, CUMMETPHYHBIA METOJ, MeToIbl Amamca-
IIIrepmepa-Koyaiia, PECE-cxema, opbura.
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Abstract. Dynamical problems of the theory of plasticity have not been adequately studied. Dynamical
problems arise in various fields of science and engineering but the complexity of original differential
equations does mot allow one to construct new exact solutions and to solve boundary value problems
correctly. One-dimensional dynamical problems are studied rather well but two-dimensional problems
cause major difficulties associated with nonlinearity of the main equations. Application of symmetries
to the equations of plasticity allow one to construct some exact solutions. The best known exact solution
is the solution obtained by B.D. Annin. It describes non-steady compression of a plastic layer by two
rigid plates. This solution is a linear one in spatial variables but includes various functions of time.
Symmetries are also considered in this paper. These symmetries allow transforming exact solutions
of steady equations into solutions of non-steady equations. The obtained solution contains 5 arbitrary
functions.
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Introduction

There is an extensive literature on the theory of plasticity. The reason is that problems con-
sidered in this theory are very important for various practical applications. These problems arise
in the design of machines and technological processes where plastic deformations are present,
in various applications to armaments industry (for example, projectile penetration theory, etc.).
Contemporary and classical studies deal mainly with static problems. This is not because dy-
namical problems are not important but because of lack of progress in developing appropriate
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methods to solve these problems. The spatial solution of dynamical equations was first obtained
by B. D. Annin in 1978 [2]. This solution is linear in spatial variables and contains several
arbitrary functions that depend on time. The solution was constructed with the use of group of
point symmetries admitted by the system of equations of dynamical theory of plasticity. Later,
new exact solutions of some plane dynamical problems were constructed,. They are based on
group properties of the equations. New solutions of the dynamical equations are given in [§].
They are based on transformation of steady-state solutions into non-steady solutions.

New classes of exact solutions of dynamical problems of the theory of plasticity are proposed
in the paper. They contain 5 arbitrary functions.

1. Problem definition

Let * = x1,y = w2,z = x3 is Cartesian coordinate system, u = v1,v = vo,w = w3 are
components of strain rate vector, e;; are components of strain velocity tensor, o;; are components
of stress tensor. The components of strain velocity tensor and stress tensor satisfy the equations
of motion

d’Ui
dt

= 8¢0‘ij, i,j = 1,2,3. (1)

dv;
Here — = Ov; +v;0;v; is a full or substantial derivative. Einstein summation convention is
applied here. Components of the stress deviator tensor and the strain velocity tensor are coaxial
Uij — 51317 = )\eij = /\(8j’l)i + 81"Uj)/2, (2)

where, §;; is the Kronecker symbol, A is a non-negative function, 3p = o0y;.
It is assumed that medium is incompressible. Then we have incompressibility equation

8ﬂ}i =0. (3)
In addition to system of equations (1)—(3), von Mises yield criterion is used
(011 = p)* + (022 = p)* + (058 = P)* + 207z + 013 + 033) = 2K, (@)

where k; is the shear yield stress.

2. Group properties of the equations of dynamical theory
of plasticity

Lie group of point symmetries admitted by equations (1)—(4) is described in [3]. It is generated
by the following operators

Xo=0i, M=t0+2:0:, S=¢t)0p, T;=fi(t)0s, +fi({t)0s, —zifi (t)0p,
Z1 = 290z, — 305, + 20y, — V30y,.

®)

There is no Einstein summation convention in (5). Two more operators Za, Zs can be
obtained from Z; by circular permutation of indices. Functions ¢(t), f;(t) are arbitrary functions
from the class C°°. Therefore, operators (5) generate an infinite Lie algebra. Derivatives with
respect to variable t is designated by primes.
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Group properties of differential equations can be used for various purposes. They are most
often used to construct invariant solutions — the solutions which do not change with continuous
transformations that correspond to the operators of algebra (5). The invariant solutions of the
plasticity equations and methods of their construction are described more fully in [2] and in the
literature therein. The procedure of deformation of the exact solutions using point symmetries
and the reduction of an exact solution into another one in the case of plane steady equations
of ideal plasticity were shown [7]. We use the group of point symmetries for transformation of
new stationary solutions into new non-stationary ones for the case of three-dimensional plasticity
equations. This approach was firstly applied for construction of new solutions in [8].

3. New stationary solution of system (1)—(4)

As system (1)—(4) admits the operator Xy = 0, one can find the invariant solutions of this
system that do not depend on the variable ¢. These solutions can be determined from the system

’Ujaj’l)i = 81»01-3-, O'ij — 52‘]‘]) = /\eij = )\(aj’l)i + 8i1}j)/2,
0ivi =0, (o011 = p)* + (022 = p)* + (033 = p)* + 2(07, + 0 + 033) = 2k

(6)

System (6) is simpler than the initial one because it has fewer independent variables. Some
of solutions of the system are given in [8]. As far as we know, there are no other solutions
of the considered system [1-3]. Let us find an invariant solution of system (6) regarding the
one-dimensional subalgebra that admits the operator 19, + %ay — %82. This solution has the

following form

u = Ag(az+pBy+vz), v= Bglax+pBy+vz), w=Cglar+pfy+vz), p= F(az+py+vz). (7)

Here A, B, C, «, (8, vy are arbitrary constants, and functions g, F' are determined from
system (6). One can obtain the following relations between the functions and the constants

1
A+ BB+~yC =0, F=—¢g>+59,
aA+ BB+ 59 ()
aA? + BAB +yAC = o, «aAB+ BB?+~yBC =, «aAB+ BBC +~C? =+,

here 4 is an arbitrary constant. Equalities (7) and (8) imply that all components of the stress
tensor are constant and have the form

_ o4 _,4 BB _ 4 2C
o11=Pp D’ 022 =P D’ 033 =P D’
BA+aB vA + aC vB + pC
012 = “op 013 = T op 023 = T oD (9)

D? = 2}? ((OZA)2 +(BB)* + (vO)* + %(BA +aB)? + %(VA +aC)? + %(WB + 60)2) .

The similar solution with the absence of convective terms was constructed in [§].

4. Deformation of stationary solution of system (1)—(4)

Here, the stationary solution obtained above with the use of transformations (5) is deformed
into non-stationary solution of initial system (1)—(4). For this purpose, a notable property of
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the point symmetries is used, namely, the symmetries transform any exact solution of system
(1)—(4) into a new exact solution of this system.

System (1)—(4) admits operators S = @(t)0p, T; = fi(t)0n, + fI(t)0n, — zif]' (t)0p, (i =
1, 2, 3). It means that the system is not changed under the following transformations

3
v =i+ aifit), vi=vi+aifi(t), pi=p—) awf]t)+asp(t). (10)
=1

Here variables without primes are initial ones and variables with primes are obtained as a result of
point symmetries that correspond to subalgebra generated by the operators S, T;. Parameters a;
are group parameters which change continuously in neighbourhood of zero z1 =z, x93 =y, 3 =

zZ.

Let us assume that v}, p! is a solution of system (1)—(4). Then, in accordance with (9), v, p*

of the form
v? =l (t, x1+ayfi(t), zo +agfa(t), x3+ asfs(t)) + a1 fi (1),
3= (b m b @ fi0), 72+ a0, o+ asful0) +afi)
=} (6 o1+ aufil0) 22+ aaalt), 32+ aafa(®) +aafi(0) (m

3
p*=p (t, r1+aifi(t), v2 +azfa(t), 3+ a3f3(t)> - infi”(t)>
i=1

are also an exact solution of the same system. This property is used to construct new solutions
of system (1)—(4). Let us apply formulae (11) to the solution constructed above. Then we obtain

u=Ag (04(33 +a1fi(t)) + By + axfa(t)) + (2 + anS(t)) + a1 f1(t),
o= By (a<x i) + By + asfa() + (= + asfs(t)> T asfid),

w=Cyg (Oé(x +aifi(t) + By +axfo(t)) +v(z + a3f3(t)> + as f3(t),

N —

p=1g (a(w+a1f1(t)) By + azfa(t) + (= + asfs(t))—

—zay f () — yaz f3 (1) — zas f3 (1) + o(t).

The components of the stress tensor corresponded to the velocity field (12) coincide with (9).

Conclusion

A non-steady solution containing 5 variable functions was constructed from a stationary
solution. The method of construction of non-stationary solutions of dynamical equations of
plasticity from a stationary solution was shown in the paper. These solutions can be used for
the analysis of technological processes when the stress state is stationary but the process is
dynamical.

This work was supported by the Krasnoyarsk Mathematical Center and financed by the
Ministry of Science and Higher Education of the Russian Federation in the framework of the
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establishment and development of regional Centers for Mathematics Research and Education
(Agreement No. 075-02-2020-1631).
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HoBble KJi1acchl peIJ_IeHI/Iﬁ ANMHaAMN4IEeCKNX 3aJaY
IIJIACTNYIHOCTHA

Cepreii . Cenairion
Oabra B.T'omonoBa

WNpuna JI. CaBocThsiHOBaA
Cubupckuii rocyIapCTBEHHbBIN YHUBEPCUTET HAYKN U TEXHOJIOruil uM. PernerHesa,

Kpacnosipcknit pabounit 31, Kpacunosipck, 660037, Poccus

Ouapra H.Yepenanosa
Cubupckuii dheepasbHbIil YHUBEPCUTET,

Csobomnsriit 79, Kpacuosipck, 660041, Poccust

Anvporauus. Jlunamuveckue 3a0auy — MO HAUMEHEE UYHUEHHAA 00AGCTID MEOPUL NAGCTNUYHOCTIU.
Hunamureckue 3a0a4u 803HUKAIOM 8 CAMBIT PA3HHLT 00AAGCTNAT METHUKU U HAYKU, HO CAOAHCHOCTIVD UCTO0-
HOT OUPPEPEHUUAALHUT YPABHEHUT HE NO3BOAAEM CIPOUMDL MOYHBIE PEUWEHUSA U KOPPEKMHO HUCAEHHO
pewamd kpaesvie 3adavu. Henaoxo uccaedosarv, odnomeprvie dunamuieckue 3a0a4u NAGCMUYHOCTIU, HO
yorce 08YMeEPHBIE 6bI3BIBAIOM HENDPEOJONUMbBLE MAMEMATNUNECKUE CAOIHCHOCTIU, BDI3BAHHBLE HEAUHETHO-
CMBI0 0CHOBHBLLT YpasHeruli. M3yuerue cummemputi YpasHEHUT NAGCTNUNHOCTIU NO380AUAO NOCTPOUMD
Hexomopwie mounsie pewenus. Haubosee ussecmnoe us nux smo pewenue B./[. Annuna, onucwearouee
HECTNAYUOHAPHOE CHCAMUE NAACTIULECKO20 CAOA HCECTNKUMU NAUMAMU. IMO PeweHUe AUHETHO O NPOo-
CMPAHCMBEHHBIM NEPEMEHHDBIM, HO 68 HE20 8TO0AM NPOU3BOALHbIE PYHKUUY 6pemenu. B npediazaemoti
pabome MmaKotce UCTOADIYIOMCA CUMMEMPUL.

KiaroueBslie cioBa: dugdepenyuanvrvie YpasHerus, NAGCTRUNHOCTVL, OUHAMUYECKUE 3a0a4U, MOYHbLE

peweHuA, CUMMEMPUL.
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