ISSN 1997-1397 (Print)
ISSN 2313-6022 (Online)

XypHan Cubupckoro
depepanbHOro yHmpepcurteTa




2KYPHAJI
CUBNPCKOI'O
OE/IEPAJIBHOI'O
YHUBEPCUTETA

MaremarTuka nu ®Pusnka

JOURNAL

OF SIBERIAN
FEDERAL
UNIVERSITY
Mathematics & Physics

Kypuan Cubupckoro deepajibHOrO yHUBEPCUTETA.
Maremaruka u dusuka.
Journal of Siberian Federal University. Mathematics & Physics.

Yupenurenn: PepepanbHoe rocyJapCTBEHHOE aBTOHOMHOE 06pa3oBaTeIbHOe
ydapexkjeHue Bbicuiero obpasosanus "Cubupckuii denepaibHbIi
yuusepcurer" (CDY)

T'naBubiii penakrop: A.M. Keitmanos. Pegakropsr: B.E. Bannsuak, A.B. [Ilymies.

Komnsorepnast Bepcrka: I.B. Xpycrasesa
Ne 2. 26.04.2022. Unpekc: 42327. Tupaxx: 1000 sk3. CsoGoanas meHa
Anpec penakuuu u uzgarenbcrsa: 660041 r. Kpacuosipck, np. Co6oanbrii, 79,
od. 32-03.
Orneuarano B tunorpadpun Nsgarenscrsa BUK COY
660041 r. Kpacnosipck, np. CBoGoausrii, 82a.

Ceudemeavcmeso o peeucmpavyuu CMH ITH Ne @C 77-28724 om 27.06.2007 .,
BojanHoe PenepasibHoOi ciry»k60ii 110 Han30py B cepe MacCoBBIX
KOMMYHUKAIUH, CBSA3U U OXPAaHbl KyJIbTYyPHOI'O HACJIIEIMS

http://journal.sfu-kras.ru
Iloanucano B nedars 15.04.22. ®opmat 84x108/16. Yem.meu. a. 12,1.
Vu.-uzg. a1, 11,9. Bymara tun. Ileuars odcernasi.
Tupaxk 1000 sk3. 3akas 15825
Bospacrrasi mapkuposka B coorBercTBun ¢ PesepanbHbiM 3akoHOM Ne 436-D3:16+




Editorial Board:

Editor-in-Chief: Prof. Alexander M. Kytmanov
(Siberian Federal University, Krasnoyarsk, Russia)

Consulting Editors Mathematics & Physics:

Prof. Viktor K. Andreev (Institute Computing Modelling SB RUS, Krasnoyarsk, Russia)
Prof. Dmitry A. Balaev (Institute of Physics SB RUS, Krasnoyarsk, Russia)
Prof. Silvio Ghilardi (University of Milano, Milano, Italy)

Prof. Sergey S. Goncharov, Academician,
(Institute of Mathematics SB RUS, Novosibirsk, Russia)

Prof. Ari Laptev (KTH Royal Institute of Technology, Stockholm, Sweden)
Prof. Vladimir M. Levchuk (Siberian Federal University, Krasnoyarsk, Russia)

Prof. Yury Yu. Loginov
(Reshetnev Siberian State University of Science and Technology, Krasnoyarsk, Russia)

Prof. Mikhail V. Noskov (Siberian Federal University, Krasnoyarsk, Russia)

Prof. Sergey G. Ovchinnikov (Institute of Physics SB RUS, Krasnoyarsk, Russia)

Prof. Gennady S. Patrin (Institute of Physics SB RUS, Krasnoyarsk, Russia)

Prof. Vladimir M. Sadovsky (Institute Computing Modelling SB RUS, Krasnoyarsk, Russia)

Prof. Azimbay Sadullaev, Academician
(Nathional University of Uzbekistan, Tashkent, Uzbekistan)

Prof. Vasily F. Shabanov, Academician, (Siberian Federal University, Krasnoyarsk, Russia)
Prof. Vladimir V. Shaidurov (Institute Computing Modelling SB RUS, Krasnoyarsk, Russia)
Prof. Avgust K. Tsikh (Siberian Federal University, Krasnoyarsk, Russia)

Prof. Eugene A.Vaganov, Academician, (Siberian Federal University, Krasnoyarsk, Russia)
Prof. Valery V. Val’kov (Institute of Physics SB RUS, Krasnoyarsk, Russia)

Prof. Alecos Vidras (Cyprus University, Nicosia, Cyprus)

134



CONTENTS

A.M. Kytmanov, O.V.Khodos
Some Systems of Transcendental Equations

M. V. Falaleev
Convolutional Integro-Differential Equations in Banach Spaces With a Noetherian
Operator in the Main Part

M. M. Rahmatullaev, B. U. Abraev
On Ground States for the SOS Model with Competing Interactions

M. Fe¢kan, G. Urazboev, 1. Baltaeva
Inverse Scattering and Loaded Modified Korteweg-de Vries Equation

E. K. Leinartas, T.I. Yakovleva
Analytic Solvability of the Hormander Problem and the Borel Transformation of Multiple
Laurent Series

A. A. Atamuratov, Dj. K. Tishabaev, T. T. Tuychiev
An Analogue of Hartogs Lemma for R-analytic Functions

D. S. Shodiev
On the Cauchy Problem for the Biharmonic Equation

A. A. Bobodzhanov, B. T. Kalimbetov, V. F. Safonov
Algorithm of the Regularization Method for a Singularly Perturbed Integro-differential
Equation with a Rapidly Decreasing Kernel and Rapidly Oscillating Inhomogeneity

L. Khaldi, F. Bencherif, A. Derbal
A Note on Explicit Formulas for Bernoulli Polynomials

N. Fabiano, N. Mirkov, S. Radenovié
Some Observations on Koide Formula

A.Bachmar, D. Ouchenane
A Problem with Wear Involving Thermo-electro-viscoelastic Materials

B. T. Kurbanov
Morera’s Boundary Theorem in Siegel Domain of the First Kind

135

137

150

162

176

186

196

201

216

226

236

241

255



COLEP2KAHUNE

A. .KsiTmanos, O. B. Xogoc
Hekoropblie cucTeMbl TPAHCIEHIEHTHBIX YPABHEHUI

M. B. ®ananeeB
CBepTO‘{HbIe I/IHTeI‘pO—ﬂI/I(bd)epeHL[I/Ia.HbeIe ypaBHeHI/IH B 6aHaXOBbIX IIPOCTpaHCTBaxX C
HeTepOBbIM onepaTopOM B IVIABHOII 4YacTH

M. M. PaxmarysutaeB, B. Y. AGpaes
OcHoBHbIe cocTostHUST J1st Mojien SOS ¢ KOHKYPUPYIONUME B3aUMOJIEHCTBAIMEI

M. ®eukan, I'. Ypasboes, . BaaTaeBa
Metos obpaTHOI 3ajadu paccesHus U HATPYXKEHHOEe MOAU(DUIMPOBAHHOE ypaBHEHUE
Kopresera-me Opusa

E. K. Jleitnaprac, T. . fdkoBneBa
Anajurudeckasi pa3penmMocThb 3aJa9u XepManaepa u npeobpaszosanue Bopesist KpaTHbIx
psnos Jlopana

A. A. Aramyparos, . K. Tuina6aes, T. T. Tyituuen
06 anasiore jiemMbl Laprorca st R-anajguruueckux yHKIUM

. C. Illoauen

O 3ajade Komu st GUrapMOHIYECKOTO yPABHEHUS

A. A.Bob6ogxkanos, B. T. Kaiumberos, B. ®. Cadonos

AjiropuT™M  MeTOJA  PEryJISIPU3AlMU  JJI  CHHIYJISIPHO — BO3MYIIEHHOTO — HMHTErPO-
b depeHIuaIbHOrO ypaBHEHNsT € OBICTPO yOBIBAIOIIMMCS SITPOM U € OBICTPO OC-
MULTUPYIONIEH HEOHOPOIHOCTHIO

JI. Xanau, ®@. Benmmepud, A. depban
3aMeTKa O sIBHBIX (pOpMyJIax Jjis MHOIOWIEHOB bepHysuin

H. ®abuano, H. Mupkos, C. PagenoBuu
Hexkoroprsie nabsomenus naj dpopmysioit Koiime

A.Baxwmap, . Omienan
IIpob6iema m3HOCA TEPMOIIEKTPOBAZKOYIIPYTUX MATEPUAJTIOB

B.T. Kypb6anos
I'parnanas reopema Mopepa B obsiactu 3uresst IepBOro poja

136

137

150

162

176

186

196

201

216

226

236

241

255



Journal of Siberian Federal University. Mathematics & Physics 2022, 15(2), 137-149

DOLI: 10.17516/1997-1397-2022-15-2-137-149
YIK 517.55

Some Systems of Transcendental Equations
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Abstract. Several examples of transcendental systems of equations are considered. Since the number
of roots of such systems, as a rule, is infinite, it is necessary to study power sums of the roots of negative
degree. Formulas for finding residue integrals, their relation to power sums of a negative degree of roots
and their relation to residue integrals (multidimensional analogs of Waring’s formulas) are obtained.
Calculations of multidimensional numerical series are given.
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Introduction

Based on the multidimensional logarithmic residue, for systems of non-linear algebraic equa-
tions in C" formulas for finding power sums of the roots of a system without calculating the
roots themselves were earlier obtained (see [1-3]). For different types of systems such formulas
have different forms. Based on this, a new method for the study of systems of algebraic equa-
tions in C™ have been constructed. It arose in the work of L. A. Aizenberg [1], its development
was continued in monographs [2—4]. The main idea is to find power sums of roots of systems
(for positive powers) and then, to use one-dimensional or multidimensional recurrent Newton
formulas (see [5]). Unlike the classical method of elimination, it is less labor-intensive and does
not increase the multiplicity of roots. It is based on the formula (see [1]) for a sum of the values
of an arbitrary polynomial in the roots of a given systems of algebraic equations without finding
the roots themselves.

For systems of transcendental equations, formulas for the sum of the values of the roots of the
system, as a rule, cannot be obtained, since the number of roots of a system can be infinite and
a series of coordinates of such roots can be diverging. Nevertheless, such transcendental systems
of equations may very well arise, for example, in the problems of chemical kinetics [6,7]. Thus,
this is an important task to consider such systems.

In the works [8-21] power sums of roots in a negative power are considered for various systems
of non-algebraic (transcendental) equations. To compute these power sums, a residue integral
is used, the integration is carried out over skeletons of polycircles centered at the origin. Note
that this residue integral is not, generally speaking, a multidimensional logarithmic residue or a
Grothendieck residue. For various types of lower homogeneous systems of functions included in
the system, formulas are given for finding residue integrals, their relationship with power sums
of the roots of the system to a negative degree are established.

*AKytmanov@sfu-kras.ru  https://orcid.org/0000-0002-7394-1480
tkhodos_o@mail.ru
(© Siberian Federal University. All rights reserved
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The paper [12] investigated more complex systems in which the lower homogeneous parts are
decomposed into linear factors and integration cycles in residue integrals are constructed from
these factors. In [11], a system is studied that arises in the Zel’dovich-Semenov model (see [6,7])
in chemical kinetics.

The object of this study is some systems of transcendental equations in which the lower
homogeneous parts of the functions included in the system form a non-degenerate system of
algebraic equations: formulas are found for calculating the residue integrals, power sums of roots
for a negative power, their relationship with the residue integrals are established. See [21].

1. General systems of transcendental equations

In this section we follow the paper [22].

Let f1(2),..., fu(2) be a system of functions holomorphic in a neighborhood of the origin in
the multidimensional complex space C", z = (z1,...,2,) .

We expand the functions fi(z),..., fn(z) in Taylor series in a neighborhood of the origin and
consider a system of equations of the form

fi(z) =Pj(2) +Q;(2) =0, i=1,...,n, (1)

where P; is the lowest homogeneous part of the Taylor expansion of the function f;(z). The
degree of all monomials (with respect to the totality of variables) included in P;, is equal to m;,
Jj=1,...,n. In the functions @;!, the degrees of all monomials are strictly greater than m,;.

The expansion of the functions Q;, P;, 7 = 1,...,n in a neighborhood of zero in Taylor series
that converges absolutely and uniformly in this neighborhood has the form

Qi(z)= > ah=", (2)
llexll>m;
Pi(z)= > b’ (3)
1Bll=m;
j=1...,n,
where a = (a1,...,a5), B = (B1,...,0s) are multi-indexes, i.e. «a; and f; are non-negative
integers, j = 1,...,n, ||af| = a1 + ... + an, |8l = B1 + ... + Bn, and monomials z* = z{* -
ZS‘Q .. .2371,7 ZB — Zfl . 2:252 .. .Z,’ﬂln'
In what follows, we will assume that the system of polynomials Py(2),..., P,(z) is nonde-
generate, that is, its common zero is only the point 0, the origin.
Consider an open set (a special analytic polyhedron) of the form
Dp(ri,...,mn) ={2z: |Pj(2)| <rj, i =J,...,n},
where 71,...,r, are positive numbers. Its skeleton has the form
Lp(ri,...,mn) =Tp(r)={z: |Pj(z)|=rj, 5=1,...,n}.
Let us start with a statement.

Lemma 1. The next equality is true

_ 1 1 dfi  dfa df,
. (27Ti)"/z“*l.zg?“..,zglnﬂ 'f/\g/\.../\ffnf
rp

O gttt B8R A e,

—(2mi)n

P

1 2 n A
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For what follows, we need a generalized formula for transforming the Grothendieck residue
(see [23]).

Theorem 1. Let h(w) be a holomorphic function, and the polynomials fi(w) and g;(w),
i, k=1,...,n, are related by

n
gj:Zajk.fk, j=12,...,n,
k=1
the matriz A = ||ajk\|?,k=1 consists of polynomials. Consider the cycles
I'y={w: |fj(w)|=r;, j=1,...,n},
Iy={w: lgj(z)|=rj, j=1,...,n},

where all 7; > 0. Then the equality

det A [] agdw

[rw = ¥ e [hw (1)
'y

8
n ko) g

holds. Here B! = B1!82!...6n, 8 = (b1,52,.-.,0n), the summation in the formula is over all
n
non-negative integer matrices K = ||kg;||3 ;= with the conditions that the sum }_ ksj = aj, then
s=1
n
Bj =Y kjs. Heref* = fit - fon, g7 =g - gfn.
j=1

Theorem 2. The next formulas are valid

zp: Y Y2 Y
+1 +1 nt+1
1 -z ez

j=1 %41 2 in

dfi  df: df,
:(2m’)”)/w'1“+1~wg2+l~~w%+1~£/\ f2/\ A f =

J Lo fa In
P
_1\n+llll
YW
el <147

P

XA-Q;“- 052 - Qo dwy Adwy A ... A dwy,
]5{11+1 . p2062+1 . .P7?7L+1

n n B n .

<_1)HKH+n H Z ksj ! w A det A-Q ] a’:;”
s=1 \j=1 s,j=1

N ) o . BiNi+B4N; ’
&<yl +n [T (ks)! [T wy? T
s,7=1 j=1
n
where |K| = Y ksj, and the functional M assigns its free term to the Laurent polynomial.

s,j=1

In fact, in Theorem 2, analogs of the classical Waring formulas for finding power sums of
roots of a system of algebraic equations are obtained.
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2. Examples

Example 1. Consider a system of equations in two complex variables

{fl(zlaZQ) = 2122 + b1z + baza =0,

Ja(z1,22) = 1+ a121 + azze = 0.

1 1
Let us replace the variables z; = —, z5 = —. Our system will take the form

w1 w2

{f: =1+ bywi + biwy = 0,

f2 = wWi1Wa + AW + 1wy = 0.

The Jacobian of the system (6) A is equal to

= bg’wl — b1w2 —+ (a1b2 — agbl).

~ b by
A _— b
”wg +as w1+ ay

Note that

@1 = 17
Q2 = a1wa + asw.

]31 = bywy + bowy,
P2 = Wi1wWs3.

Let us calculate det A :
Since N N
w% =a11 P + a2Py,

) - -
wy = a1 Py + axPa,

where 131 = b1w2 + bg’wl, f’g = wWi1wsa.
Therefore, the elements of a;; are equal

_wy b
aip = by (12 = by
_wa b
a1 = by , (22 = by
Therefore,
(%) w1 w2b1 — ’LU1b2
detA=—~—-——=—>"—-—-"=
be by b1b2
By Theorem 2
T — Z (=DIEI (kyy + ki2)! - (ka1 + kaa)! o
o [|K||=k11+k12+ko1+kaa<2 kll! . ]4;12! ' le! ' k22!
g | B det A Qpr @Rk aly -y ol ol
X w%(k11+k12) . w;(kzl-‘rkn) ’
- Z (=DIEI (kyy + k12)! - (ka1 + kao)! o
(0.0 k11! . klg! . k21! . k22!

[|K||=k11+ki2+ko1+k22 <2
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m (—1)k12+k22 (’LUle — wlbg) . (b2w1 — biws + arby — agbl) (a1w2 =+ agwl)k12+k22
X b1+k’21+k22—k12 . b%-‘rkn +ki2—ka2 w71€11+2k12 . w72€21+2k22 '
1
Calculate the value of the sums
(0,0,0,0) :
m (waby — wibg) - (bawy — biwy + arby — agh) | _ 0
b1bs ’
(1,0,0,0) :
m —(’LU2b1 — wlbg) . (b2w1 — b11U2 + CL1b2 — CL2b1) _ a1b2 — a2b1
blb% W1 blbg ’
(0,1,0,0) :
m (waby — w1ba) - (bawy — biws + a1bs — azby) - (a1we + agwy)|
b2 - w? N
2 1
_ 7&2(&11)2 — CLle) = _a1as + a§b17
ba ba
(0,0,1,0) :
m —(w2b1 — wlbg) . (b2w1 — b1w2 + a1b2 — agbl) _ _a1b2 — a2b1
b%bg - Wo blbg ’
(0,0,0,1) :
m (UJle — wlbg) . (bgwl — b1w2 + a1b2 — agbl) . (alwg + 11211)1) -
b? - w3 B
1 2
by — asb 2p
_ al(al 2 — 42 1) — —ajay + ay 27
by by
(2,0,0,0) :
m (U}le — ’wlbg) . (bgwl — biwy + a1by — agbl) _ 1
blbg . ’U}% blbg ’
(0,2,0,0) :
m (w2b1 — ’wlbz) . (b2w1 —biwg + ar1by — agbl) . (alwg =+ a2w1)2 - by _ _a%bl
b3 - wi by
(0,0,2,0) :
m |:(w2b1 — wlbg) . (bgwl — b1w2 + CleQ — agbl):| _ 1
bllgbg . w% blbg ’
(0,0,0,2) :

m |:(w2b1 — wlbg) . (bzwl — b1w2 + a1b2 — agbl) . (a1w2 + a2w1)2 . b2:| _ _a%bg

3,4
by - w;

(1,1,0,0) :

m [—2(w2b1 - ’wlbg) . (bzwl —biwy + arby — a2b1> ) (a1w2 + a2w1):| _ 2az

3 .3
by - wy
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(1,0,1,0) :
m (’U)gbl — wlbg) . (b2w1 — biwsg + arby — a2b1) _ 2
b%b% *W1Wa blbz ’
(1,0,0,1) :
m —(webr — w1ba) - (bawy — byws + a1be — azby) - (a1 w2 + azws) _ a2 24
b%bg . wlwg b2 b1 ’
(0,1,1,0) :
m {—(U&bl — wlbz) : (b2w1 —biws + arbs — azbl) : (alwz + a2w1)} _ ar 22
blbg . w%wg bl bg ’
(0,1,0,1) :
m (w2b1 — ’wlbg) . (bgwl — b1w2 + 021b22 — (Lzbl) . (alwg + a2w1)2 _ _a%bg _ a%bl + 2(11(12,
b1b2 cWiwW;5 bl b2
(07 0’ 17 1) :
m {2(11}21)1 — wlbg) . (b2w1 — b1w2 —+ a162 — 0,21)1) . (CLlU)Q + a2w1):| _ 2&
Therefore

az | a%bg a%bl
by b1 by by
Example 2. Consider a system of equations in two complex variables

J(0,0) = 2a1a2 +

f2 = wwa + arwa + agwy = 0.

{fl =14 biws + bow; =0,

U
Let u = wyws, then w; = —, substitute in our system

w2
b
1+ bywy + 22—,
w
a22u (10)
u+ ajwy + — = 0.
W

multiply each equation of the system by ws

{wz + b1w§ + bou =0, (1)

wWoll + alwg + asu = 0.

Now we multiply the first equation of the system by a1, and the second by b; and subtract one
from the other
wa(bru — a1) — u(arbe — azby) =0,
SO
. u(albg — agbl)
Wy = —————=.
blu — Q1

Let us substitute this into the first equation of the system and get rid of the denominator
and the second variable

bgu(blu — a1)2 =+ u(a1b2 — agbl)(blu — al) + b%uQ(albg — a2b1)2 =0.
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We get,
b%bguz + (bl(albg — a2b1)2 + bl(albg — agbl) — 2a1b1b2)u + a%bg — al(albg — agbl) =0.
By the generalized Vieta theorem

Jowy =3 gy = Ll 0b)? o
(0.0) o e b1ba by by

Example 3. Consider a system (13) of equations in two complex variables (example 1).
Recall the well-known expansions of the sine into an infinite product and a power series:

sinyz 2\ w= (—D)kR
vz _g(l_kw)_z(%ﬂ)!’

k=0

which uniformly and absolutely converge on the complex plane and have the order of growth
1/2.
Consider the system of equations

fi(z1,22) = z129 + b121 + baze =0,
; 12)
siny/a121 + as29 & ai1z1 + as22 (
21,720) = = 1— === =0.
Fal21, 2) Vaiz1 + aszo 31;11 ( s2m2 )

Using the formula obtained above and the known expansion of the series, we obtain that the
integral Jy ¢ is equal to the sum of the series

oo oo oo oo

2 0 9
o albg a2b1 as ap 20,1(12 -
Jo0) =~ Z mhsdh, Z m4s4by + Z T252by + Z m252by + Z wist
1 1 1 s=1 s=1

5= s= s=

(a1bs — azb1)?  aibs + azby
90b1b2 6b1b2

Example 4. Consider a system of equations in two complex variables

f1(21,22) = @121 — agzy + 2725 = 0, )
fa(z1,22) = biz1 + ba2zy + 2125 = 0.
. 1 1 )
Let us replace the variables z; = —, z5 = —. Our system will take the form
w1 Wo
J?l = _GQUJ% + aqwiwe +1 =0, (14)
fa = bowywsy + byw? +1 =0.
The Jacobian of the system (6) A s equal to
O i = —2asbywi — dashywiws + 2a1bjws
bawa 2b1we + bowq 202% 201 W1 W2 101w;.
Note that N
=1
F (15)
Q2=1
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ﬁl = —agw% + ajwiwy =0,
ﬁg = bywyiwsy + blwg =0.

Calculate det A :

—a9 a1 0 0
o 0 —Q2 a1 0
Res = 0 by b 0|
0 0 by by
A= agbl(agbl + a1b2)/.
Let us determine the minors:
_ —as a1 O _ az 0 0
Al = b2 b1 0| = —agb% — alblbg, AQ = — bg b1 0] = —alb%,
0 b2 b1 0 bQ bl
" a1 0 0 _ aq 0 0
A3: —Q2 a1 0 :a%bl, A4=— —Qa2 ai 0] =0.
0 by by bo by O
0 —a a1 —a Q1 0
Al =—|0 b2 b1 = 07 AQ = 0 b2 b1 = —agb%,
0 0 b2 0 0 b2
—ag al 0 —a9 ay 0
As3=—10 —ag ai| = —a%bg, Ag=1|0 —ag ai| = a%bl + ajasbs.
0 0 by 0 by by
Therefore, the elements of a;; are equal
1 /~ ~ 1
i =X (A1w1 + A2102> A ((—a2b% —aibibg)wy — Cl1b%w2) )
1 /~ ~ a?bw
a1 =+ (Asﬂh + A4U12) = %7
1 —asbiw
az = x (Ajwy + Agws) = %,
1 1
99 = Z (Ag’wl + A4w2) = Z (—a%bgwl + (agbl + alagbg)’wg) .
Then - -
wi = a; Py + ajaPs,
wS’ = a21151 + a22ﬁ27
were ﬁl = —asw? + ajwiws, 132 = bowywg + byw3.
It is not difficult to make sure that
_ a2 ar] _
A(l,g) = 0 b2 = 0,21)2,
A(1,4) = —%2 @1 = —a2b1 — albg,
by b1
_ ay 0 _
A(2,4) = by byl = ayby,
_ja 0 _
A(2,3) = 0 bg‘ = albg.
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Let us calculate now det A :
1
det A =+ (AL, 3)w] + A2, 4)w3 + (A(2,3) + A(L,4))wiws) =

1
= Z (CLQbQU}% — a2b1w1w2 — alblwg) .

By Theorem 2

(=DIEN . (kyy 4 E12)! - (kg + ko2)! %
k11! . k12! . k21! . k22!

J(0,0) =
|K||=k11+ki2+ko1+ko2 <2

3(k11+k12)+1 ko1+ka2)+1
wl .

N kll k12 k'21 k22

m A-det A-ayi' - a7y’ - ayit - as’
3(
Wo

We calculate the value of the sums by denoting A = asb; + a1bs,
(0,0,0,0) :

m A -det A ~0,
w1 - Wy
(1,0,0,0) :
o | 911 A-det A|  —2a1a303b3 — 2a3b1ba(azb} + arbibs)  2a1b3  2by
wi - we N A2 A2 A’
(0,1,0,0) :
_om a2 E -det A _ a%b1(2a§b1b2 — 4(1%[)1[)2) _ 263%[)2
wi - we A? A2
(0,0,1,0) :
_om a9y - E -det A _ a2b§(4a1a2b% — 2&1&21)?) _ 2%1()%
wy - wh A2 A2’
(0,0,0,1) :
o M _ 2afa3bibs 4 2a1a0b3 (a3b1 + araghs) _ 2a3by  2a;
wy - w B A? A2 A’
(2,0,0,0) : ) )
- a?;, - A-det A _0
w] - we ’
(0,2,0,0) : ] ]
m a%2-£~detA —0
w] - we ’
(0,0,2,0) : ) )
a2, -A-det A
Mm|-2———| =0
wy - wd ’
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(0,0,0,2) :
m a%Q-K-detA ~0
wy - wd ’
(17 ]‘70? 0) :
oM a11a12-A~detA —0
w] - ws ’
(1,0,1,0) : ] ]
o a11a12-£~detA —0
wi - wj ’
(0,1,1,0) : ] ]
_om a12a21~A-detA -0
wi - wj ’
(0,1,0,1) :
om a12a22-3~detA -0
wi - wj ’
(07 0’ 1) ]‘) :
oM a21a22~A~detA —0
wy - w3 ’
(1,0,0,1) :
om a11a22-5~det14 -0
wi - wj '
Therefore
J B _2a1b§ - 2a2by ~2by 24y n 2a3by  2a1b3 _
COT AT AT A AT A A
_ _20,11)2(?1 —+ bg) _ 2(@1_4’ bg) + 20,11)2(?1 + bz)
A2 A A2 ’
2(@1 +b2)
J(O,O) = _T-

Example 5. Consider a system of equations in two complex variables

fl = fagwf + aiwiws +1 =0,
f; = bowyiwo + bl’w% +1=0.

U . .
Let u = wyws, then wy = —, substitute in our system
w1

—agw% +aiu+1=0,
2

bou+b1% +1=0.

w}
We get rid of the denominators
{—azw% +au+1=0,

bguw% + biu? + w% =0.
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Calculate det A :

—ao 0 aiu+1 0
. 0 —as 0 aju+1
- bQU +1 0 b1u2 0 ’
0 bQU +1 0 b1u2

A = ut(a2b2 + 2a1a9b1by + a2b3)+
+u3(2a1a2b1 + 2a2b1b2 + Q(I%bg + 2(111)3) + U2(2agbl -+ a% + 40,11)2 + bg) + u(2a1 + 2[)2) + 1.
By the generalized Vieta theorem

p 2 2
2a1a9b1 + 2a2b1by + 2a7by + 2a1b
7 _ w71+1~w72+1:—%: 10201 1 2 _
(0,0) ]Zl jl 72 ay a%b% + 2a1a9b1by + a%b% (21)
_2a2b1(a1 + bz) + albg(al + bz) . _2(a1 + bg)(albg + agbl) . _2(@1 + bg)
N A2 N A2 - A

Example 6. Recall the well-known expansions of the sine into an infinite product and a power

series: v -
siny/z i z o\ = (—1)kz
vz _kl:[l(l_ k27r2) =2 (2k + 1)1

k=0

which uniformly and absolutely converge on any compact from the complex plane and have the
order of growth 1/2.
Consider the system of equations

f1 Wy, wW2) =
(o, 2) \/*alw1w2+02’w% k= k272

sin /biw2 + bowiwy X brw2 4 bowqwe
fa(wi,wy) = 22 =I] 1—2# =0.

vV biws + bywiwe s=1 s4m
Each of the functions of this system decomposes into an infinite product of functions from

the system (18).
Therefore, the integral Jy o is equal to the sum of the series

sin \/—a1w1w2 + agw% o IO_O[ <1 —a1wiwe + CQ’LU%) —0
- - — Y%
1

(22)

ZOO 272 (a1 8% — bok?)
J = .
(0,0) Pt albg + agbl
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HeKOTOpre CUCTEeMbI TPaHCIHEHACHTHDBIX ypaBHeHI/Iﬁ

Anekcanap M. KbiTmMaHOB
Oasbra B. Xomgoc

Cubupckuii dheepasbHbIil YHUBEPCUTET
Kpacnosipck, Poccuiickaa Peepariust

Awnnoranus. PaccMorpensl pas3sinaHble IPUMeEpbI CUCTEM TPAaHCIEHIEHTHBIX ypaBHeHuii. Tak Kak 4ucyio
KOpHENl TaKWX CHCTEM, KaK MPaBUJIO, HECKOHEYHO, TO HEOOXOJMMO MU3YyYUTh CTEIEHHBIE CyMMbI KOPHEH
B orTpurnareabHoi creneru. [lomyuensr dOpMysbI A1 HAXOXKJIEHUS BBIUYETHBIX MHTETPAJIOB, X CBSI3b
CO CTEIEeHHBIMU CyMMaMHU KOPHeEIl B OTPHUIATEIbHOI CTelleHN, MHOIOMepHbIe aHajoru ¢dopmysa Bapunra.
Bbrunciaenbl cyMMBI MHOIOMEDHBIX YUCJIOBBIX PsJIOB.

KurouyeBble ci10Ba: TPAHCIEHIEHTHBIE CHCTEMbBI YPABHEHUI, CTEIIEHHBIE CYMMBbI KOPHE, BbIY€THBIE WH-
TerpaJibl.
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Abstract. An initial-value problem for an integro-differential equation of convolution type with a finite
index operator for the higher order derivative in Banach spaces is considered. The equations under
consideration model the evolution of the processes with "memory" when the current state of the system
is influenced not only by the entire history of observations but also by the factors that have formed it
and that remain relevant to the current moment of observation. Solutions are constructed in the class
of generalized functions with a left bounded support with the use of the theory of fundamental operator
functions of degenerate integro-differential operators in Banach spaces. A fundamental operator function
that corresponds to the equation under consideration is constructed. Using this function the generalized
solution is restored. The relationship between the generalized solution and the classical solution of
the original initial-value problem is studied. Two examples of initial-boundary value problems for the
integro-differential equations with partial derivatives are considered.
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function.

Citation: M.V. Falaleev, Convolutional Integro-Differential Equations in Banach Spaces With a Noethe-
rian Operator in the Main Part, J. Sib. Fed. Univ. Math. Phys., 2022, 15(2), 150-161.

DOLI: 10.17516/1997-1397-2022-15-2-150-161.

Introduction

Let us consider the following initial-value problem
t
Bu™M(t) = Au(t) + / (a(t — s)A+ B(t — s)B)u(s)ds + f(t), (1)
0

u(0) = ug, u'(0) =uq, ... ,u"D(0) = un_1, (2)

where A, B are closed linear operators with compact domains of definition which act from the
Banach space E; into the Banach space Fs, operator B is Noetherian operator [1,2], a(t), 8(t)
are sufficiently smooth numerical functions, f(t) is a sufficiently smooth function with the values
in EQ.

Some initial-boundary value problems of mathematical physics can be reduced to problem
(1)—(2), for example, vibration of plates in visco-elastic media [3]. It is known that in the
class of functions CV (¢ > 0; E1) the initial-value problem (1)-(2) can be solved only if initial
conditions (2) and function f(t)arecompatible. Meanwhile, in the case of constructing solutions

*mvfalaleev@gmail.com  https://orcid.org/0000-0003-1770-172X
© Siberian Federal University. All rights reserved
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in K! (E), in a space of distributions with a left bounded support, there are no requirements
of such compatibility. Some results of corresponding studies in the case of differential equations,
i.e., when a(t) = B(t) = 0, can be found in [4] and [5] for the space C™ (¢t > 0; E;) and in [6] for
K’ (E,). Below integro-differential equations of form (1) are studied.

1. Auxiliary data and designations

1.1. Jordan sets of Noetherian operators

Let us assume that the following condition is satisfied for operators A and B:
(A) D(B) € D(A), D(A) = D(B) = E;, dim N(B) = n, dim N(B*) = m, n # m, operator B
is normally solvable, i.e., R(B) = R(B).

The following designations are used: {p;}?, € Fj is the core basis N(B) of operator

B, {¢;}jL, € E3 is the core basis N(B*) of the conjugate operator B*, {z;}7; € E» and

{7}, € Ef are the systems of elements and functionals that are bi-orthogonal to these bases,
e, (Yi, k) =0k, i,k =1,...,n and (25, ;) = O;, k,j =1,...,m (see [2], p. 168, Lemma 4).
Let us now construct the projectors with the use of these systems of elements and functionals

n m

P=>"P=) ()i Bi—E, Q=Y Qi=)Y (¢;)z : B2 — Ey.
i=1

i=1 j=1 j=1

It has been proved [7] that there is only one bounded pseudo-inverse operator Bt € L(Fs, E1)
which has the following properties

D(BT)=R(B)®{z,...,2m} = Es, R(B")= N(P)nD(B),

BBt =1—Qon D(BY), BtB=1I-PonD(B).

Furthermore, N(B%) = {21,..., 2}, the following operator equalities are valid BBTB = B,
BTBBT = B*, and operator AB™ is bounded due to condition (A).
The conjugate operator BY* € L(E}, E3) has similar set of properties, i.e.,

N(B™) ={v,...,7}, B*B™*B*=B*, B"*B*Bt*=Bt* pBt* = p*t
D(B™) = R(B*)® {m1,....7m} = Ef, R(B™)= N(Q*)N D(B*),
B*B** =1 — P*on D(B*"), B*'B*=1— Q" on D(B*),

here

n m

n m
Pr=)"Pr=> (pi)i: BEf = Ef, Q=Y Qi=> (2,)¢;: E5 - E;.
=1

i=1 j=1 j=1
Following [5, 8], let us introduce the systems of adjoined elements and functionals:

o = (B i=1,. 0, 22, oY =g,

3

¢§J) — (B+*A*)j_1¢(1), t=1,...,m, 7 =2, (bgl) = ¢7,

The following inclusions <p§j ) e N (P) and ¢7(;j JeN (Q*) are valid for the adjoined elements and
functionals. Due to their constructions and properties of operators Bt and BT* the following
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equalities are satisfied ((pgj),'yk) =0,1,k=1,...,n, j > 2and (zk,qﬁl(-j)) =0,i,k=1,...,m,j >
2.

Next, let us introduce condition [5, 8]
(B) Elements gogj ) satisfy the system of equations and inequalities

Bgogj) :Agol(zjfl), i=1,...,n, 5=1,...,p;,

B(p(-piJrl) # A(pgpi), i=1,...,n,

2

rangH<Ag0§pi), ,(:)> ‘

i=1,....,n,k=1,....m

Condition (B) means that the system of elements {<p£j), i=1,....,n,5=1,... ,pi} forms a
complete A-Jordan set of operator B [1,4]. It has been shown in [5,8] that bases {¢; };-, {¢;}72;
and the corresponding to them systems {z;}7,, {7:}{_; can be chosen such that the following
equalities are satisfied

i 0 i=1,...,n, j=1,....p;—1, k=1,...,m
A (J) >: ’ ) s 10y ) s M1 ) ) i i
< v 7¢k 6ik7 j:pia i7k:17"'al7

= min(n,m) = L.

j 0 k=1,....om, j=1,...;px — 1, i=1,....n
zA* (j)>: ) ) ) ) ) ) ) 9 s 1y
@’ k ks = prs i k=1,...,1.

Therefore, if condition (B) is satisfied, then (without any restriction of the generality) one can
state that z; = A(p(pi), Vi = A*qﬁl(f*’), i,k =1,...,1. In this case, matrices H<A<p§pi), £1)>H and

(i, 2°)

are equivalent to a rectangular matrix with the unit main rank minor of order | and with zeros

,where i =1,...,n, k=1,...,m, have the same full rank [. Both matrices

at the rest of the places. Next, let us suppose that all such transformations of the bases are
fulfilled. Along with projector @ of space Fo, we introduce another projector

n - Pi
Q = Z Z <,’ ¢§J)> A@Z(_Pﬂrl*]). (3)
i=1 j=1
Furthermore, if n > m, then we assume that (bl(-l) = 0 when i = m+1,...,n, and other functionals
<Z>§]) eEy,i=m+1,...,n,j=2,...,p; are arbitrary ("free parameters"). Hence, for n > m
QQ=Q, QU-Q)=0 and QAB")*(I-Q)=0,YkeN. (4)

Respectively, when n < m , we have the following relations Vk € N

{ QjQ:Qja Q](I_Q):Oa QJ(AB+)k(I_Q):Ov j:]-,"'anv (5)
QiQ=0, QU -Q) =Q; QiABF(I-Q)=Q;(AB)*, j=n+1,... m.

Hence, the following auxiliary lemma is valid.

Lemma 1. Ifn < m then

MﬁprBfPfQAEQ (6)
B [1-Q] B33 (LAY plr D ™
i=1 j=1
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Proof. Actually we have
AB* [1-@} B— [I—Q]A:AB+B—AB+QB—A+QA:
=A(I - P)—AB*QB—- A+ QA= —AP — ABtTQB+ QA =0.

Due to the choice of the bases we have

AP+AB+QB Z< A*QS(pl >A@(1)+ZZ< > B+A@(Pm+1 3 _

=1 j=2
_ zn: <,A*¢7(p7)> ASOED + Z 12: <"A*¢z('j)> AB+A@EP1+1—j) _ QA
i—1 i=1 j=1

Then equality (6) is proved.
Another relation is proved similarly:

Bt {I _ Q} B iﬁ: <.,A*¢§j)> S0§p,,+1—j) _

i=1 j=1
=]—P— i S < >B+A¢7(;Pi+1—j) + Xn:i< A*¢(J)> (PL"Fl J)
i=1 j=2 i=1 j=1
n n pi—1 n i
=71— Z <_7A*¢§pi)> 901(1) _ Zp <"A*¢z('j)> S01(4121#1*]') + ZPZ< A*¢(J > (pitl=j) _ 1.
i=1 i=1 j=1 i=1 j=1

O

1.2. Generalized functions in Banach spaces

Let E be a Banach space and E* be the conjugate Banach space. A set of finite infinitely
differentiable functions s(t) with the values in E* will be called the main space K(E*). Set
K(E™) is provided with some topology by introducing the concept of convergence.

Definition. Sequence s, (t) € K(E*) converges to zero in K(E*) when
a) 3R > 0 such that Vn € N inclusion suppsy(t) C [-R; Rlisvalid;

b) Vk € N the sequence of functions |\s£{“) (t)|] = 0 for n — oo uniformly in [—R; R).

Let any linear continuous functional in K (E*) be called the generalized function. The set of
generalized functions K'(F) is a linear space, and it is provided with some topology by intro-
ducing weak ("pointwise") convergence. The concepts of support, derivative, linear replacement
of the variables in space K'(FE) are introduced as in the classical Sobolev-Schwarz theory [9,10].
The Sobolev-Schwarz space distributions is traditionally denoted by D’(R!) [9,10]. The space of
main functions is denoted by D(R'). The space of generalized functions (distributions) with the
left bounded support will be denoted by K’ (E), similarly to D/, (R') (see [9,10]).

Assume that Ey, Es are Banach spaces, K(t) € L(E, Es) are strongly continuous operator
function of bounded operators, g(t) € D'(R'). Hence the expression of the form K(t)g(t) will
be called the generalized operator function. The operation of convolution and the fundamental
operator function are the key concepts for further consideration.

Definition. Ifv(t) € K’ (E1) then the generalized function of class K' (E3) which acts according
to the rule

(K(t)g(t) = v(t),s(t)) = (9(1), (v(y), K" ()s(t +y))) . Vs(t) € K(En),
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under the assumption that K*(t) € L(E3,E}) exists almost everywhere in R, is called the
convolution of the generalized operator function K(t)g(t) and the distribution v(t) € K'\ (E).

Due to restrictions imposed on the supports, the operation of convolution introduced above
always exists. Furthermore, it has the property of transitivity. In particular, the equality

ASD () % K(t)g(t) * v(t) = (AlC(t)g(t))(i) *v(t),

is valid, where A € L(Es, E3), (t) is the Dirac delta-function, R(K(t)) C D(A)Vt € R*. This
equality is satisfied by definition for the closed operator A.

For t < 0 we set @(t) = u(t)0(t), where 6(¢t) is the Heaviside function. Then solution of
initial-value problem (1)—(2) u(t) € CN (¢t > 0, E;) satisfies the convolution equation

(B6W(t) — As(t) — (a(t)A+ B(t)B)O(t)) = u(t) =
(8)
= f(t)e(t) + BUN_lé(t) + BUN_Q(S/(t) + ...+ BU16(N_2)(t) + BUoé(N_l)(t).
Then relation (8) is initial-value problem (1)—(2) written in terms of generalized functions.

Definition. The fundamental operator function for the integro-differential operator

L (8(t) = BEN (1) — A3(t) — (a(t)A + B(1)B)0(t) =

= (™) = BOD) B - (5(t) + a(t)o(1)) A

defined in class K', (E2) is a generalized operator function En(t) which satisfies the following
relations

Ly(8(t)) * En(t) = v(t) = v(t), Yo(t) € K (Ey), 9)
En(t) * Ly (5()) *ult) = u(t), Yu(t) € K (E). (10)

Relation (9) implies that the following function of class K, (E1)
i(t) = En(t) * ( F(OO(t) + Bun_10(t) + Bun_20'(t) + ...+ Bu05<N—1>(t)) (11)

is a solution of equation (8). Accordingly, equality (10) guarantees uniqueness of solution (11) in
class K (E1). Indeed, if function h(t) € K/ (E,) is a solution of equation (8) then due to (10)
we have

B(t) = En(t) * L (5(1)) % h(t) = En(t) * (Ln(6(1)) * h(t)) =

= En () + (F(DO(1) + Bun18(t) + Bun28'(t) + .. + Burd™ =2 () + Bugd ™D (1)) = i(0).

Therefore, fundamental operator function allows one to solve the problem of existence and unique-
ness of the solution of original initial-value problem (1)-(2), firstly, in class K’ (E;). Then using
analysis of representation (11) for the generalized solution, we obtain theorems on solvability
of initial-value problem (1)—(2) in the class of functions C™ (¢ > 0, Ey), i.e., we obtain classical
solutions and conditions of their existence in the form of simple corollaries.
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1.3. Auxiliary convolution-operator equalities

Let us introduce the following designations:
A(t) is the resolvent of core (—a(t)8(t));

. tN_l
R(t) is the resolvent of core k(t)6(t) = m@(t) x 5(t)0(t);
(4B =Y ktjka_ll )5 (5(8) + R(BOE))" * (5(t) + a()0(1)) T (ABTFY - (12)
k:l
Vn(t) =
pi—1l | pi—k 1
= Z [Z { > (o) <Pf'p"_k+1_j)} (6™ - 5(t)0(t))k* () + A(t)&(t)>k+ . (13)
i=1 | k=0 | j=1

here degree k of the generalized function is understood as its k-tuple convolution with itself, zero
degree of the generalized function is the Dirac delta-function 4(¢).
The following two statements are valid.

Lemma 2.

Ly(6(t) * BYUN(ABYt) = (I — Q)d(t) — QUN(ABTt) * (8(t) + a(t)0(t))ABT,  (14)

Ln(0(t)) * Vn(t) = —Qd(t). (15)
Proof. Since
Ln(5(t)) * B*Un(AB*Ht) = (5<N> (t) — 6(t)9(t)) B+ B Uy (AB 1)~
- (6(t) n a(t)e(t))A « BYUN(AB™T),
we can sequentially find each of the terms. We have

(6““ (t) - B(t)e(t)) Bx BYUn(AB*t) = (I - Q) (5<N>(t) - B(t)e(t)) « Uy (AB*),

but Vk € N N1
(5™ - swo)) = G0 (60 + R(6)8(1)" =
Hk=1)N—1 .
= (6(t) — k(1)0(t)) * me(t) « (3(t) + R(1)O(t))" =
fk=1)N—1 1
Therefore,
(6MN)(t) — B(t)0(t)) B x BYUyn(AB*t) =
(16)
=T -Q)(I6(t) +Un(ABTt) = (6(t) + a(t)8(t)) ABT) .
One can similarly obtain
(5(t) + a(t)G(t))A * BYUN(ABTt) = Un(ABTt) x (6(t) + a(t)0(t)) ABT. (17)
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Subtracting equality (17) from equation (16), we obtain desired equality (14).
Equality (15) is proved in a similar way

L£x(6(0) V() = (3N (1) = B1)0()) B+ V(1) = (5() + a(®)0(1)) A+ Vn (D),

1)

and because By, ' = 0 we have

(5<N> (t) — ﬂ(t)&(t)) B Vy(t) = (18)

5 [f {p._ _1< ) ho J)} (900 - B(t)g(t))w*(a(t>+A<t>e<t)>k+1].

M+

i=1 | k= j=1
Since
(566 +at0(0)) = (5(1) + M@)o ) S (56 + o) ;
we obtain

(805 + a()p(t) ) A V(1) = Qo(t)+

i { S (60 aglrrr1=) L (s - B(t)e(t))k « (60 + A(t)e(t))k]

k=1 j=1

+3

i=1

Then we obtain the following relation

(5(t) n a(t)a(t))A «Vn(t) = Q8(t)+ (19)

[Z{ by <’¢§j)>A@§pi_k_j)} (30 - stpe) " - <5(t)+A(t)0(t))k+1]

7j=1

Subtracting equation (19) from equation (18) and taking equality ng(p —hH1-D) A@Epi*k*j)

into account, we obtain relation (15). O

Lemma 3. When n < m the following equalities are satisfied:

B*Un(AB*1) [1- Q| « Ln(6(t)) = B [1 - Q| Ba(t), (20)
V(1) * Ly (6 3 ﬁ: (A7) o1, (21)

Proof. Now we can sequentially find

B*Uy(AB*t) [I - Q] * (5<N> (t) — ﬂ(t)&(t)) B=B* [1 - Q] Bo(t)+
Hk=1)N—1

+B+Z —)9@)* (5(6)+R(1)O))" % (5(t)+ a(t)(t)) " (ABT)F [1 - Q} B—

— Bt [I Q] BO(t) + B Uy (AB™t) = (8(t) + a(t)0(t)) AB* [1 - Q} B
BtUn(AB™t) [I - Q] * (5(t> + a(t)@(t))A — BUN(AB™t) * (5(t) + a(t)e(t)) [1 - Q] A
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Subtracting the second equality from the first one and taking into account (6) from Lemma 1,
we obtain (20).
The second equality of this Lemma is proved similarly:

Vi (t) * Ly(6(¢)) =

SRS RS j j k+1 k+1
= Z [ { Z <'vB*¢z('J)> sngi—kﬂ—ﬁ } (5(N) (t) — ﬂ(t)@(t)) * (6(t) + A(t)&(t)) ] _

k

ST (a0 (500 - e+ (56 + o) | -
Z": <A*¢(7)> SPHI 51 =

<.’ B*¢§j+1) _ A*¢§])> @Epi_k_j)} )

(6896 — o)« (30 + Ao )k“] iz<.,A*¢§j>>¢§pi+1_j>5(t).

1=1 j=1

Because B*(/)Ejﬂ) = A*(bl(-j), we obtain equality (21). O

2. Theorems on fundamental operator functions and their
applications

Theorem 1. Assume that conditions (A) and (B), n > m are satisfied. Hence the integro-
differential operator Ln(6(t)) has the fundamental operator function

En(t) = B*Uy(AB™) [I - Q} —Vn(t), (22)

in class K' (E2) (components Q, Un(AB*t), Vn(t) are defined in (3), (12), (13)).

Proof. Let us demonstrate the validity of identity (9) from the definition of the fundamental
operator function. Taking into account relations (14), (15) and (4), we have

La(8()*En(t) = (IfQ) [1 - Q] 5(t) — QUN (AB*t) % (5(t)+a(t)9(t))AB+ [1 - Q] +Qo(t) =
= I5(t) - Q [I - c}} 5(t) — QUn(AB™Tt) % (5(t) + a(t)9<t)),43+ [I - Q} = 15(1),

QUn (AB*1) (5@) + a(t)e(t))AB+ [I _ Q} _

k

=S a0 (5(t) + RO®)" + (5(t) + a(t)0(t)) *Q(ABT)¥ [I - Q] =0.

Therefore, it has been proved that function (11) is a solution of convolution equation (8). The
existence of free functionals in the projector Q (see (3)) shows that solution (11) is represented
by a multi-parametric function, therefore, the solution is not unique. So, in the given case, there
is no sense to verify identity (10) from the definition of the fundamental operator function, the
identity is not satisfied. O
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Theorem 2. Assume that conditions (A) and (B), n < m are satisfied. Hence operator function
(22) is fundamental operator function for the integro-differential operator Ly (d(t)) in the subclass
of generalized functions from K', (E3) such that

QUN(ABT) xv(t) =0, j=n+1,...,m. (23)

Proof. Repeating the process of reasoning in the proof of Theorem 1 and using relations (5), we
obtain

La(3(1)) % En(t) = I6(t) — i Qjé(t)*(16(t)+uN(AB+t)* (§(t)+a(t)9(t))AB+) _
j=n+1
dN

N > Qun(AB™Y)

j=n+1

= I5(t) = (8(t) = K(1)0(1))

According to condition (23), we obtain that relation (9) is satisfied.
On the other hand, taking into account relations (20) and (21), we have

n - Pi

Ex(t)+ Ln(3(6) = BT [1-Q Bow)+ 3" (4% ) o 5(1).

i=1j=1
Now, using equality (7), we obtain Ex(t) x Ln(d(¢t)) = I(t), i.e., from the definition of the
fundamental operator function equality (10) is satisfied under given conditions. O

If n = m in condition (A), i.e., operator B is a Fredholm operator [1,2] then Theorem 1
assumes the following form.

Theorem 3. If n = m in conditions (A) and (B) then integro-differential operator Ln(5(t))
has the fundamental operator function of the form

Ex(t) = TUN(ATE) [T = Q| = Vi (1), (24)

n

-1
in class K', (E2), where I' = (B + > (,m}zz) € L(Es, Ey) is the Trenogin-Schmidt operator
i=1
(see in [1,2]).

Relation (24) assumes the most compact form when p; = ... =p, = 1. In this case
En(t) = TUn (ATE) [T =37 ( M) A | = 37 o)l (8(1) + A1)6(D) ).
i=1 i=1

Generalized solution (11) of initial-value problem (1)—(2) turns out to be a regular generalized
function which transforms equation (1) into an identity. Conditions wherein a regular function
satisfies initial conditions (2) are the conditions of solvability for initial-value problem (1)—(2) in
the classical sense. So, we can postulate the following statement.

Theorem 4. If the lengths of all the A-Jordan chains (see in [1,2]) are equal to 1 under the
conditions of Theorem 3 then initial-value problem (1)-(2) has unique solution (11) in class
CN(t = 0, Ey) if and only if the following conditions are satisfied

(A + 79(0) + AO)FTI(0) + -+ + AT2(0)7'(0) + ATV()1(0). 4" ) =0,

j=0,1,....N—1, i=1,...,n.

- 158 —



Mikhail V. Falaleev Convolution integro-differential equations in Banach spaces. ..

Let us use Theorem 4 in order to study the following two initial-boundary value problems
from the theory of vibrations in visco-elastic media [3].

Example 1. Consider the following equation

(A= A)ur— (4 — A)u— / ot — 1) (v — A)u(r, 2)dr = f(1,7), (25)

where ¢(t), f(t,Z) are given functions, u = u(t,Z) is the required function, z € Q@ C R™ is the
bounded domain with an infinitely smooth boundary 02, A is the Laplace operator, u = u(t, z)
is defined on a cylinder Ry x €2 and satisfies the following initial and boundary conditions

=ug(Z), T€N; u
t=0

u =0, t>0. (26)

€00

Cauchy-Dirichlet problem (25)—-(26) is reduced to initial-value problem (1)-(2) when the Banach
spaces F1 and Fy are Sobolev spaces, i.e.,

FE = {U(l‘) € W22(Q) ) = 0}, FEy = WQ(Q), (27)
o0
and operators A and B are defined as follows
B=XA-A, A=u—A, Mea(A), u#A\ (28)

In this case,

o) = =g, 5le) = T=La0)
operator B is a Fredholm operator, the dimension n of the core of operator B is equal to the
multiplicity of the eigenvalue A € o(A) of the Laplace operator; lengths of all A—Jordan chains
of the elements of core p; € B, i = 1,...,n are equal to 1, here Ap; = Ap;, ©; =0. All
conditions of Theorem 4 are satisfied. Hence, the following statement is true. reon

Theorem 5. Assume that for Cauchy-Dirichlet problem (25)—(26) spaces E1 and Es are defined
in (27), operators A and B are defined in (28) and A € o(A). Cauchy-Dirichlet problem (25)-
(26) is unequivocally solvable in class C(t > 0, Ey) if and only if initial-boundary value conditions
(26) and function f(t,Z) satisfy the following relations

<(u — Nuo(Z) + f(O,f),(pi(:E)> =0, i=1,...,n.

Example 2. Consider the following equation

t
(=)~ (u = A)u= [ glt =) (- A)ulrz)ar = (t.2) (29)
0
with initial and boundary conditions
ul  =wug(Z), u| =w(T), T€Q; wu =0, t>0. (30)
t=0 t=0 z€oQ

Spaces F; and FE5 are defined in (27), operators A and B are defined in (28). Then the following
statement is valid.
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Theorem 6. Assume that for Cauchy-Dirichlet problem (29)-(30) spaces E1 and Eo are defined
in (27), operators A and B are defined in (28) and X € o(A). Hence Cauchy-Dirichlet problem
(29)-(30) is unequivocally solvable in clsss C%(t > 0, Ey) if and only if initial-boundary value
conditions (30) and function f(t,Z) satisfy the following relations

(1= N2us(@) + (= N F0,2) + (v = Wg(0)£(0, ), ¢:(x) ) = 0,
<(M ~ Nuo(Z) + f(o,ae),%(fc)> -0, i=1,...,n.

The work was supported by the Russian Foundation for Basic Research (Grant 20-07-00407
4)
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CepTouHble nMHTErpo-and depeHnuaaIbHble ypaBHEHUSA
B 0aHAXOBBIX IMTPOCTPAHCTBAX C HETEPOBBIM OIIEPATOPOM
B IJIABHOI YacCTH

Muxanna B. @anaseen
VpKyTckuil rocyiapcTBEHHBI yHUBEPCUTET
Npkyrck, Poccnitckas @eneparus

Amnnoranus. B pabore uccienyercs 3amada Komn jyis uarerpo-auddepeHnuaabsHOro ypaBHeHs: CBep-
TOYHOI'O THIIA C OIEPATOPOM KOHEYHOTO MHJEKCA MPU CTaplliell MPOU3BOIHON B GAHAXOBBIX ITPOCTPAH-
crBax. PaccMaTpuBaeMble ypaBHEHUS MOJIEIUPYIOT SBOJIOIHIO MIPOIECCOB € "MaMaThio", KOrja Ha TEKy-
1[ee COCTOsIHUE CUCTEMBI BJIMSIET HE TOJIBKO BCsl NCTOPHs HabJIIOIeHuil, HO U dhopMupoBasiiue ee hakTo-
PBI, OCTAIOIIMECs aKTyaJbHBIMU HA TEKYyIUi MOMeHT Habsromenuil. Pemenus crposites B Kiiacce 0606-
MIEHHBIX (DYHKIMI ¢ OrPAHUYIEHHBIM CJIEBa HOCUTEJIEM METOJaMU TeOpUu (PYHIaMEHTAJIbHBIX OIepaTop-
GbYHKIMH BBIPOXKIEHHBIX MHTErpo-auddepeHnalbHbIX OIepaToOpoB B 6aHAXOBBIX IpocTpaHcTBax. 1lo-
crpoena yHIaMEHTAJIbHAS OepaTop-MYHKIMs, COOTBETCTBYIONAs PACCMATPUBAEMOMY YPABHEHUIO, C
IIOMOIIIBIO KOTOPOM BOCCTAHOBJIEHO OOOOIIEHHOE peIlleHne, MCCIEIOBaHa CBSI3b MEXKIy OOOOIIEHHBIM M
KJIACCUYIECKHMM PEIIeHUsIMA UCXOAHON 3asa4un Kommu. AGcTpakTHbIE PE3y/bTaThl IPOUJIIIOCTPUPOBAHBI
Ha NpUMepaxX HAYAJIBHO-KPAEBBIX 33144 JJIsi HHTErpo-1uddepeHaabublX YPABHEHWH B 9aCTHBIX MIPO-
MU3BOJIHBIX NIPUKJIAJHOTO XapaKTepa.

KiroueBrbie cioBa: 6aHaXoBO IIPOCTPAHCTBO, 0000IeHHAast DYHKIMS, }KOPAAHOB HAOOP, HETEPOB Olle-
paTop, dyHIaMeHTaAJIbHAS OIepaTOP-(PyHKIHS.
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Introduction

It is known that a phase diagram of Gibbs measures for a Hamiltonian is close to the phase
diagram of isolated (stable) ground states of this Hamiltonian. At low temperatures, a periodic
ground state corresponds to a periodic Gibbs measure, (see [1,2]). It leads us to investigate
the problem of description of periodic and weakly periodic ground states. For the Potts model
with competing interactions on the Cayley tree of order k = 2 periodic ground states are studied
in [3] (see also [4]). The notion of a weakly periodic ground state is introduced in [5]. For the
Ising model with competing interactions, weakly periodic ground states are described in [1,5].
Such states for the Potts model for normal subgroups of index 2 are studied in [6,7]. For the
Potts model with competing interactions, such states for normal subgroups of index 4 are studied
in [8] and in this work also studied periodic ground states for normal subgroups of index 4 (see
also [9]). In [10] for the Potts model, with competing interactions and countable spin values, on
a Cayley tree of order three periodic ground states are studied.

In [11] finite-range lattice models on Cayley trees with two basic properties: the existence of
only a finite number of ground states and with a Peierls type condition are considered and the

*mrahmatullaev@rambler.ru
Tabrayev89@mail.ru
© Siberian Federal University. All rights reserved
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notion of a contour for the model on the Cayley tree is defined. Also using a contour argument
the existence of different Gibbs measures is shown.

A g-component models on a Cayley tree is investigated in [12] and using a contour argument
the existence of ¢ different Gibbs measures for several g-component models is shown.

In [13] for the SOS model with m = 2 on the Cayley tree order of k = a + b+ 2 the existence
of at least two non periodic Gibbs measures is proved. In [14] an infinite system of functional
equations for the Ising model with competing interactions and countable spin values 0,1, ...
and non zero field on a Cayley tree of order two is investigated. In [15] the authors proved the
existence of weakly periodic Gibbs measures for the Ising model on the Cayley tree of order k = 2
with respect to a normal divisor of index 4.

In this paper, we study periodic and weakly periodic ground states for the SOS model with
competing interactions on a Cayley tree of order k = 2 and k& = 3. Moreover, in the case k = 2
the existence of a countable set of non periodic ground states is proved.

1. Preliminaries

Let I'* = (V, L) be the Cayley tree of order k, i.e., an infinite tree such that exactly k + 1
edges are incident to each vertex. Here V is the set of vertices and L is the set of edges of
I'*. Let G} denote the free product of k + 1 cyclic groups {e;a;} of order 2 with generators
ai,az,as,...ak1, i.e., let a? = e (see [4]).

The group of all left (right) shifts on G}, is isomorphic to the group Gj. Each transformation
S on the group G, induces a transformation S on the vertex set V of the Cayley tree I'*. In the
sequel, we identify V with Gj.

The following assertion is quite obvious (see also [4]).

Theorem 1.1. The group of left (right) shifts on the right (left) representation of the Cayley
tree is the group of translations.

By the group of translations we mean the automorphism group of the Cayley tree regarded as
a graph. Recall (see, for example, [4]) that a mapping ¢ on the vertex set of a graph G is called
an automorphism of G if 1) preserves the adjacency relation, i.e., the images ¢(u) and ¢ (v) of
vertices u and v are adjacent if and only if v and v are adjacent.

For an arbitrary vertex xg € V, we put

W, = {x € V|d(z,2°) =n}, V, = {zc Vl]d(z,2°) <n},

where d(z,y) is the distance between x and y in the Cayley tree, i.e., the number of edges of the
path between x and y.
For each = € G, let S(x) denote the set of immediate successors of z, i.e., if x € W), then

S(z) ={y € Wyq1 1 d(z,y) = 1}.

For each z € Gy, let S1(z) denote the set of all neighbors of x, ie., Si(z) = {y € Gy :
(z,y) € L}. The set S1(x) \ S(z) is a singleton. Let x| denote the (unique) element of this set.

Let us assume that the spin values belong to the set & = {0,1,2,...m}. A function o :
x €V — o(z) € ¥ is called configuration on V. The set of all configurations coincides with the
set Q =0V,

Consider the quotient group Gi/Gj, = {H1, Hs, ..., H,}, where G}, is a normal subgroup of
index r with r > 1.
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Definition 1.1. A configuration o(x) is called G} -periodic, if o(x) = o; for all x € Gy, with
x € H;. A Gy-periodic configuration is called translation invariant.

The period of a periodic configuration is the index of the corresponding normal subgroup.

Definition 1.2. A configuration o(x) is called Gy,-weakly periodic, if o(x) = o;; for all x € Gy,
with xy € H; and x € Hj.

The Hamiltonian of the model SOS model with competing interactions has a form:

H(o)=~J1 Y lo(@) —o(yl=J2 Y lo(z) =0y, (1)

L,YEV:
(z,y)EL ey

where (Jq, J2) € R2.

2. Ground states

In this section, we study ground states for the SOS model on a Cayley tree. For a pair of
configurations ¢ and ¢ which coincide almost everywhere, i.e., everywhere except finitely many
points, we consider the relative Hamiltonian H (o, ¢) describing the energy differences of the two
configurations ¢ and ¢ :

H(o,p)=—J1 Y (lo(@) = o(y)| —le(z) = y)])-

—J2 Y (lo(z) = ay)l = le(x) = o)),
dw(lfj)v::g

where (Jp, J2) € R2.

Let M be the set of all unit balls with vertices in V, i.e. M = {{z} U Si(x) : Vz € V}. A
restriction of a configuration o to the ball b € M is a bounded configuration and it is denoted
by o.

We define the energy of the configuration o, on b by the following formula

1
Uloy) = Ulov, J1, J2) = =5 Z lo(z) —o(y)| = J2 Z, lo(x) = a(y)l, (3)
s ataly) =2
where (Jy, J2) € R2.
The following assertion is known (see [4]).

Lemma 2.1. Relative Hamiltonian (2) has the form:
H(o,¢) = Z(U(O’b) —Ul(pp)).
beM

The existence of a countable set of non periodic ground states on the Cayley tree
of order two

We consider the case k = 2.

Let m = 2. It is easy to see that U(op) € {U; : i =1,...,10} for o3, where

1 3
U1=0, Up=—gJ1 =2/, Us=—J1-2J, Us=—0J1, Us=—J1—4],

Ug=—-2J1 —4Js, Ur=-3J1, Usg= —ng —4Js, Ug=—-2J1 —2J3, Uy = —ng —2J5.
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Definition 2.1. The configuration ¢ is called the ground state for the Hamiltonian (1) if
U((pb) = min{UhUg, Us,..., UlO} fO’I“ any be M.
Let
Ay ={(J1,J2) € R* | Uy, = min {U}}.

1<k<10
It is easy to check that

1
Ar={(11,]2) ER? [ 1 S03Jp < =711},

Ay ={(J1, 1) € | 1y 0. = — 11},
Az ={(J1,J2) € R?* | J; = 0; Jo = 0},
Ay ={(J1,J2) €R* | J; = 0;.J5 < 0}
As ={(J1, J2) €eR* | J; < 0;.Jy > —Z,]l},
Ag ={(J1,J2) €R? | J1 > 0;J5 > ijl},
Ar=A{(J1, 1) € |1y > 0,0, < 11},

Ag = {(J1,J2) €R? | J; = 0;J, > 0},
Ag = {(J1,Jo) €R? | Jy = 0;Jo = 0}},

1
Ao ={(J1,J2) €R* | J1 2 0; Jp = 1J1}

and U A; = R2

In [16] periodic ground states are studied for SOS model on Cayley tree order of 2. In this
subsection we shall prove the existence of a countable set of non periodic ground states on the
Cayley tree of order two. The next subsection we study periodic and weakly periodic ground
states for the model (1) on the Cayley tree of order three.

Let ¢, denote the center of a unit ball b. We put

Ci == {O’b : U(O’b) = Ul},l = 1, ].O,

BW =| {z € Si(cy) : pp(z) =3} |, for i =0,1,2
and D; = Q; U Qi, where

Qi ={op:06(cp) =0, |z €b\{cp}:0p(x) =2|=14; |z €b\{cr}:0p(x)=1] =0},

Qi = {6y : |6(x) —o(x)| =2, |z € b\{cp} : 6p(x) = 1\ =0,z €b},i=0,1,2,3, ie.,
() — , ifo(z) =
@={ 5

0, if o(z) =

For A;, A;,i # j we have

Ay ifi=1,j=5,
Ajifi=1,j=1,

4
Agifi=5,j =6, )
A10 lfl:6,]:7

AN A; =
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Fix J = (J1,J2) € R? and denote
Nj(ow) ={j : ob € Cj}.

Using (4) one can prove

Lemma 2.2. For any b € M and o, we have

10, if J = (0;0)
Ny(op) =<4 3, if J€ A4\ {(0,0)}, i =2,4,8,10 . (5)

1, otherwise

Let GS(H) be the set of all ground states of the Hamiltonian (1).

Theorem 2.1. (i) If J = (0;0) then GS(H) = Q.
() If J € A; \ {(0,0)}, i = 2,8,10 then there exists a countable set of non periodic ground
states.

Proof. The assertion (i) is trivial.
Prove (ii):

a) if J € Az \ {(0,0)} then the minimum points of U(o},) would belong to the classes Cy, Co
and Cj;

b) if J € Ag\ {(0,0)} then the minimum points of U(o,) would belong to the classes Cs, Cg
and Cg;

c) if J € Aip\ {(0,0)} then the minimum points of U(o,) would belong to the classes Cg, C7
and 010.

Below we define the configurations of classes C1, Cs, Cg and C7 which satisfying the condition
|z € b\{ep} : op(z) = 1| =0,

0, (er) =0, |w € B\{er} : 0" (x) = 2| = 0 and

5 (e) =2, leet\{e}: &) =0=0, @ 50 ¢,

0'151)(0},) =0, |zeb\{c}: (7151)(35) =2|=1and

5 (@) =2 [rebt\a): 5 @) =0=1 0050 e,

(6)
o) =0, |zeb\{a}:o(z) =2 =2and
5 =2, lreb\{a}: 670 =0=2, 0®,6® e Cq,
o) =0, |zeb\{a}:o(z) =2 =3and
5 =2, lreb\{at: 67 =0=3,0355 ¢y
Thus any ground state ¢ € D; must satisfy
oo € {o”,55 o0t UL = 0,1,2, be M. (7)

Now we shall construct ground states ¢ € D; which satisfying (7).

Note that the configurations o, and oy (b,b’ € M) are the same up to a motion in Gy so we
shall omit b. Thus configuration ¢(*) is the configuration such that on any unit ball b € M the
condition (6) is satisfied.
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Suppose two unit balls b and b are neighbors, i.e., they have a common edge. We shall
then say that the two bounded configurations o, and o are compatible if they coincide on the
common edge of the balls b and o’. Denote by B(b) the set of all neighbor balls of b.

Denote Q; = {o®,50) o0+ z0+D1 "4 = 0,1,2. For any w,v € Q; denote by n(w,v) the
number of possibilities to set up the configuration v as a compatible configuration (with w)
around (i.e., on neighboring balls of the ball on which w is given ) the configuration w. Clearly
n(w,v) € {0,1,2,3}, for any w,v € Q;,i =0,1,2.

Denote

n(g(i)’g(i)) n(g(z‘)’(,(i)) n(g(i),g(iﬂ)) n(g i) g(z+1)
n((}(i)70(i)) n(&(i),:}(i)) n((}(i),g(ﬂrl)) n(é (@) gli+1) )
(et o) (gt 0) p(gt+D) 0HDY  p(s Z+1))U(z+1))

n(5(i+1), U(i)) n(a’.(i+1)’ 5(1‘)) n(5(i+1)’ U(iJrl)) n(&(iJrl),&(iJrl))

N; =

It is easy to see that

3030 21 21
03 0 3 1 2 1 2
N = N =
0 2 02 1| 121 2|
0 2 1 2 21 2 1
1 2 0 2
21 20
0 3 0 3
30 3 0
Consider 3 sets Q; = {Q}, (i =0, 1,2) of matrices @ = {q(u,v)}, ,eq, such that

q(u,v) € {0,1,...,n(u,v)}, Z (u,v) = 3,Yu € Q.

veQ;

4, 00) + q(u,0D) = n(u, ), qu,50) + g(u, 59) = n(u,50), and q(u,v) = 0 if and only
if g(v,u) =0, u,v € Q;.
Using matrices N; we have

a 0 3—a 0

0 b 0 3—-0
Q=3@=| .0 2-¢ 1 ’

0 d 1 2—d

here a,b € {0,1,2,3}; ¢,d € {0,1,2}; a =3 iff c=0; b=3iff d = 0.
For i =1 we get

aq b1 2—(11 1—b1

bQ a9 l—bg 2—&2

C1 d1 1—61 2—d1 ’

d2 Co 27d2 1762

here ay,as,d1,ds € {0,1,2}; by, ba,c1,00 € {0,1}; a1 =2 iff ¢ = 0; ay = 2 iff ¢ = 0; by = 0 iff
52:0; blzliﬁdgzo; bgzliﬁdlzo; d1=2iﬁd2:2.
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For 1 = 2 we obtain

QU O T =
S 0 = Q
(aw]

w
|
o

here a,b € {0,1,2}; ¢,d € {0,1,2,3};a=0if b=0;a=2if d=0; b=2iff c =0; c = 3 iff
d=3.

For a given ¢ € ; and Q = {q(u,v)},, ,eq, € Qi we recurrently construct a ground state
©?€ by the following way: fix a ball b € M and put on b the configuration ¢ := ¢ On
balls taken from B(b) we set exactly q(£,w) copies of w for any w € Q;. Thus configurations
wg’g,b' € B(b) are defined. Using these configurations, we define configurations on the balls
B(V') \ {b}, (b € B(b)) putting q(@g’é,v) copies of v € ; \ ¢ and q(wg’g, ) — 1 copies of ¢
which are compatible with @g’g. Further, on the balls B(b") \ {V'}, (b" € B(b)),b" € B(b) we set
q(gp?,,’g,T) copies of T € Q; \ {@3’5} and q((pg,’g, wg’g) — 1 copies of @3’5 which are compatible
with (pg,’g. Repeating this construction one can obtain a ground state @< such that

Pt e, [V eBO): ot =w, ot = v} = q(w,v),
for any b € M and w,v € Q.
In general, the ground state ¢@¢ is non periodic (see example below). It is easy to see that
@ , e .
27 =g G200 =50 =i 41, i=0,1,2,

where

3—1 i 0 0
8
0 0 2—4 1+1 (8)
0 0 i+1 2—3

Now using the ground states p?¢ we shall construct an infinite set of ground states by the

following way: one can choose & # 1, £,1n € Q; and Q1,Q2 € Q; such that for configurations

pR1€ @27 there are infinitely many b € M on which @?1’5 and @32’" are compatible for some

b € B(b). Indeed it is sufficient to take £ # 1 such that ¢;(£,7)q2(£,m) # 0 (see example below).
Denote
My = M{"(Q1,Q2) = {be M : pPt*

is compatible > for some b € B(b)};
Ny ={ne€{0,1,2,...}: Ib € M such that |¢;| = n};

VW ={zeV:y<z}

Fix m € X; and denote
W, = {x € W,, : 3b € M; such that ¢, = z}.
Consider the configuration

¢Q17Q2,£,n(x) _ { P i(z) ifx € V,, U{VW y e Wm\Wm}

@ (z) if x € VW) gy € W,
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Clearly Q1927 m € Ny is a ground state and the number of such ground states is infinite,
since |N;| = oo. This finishes the proof of Theorem 2.1. |

Remark 2.1 Let J € A4\(0,0). Q3 = {U£0)7 550), O'IES), 5;3)} are periodic ground states such that

on any b € M the bounded configurations Ul()o),(}éo) € C7 and 023), 65)3) e Cy, ie., UZSO), 65)0) are

translation-invariant and 053),553) are periodic with period 2. Q3 = {Jéo),&éo),oég)ﬁég)} and

Q3 contains the unique matrix

3 000

0 3 00

@=19 0 0 3

0 0 3 0

Example. Take matrices

1 1 0 1 1 2 0 0
, |11 10 s |1 1 10
©@=1o 102 @010 2
10 2 0 00 3 0

and € = 0@, n = 3. The configurations @2, @27 and p@2:Q28" are represented in Fig. 1
a), b) and c), respectively.

0 0 00 0
200 00q , 20020 02000

Fig. 1. Ground states
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Periodic and weakly periodic ground states on the Cayley tree of order three
We consider the case k = 3.
Let m = 2. By (3) for any o, we have U(oy,) € {Uy,Us, Us, ..., Us}, where

1
Up=0, U= —§J1 —3Jo, Us=—-J1—4Jy, Uy=—-J, —6Js,
Us = —ng —3Js, Usg=—-2J1 —8Jy, Uy =-3J1 —6Jy, Usg=—-2J;, —6Js,
5 3
Uy = *§J1 —TJ2, U= *§J1 =72, U =—-2J1,U1p =—4Jy,

7 5
Uiz = —§J1 —3J2, U= —§J1 —3J2, Uis =—3J1 —4Js.

Definition 2.2. The configuration ¢ is called the ground state for the Hamiltonian (1), if
U((,Ob) = min{Ul, UQ, U37 ey U15} fO’f' Vbe M.

Let Ay, = {(J1,J2) € R? | U,,, = 12;12115{%@}}. It is easy to check that

A ={(J1,J2) €eR? | J; <0;J5 < _éJl},

Ay ={(J1,J2) € R? | J1 <000 = _éjl}’

Az ={(J1,J2) €R* | J, = 0; J, = 0},

Ay ={(J1,J2) eR?| ]y <O;,éjl <l < %Jl},
As = {(J1,J2) € R? | J; =0;J, = 0},

Ag ={(J1, o) €R? | Jo > %l«hl},

Ar ={(J1, J2) €ER?* | J; > O;%']l <J< ;J1}7
Ag = {(J1,J2) € R? | Ji = 0;J5 =0},

Ag ={(J1,J2) €ER* | J; > 0;.Jo = %Jl},

Az ={(J1,J2) ER* | J1 20,y = 6J1}7

Ay ={(J1, o) €R? | J, =0;J, =0},
A ={(J1, o) €ER?* | J; =0; J, =0}

15
and |J A4; = R2.
i=1
Let ¢, be the center of a unit ball 5. We put

Ci={op:U(0op) =U;},i=1,15
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and
BY =|{x € Si(cy) : po(x) =i} |,
for i = 0,1,2.
Let Hy = {x € Gy : ) ;.4 wa(a;) — even}, where w,(a;) is the number of a; in the word .

Note, that H4 is a normal subgroup of index two (see [4]). Let Gx/Ha = {Ha,Gr\Ha} be
the quotient group. Denote Hy = Ha, H; = Gx\H4.

Periodic Ground States for the case k =3
In this section, we shall study Hy-periodic ground states. We note that each H, periodic
configuration has the following form:

_ g1, ifx e HO
U(x)— { o9, if z € Hy ’ (9)
where 0; € ® = {0,1,2},7=1,2.
Theorem 2.2. Let k = 3. The configuration (9) is Hy-periodic ground state iff one of the
following conditions holds:
a) |A| = 1.
Z) ‘ g1 — 02 ‘: 0, and (J1,J2) S Al.
ZZ) | o1 — 09 |: 1, and (Jl,JQ) € As.
iii) | o1 — o2 |= 2, and (J1,J3) € Ay.
b) Al =2.
i) If | 01 — o2 |= 1,then there is not a Hy-periodic ground state;
ZZ) | g1 — 02 |: 2, and (Jl,JQ) S A6.
c) |Al =3.

i) If | o1 — 02 |= 1, then there is not a Hy-periodic ground state;
it) | o1 — o2 |= 2, and (Jy1, J2) € Ar.

d)|A| = 4.
Z) ‘ g1 — 02 ‘: 1, and (J1,J2) S AH.
i) | o1 — o9 |= 2, and (Jy,J2) € Aso.

Proof: a) 1) Let us consider the following configuration

(.’L‘)_ i, if x € Hy
PE=\ i ifeeH

where 7 = 0, 1,2. We denote the center of b € M by ¢. Let ¢, € Hy, then we have
op(cy) =i, B =4,

Hence, pp(x) € Cy, i.e. if (J1, J2) € A; then the corresponding configuration is a ground state.
ii) Now we consider the following configuration

({,C)_ i, if x € Hy
PEI=N j ifee Hy

where | i —j |= 1.
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1) Assume that ¢, € Hy
ou(cy) =i, B =3,BU) = 1.

Hence, ¢p(z) € Cs.
2) Let ¢, € Hy, then one has

op(cy) =i, BY =3, B = 1.

Hence, ¢p(z) € Cs.

We conclude that, if (J;,J2) € As then the corresponding periodic configuration (z) is a
Hy-periodic ground state.

iii) Let us consider the following configuration

(o) = { B e e Ho
U=y iftee Hy

where | i —j |= 2.
1) Assume that ¢, € Hy
op(cy) =i, BD =3,BY) =1.

Hence, ¢p(z) € Cy.
2) Let ¢, € Hy, then one has

ob(cy) = j,BY) =3, B = 1.

Hence, ¢p(z) € Cy.

We conclude that if (Jy, J2) € Ay then the corresponding periodic configuration ¢(z) is a
Hy-periodic ground state.

The proofs of assertions b), ¢) and d) of Theorem 2.2 are similar to the proof of assertion a).
This finishes the proof of Theorem 2.2. O

Remark 2.2 In the case c¢), the Hy periodic ground states coincides with the G,(f)—periodic
ground states, where G,(f) = {x € Gj : |z| is even}.
Weakly Periodic Ground States for the £ =3

In this section, we describe H 4-weakly periodic ground states, where H 4 is a normal subgroup

of index two. Due to the definition of weakly periodic configuration, we infer that each H 4-weakly
periodic configuration has the following form:

J00, if Ty € Ho,l’ S HO
001, ifr, € Hy,x € Hy
o(x) = } v ) (10)
010, ifxy € Hy,x € Hy
011, lfl'i € Hy,xr e H
where o;; € ®, 4,5 =0, 1.
In the sequel, we write ¢ = (000, 001,010,011) for such a weakly periodic configuration
o(x), z € Gy.

Theorem 2.3. Let k = 3 and |A| = 1. Then for the SOS model there is no H -weakly periodic
(non periodic) ground state.
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Proof. Consider (10). If og9 = 091 = 010 = o011, then corresponding configurations are
translation-invariant. Translation-invariant ground states for this case are studied in Theo-
rem 2.2. It is easy to see that in the case ogg = 019 and 0¢; = 011 the Hx-weakly periodic
configurations (10) are periodic configurations which are studied in Theorem 2.2.

Now we consider the cases ggg # 019 Or 0g1 # 011.

Let

O, lfI\L S Ho,SU S Ho
0, lfl‘i € Hy,x € Hy
p(r) = .

1, lf"E\L € Hi,x € Hy
0, ifa% € Hy,x € Hy

Let ¢, € Hy, we have the following possible cases:

a) ¢, € Ho and @y(cy)) = 0, then ¢y (c;) = 0, B =4, ¢,(¢;) € Cy,

b) Cpl € Hy and (,05(01&) =1, then (Pb(cb) =0, B(O) =3, B(l) =1, ng(Cb) S 027

c) ¢y, € Hy and ¢p(cpy) = 1, then there is not any H 4-weakly periodic ground state,

) =

d) cpy € Hy and pp(cp 0, then ¢p(cp) = 1, BO) = 4, wp(cp) € Ch1.

Let ¢, € H1, we have the following possible cases:
a) ¢y, € Ho and @p(cpy) = 0, then gy(cp) = 0, B = 4, py(cp) € C1,
b) ¢y, € Hy and ¢p(cp) = 1, then there is not any Ha-weakly periodic ground state,
c) ey, € Hy and ¢p(cpy) = 0, then pp(cy) =0, BO =3, BY =1, ¢4(cp) € Cs.
We conclude that the configuration ¢ is a ground state on the set
AiNAyN Ay ={(J1, o) ER?: J = J, =0},

Therefore, if J; # 0 and Jy # 0 then the weakly periodic configuration ¢ is not a weakly
periodic ground state.

By similar way we can prove that all H4-weakly periodic (non periodic) configurations are
not ground states.

This finishes the proof of Theorem 2.3. O

Remark 2.3. 1) Theorem 2.3 shows that for the SOS model with competing interactions, every
H 4-weakly periodic ground state is either H 4-periodic or translation-invariant.

2) The fact that for k = 3 there exists a set of countable non-periodic ground states can be
proved in the same manner as in Theorem 2.1.

3) For the &k > 3 by the same manner as in Theorem 2.1 periodic (and weakly periodic)
ground states could be studied.

The authors thank Professor U. A. Rozikov for useful discussions. The authors are grateful to
the referee’s helpful suggestions.
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OcHoBHBIE cocTOogHUSA AJist Mozesin SOS ¢ KOHKYpPUPYIOIIMU
B3alMO/IeiCTBUSIMU

My3zadbdap M. PaxmaryniaeB
WNucruryr Maremarukun AH PV3

TarmkenT, ¥Y36ekucran

Hamanranckuii rocy/1apCTBEHHBIN yHUBEPCUTET
Hawmanran, Y36ekucran

Byuén VY. Abpaes
HupUIuKCcKuii rocy1apCTBEHHBIN 11€arOrnIeCKUil HHCTUTYT
Yupuuk, Y30eKucTan

Amunorarusi. B pabore nj1s1 HOpMAJBHOTO [EJUTEsT UHIEKCA 2 U3ydeHbl CIabo-IePUOIUIEeCKUE OCHOB-
Hble cocTosiHUs Jjist Mojen SOS ¢ KOHKYPHUPYIOIINMU B3aUMOAEHCTBUSIMU Ha, JepeBe Kaau mopsinka 2
u opsaaka 3. Jlasee n3ydeHbl HEEPUOANTIECKNE OCHOBHBIE COCTOsAHUSA st Mozen SOS ¢ KOHKYPHUPYIO-
UM B3auMOJIeficTBUsIMU Ha jiepeBe K3 BTOPOro mopsijika.

Kuarouesslie cioBa: jepeo Kamu, SOS-Momens, nepuoandeckue u c1abo-mepuoIndecKine OCHOBHBIE CO-

CTOAHUA.
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the inverse scattering transform to solve the Cauchy problem for the loaded modified Korteweg-de Vries
equation.
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Introduction

The study of non-linear waves in the viscoelastic tube is of interest, since system of such tubes
is a model of the vessels of the blood circulatory system. Understanding the wave processes in
the blood circulatory system can help predict the development of diseases [5].

In arterial mechanics, a widely used model assumes that artery is a thin-walled pre-stressed
elastic tube with a variable radius (or with a stenosis) and blood is considered as an ideal fluid [3].
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The governing equation that models weakly non-linear waves in such fluid-filled elastic tubes is
the modified Korteweg—de Vries equation

Uy — 6uUy + Ugge — h(t)ugy = 0,

where t is a scaled coordinate along the axis of the vessel after static deformation characterizing
axisymmetric stenosis on the surface of the arterial wall; x is a variable that depends on time
and coordinates along the axis of the vessel; h(t) is a form of stenosis and u(z,t) characterizes
the average axial velocity of the fluid.

Let us assume that form of stenosis h(¢) is proportional to «(0,¢) and consider the following
loaded modified Korteweg-de Vries equation

wp — 6u Uy + Upps — ~F(t)u(0,t)u, =0, (1)

where u = u(z, t) is unknown real value function (z € R, t > 0), and v(t) is arbitrary continuous
function. Equation (1) is considered with initial condition

uly—g = uo(x), (2)
where real value function ug(z) has the following properties:

1._}0 (I+ |z]) Juo(x)] dx < oo.

. . l% Up yl B yl 1 .
2. The equation L(0)y = d = £ , = € R* has N simple
U i Y2 Y2
0
dx
eigenvalues and it does not have spectral singularities.

Let us assume that function u(z,t) is sufficiently smooth, tends to its limit rapidly enough
when = — + oo, and it satisfies the condition

3

| <<1+m|>u<x,t>|+z

— > =1

D u(z,t)
ozl

de < oo, t20. (3)

Note that completed integrability of the modified Korteweg-de Vries (mKdV) equation was
established in the class of "rapidly decreasing" functions using the method of the inverse scatter-
ing problem [11]. The evolution equations for non-linear waves which differ by small terms from
equations soluble by the inverse scattering method (KdV, NSE, mKdV) were considered [4]. A
perturbation theory scheme was formulated. It is based on the inverse scattering method. The
term "loaded equation" was introduced by A.M. Nakhushev [7]. The most general definition
of a loaded equation was given and various loaded equations were classified in detail. Loaded
differential equations, the loaded part of which contains only the value of the desired solution at
fixed points of the domain were considered [2,9,12].

The goal of this paper is to study the integration of the loaded mKdV equation in the class
of "rapidly decreasing" functions in terms of inverse scattering problem.

1. Uniqueness of the solution

In this part we use the method given in [6].

Theorem 1. If problem (1)—(2) has solution then it is unique.
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Proof. Let v(z,t) be another solution of (1)—(2). Let us introduce w(z,t) = (u(x,t) — v(x,t))s.
Then we obtain

wy = 6[(u — v)(ui +02) + (u + ) (ug + vo)w]+

t
’7(2 D (0,8 + (0, £y + (u(0,) — (0, )+ V).
Multiplying (4) by w and integrating with respect to x over (—o0, c0), we have
; jt w?dx = 6/ (u —v)(u? + v2)wdz + 6/ (1 + ) (ug + v )widz+
+ 3/ > (u—v)(u+v)(u+v)wde + 3/ (u? + v*)wywdr — / Weggwdz+  (5)

1D 00,0 - 000,0) [t e+ D000, 400,0) [ wiwa

2 —oo —o0

Let us denote max(u2 + v2) by m, max |(u + v)(uz + vz)| by n, max|(u +v)(u + v)z| by k,
max |(u® + v?),| by I, max [u(0,t) + v(O t)| by p and max |(u + v).z| by ¢. Using the Cauchy—
Schwarz inequality we obtain from (5) the following inequality

i w2dz < 6m / u—v)3dx / widx + Gn/ w?dz+
2dt

~ 2 - 2 3l > 2 1 > 2
+ 7q72(t) max |u — v W—l— ’Y(;)p\// w%dx\// w?dz.

Here it was taken into account that w and its derivatives tend to zero as x — =+ oco. There are
constants my, k1 > 0 such that [§]

oo 0 o
/(u—v)zdmévm / (u—wv)ide,  max|u—v| <k / (u —v)3dz.

Then we derive

d oo oo o oo
Tdt/ w?dx < 6mm1\// wzdx\// wzdx+6n/ w?dz+
+ 3kmy w2dzx w2dx + B wdx+

k t oo o0
+7q 1;( )\// dex\// w2dzx.

Let us denote [ w?dz by E(t) and (12mmy + 12n + 6kmy + 31 + gk17y(t)) by C(t),

— 00
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This differential inequality yields

t
E(t) < E(0) exp/ C(s)ds,
0
which implies that if £(0) = 0 then E(t) = 0 and thereby

w(z,t) = (u(z,t) —v(x,t), =0

u(z,t) —v(z,t) = C.

Assuming t = 0, we obtain C' = 0. Theorem 1 is proved. a
2. Scattering problem
Let us consider the following system of equation

. d
i— u
Lv = dx d (1;1):6(1)1)7 —00 < & < 00, (6)
(%) (%]

u =i
dzx

with real value function u(z) that satisfies the condition of "rapid decrease"

/OO (1+ |2]) [u(z)| dz < oo. (1)

— 00

The present section contains well known information on the direct and inverse scattering problem
for problem (6)—(7) that is required for further consideration [1]. Condition (7) implies that
system of equation (6) has the Jost solutions (z, ) and ¥(z, ) with asymptotic relations

P~ ( (1) )exp(—ifx),
¢~(&)mwwx

o () enatisa)
i~ (g ) el-isa)

as T — —oo, (8)

as x — oo. (9)

For real &, pairs {¢, ¢} and {1/),1/;} are pairs of linearly independent solutions of equation (6).
Therefore,

o = al&) + bW o)
¢ = —alé)y +b(&)y.
The following equality holds
a(§) = WH{p, v} = o192 — 2t (11)

and for all real £

a(§)a(€) +b(§)b(¢) = 1.
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Function a(k) admits analytic continuation into the upper half-plane Imk > 0. In Imk > 0

€l

number of zeroes £, k =1,2,..., N in the upper half-plane Imk > 0. Zeros & of function
a(k) correspond to the eigenvalues of operator L in the upper half-plane. Let us note that

1
function a(k) has asymptotic behavior a(§) = 14 O ) Function a(k) can have a finite

operator L can have spectral singularities which are in the continuous spectrum.
We suppose that operator L does not have spectral singularities and zeros of function a(k)

are simple:
@(Z‘,fk) ch’gb(l‘,fk), k=1,2,...,N. (12)
b
The set {r*(f) = (é)), e, Cr, k=1,2,3,... ,N} is called scattering data for system of equa-
a
tions (6).

The following representation for the solution v (z, £) is valid
0 i > i€ s
Y= 1 )e + K (z,s)e™ °ds, (13)

K (z,s)
K2 (.13, S)
function u(x) as follows

where K (z,s) = ( ) does not depend on variable ¢ and it is related to the potential

u(z) = 20K, (z,x) . (14)

The components of kernel K(x,y) for y > x are solutions of the following Gelfand-Levitan-
Marchenko (GLM) system of equation

muw+/ Ky (2, 8)F(s + y)ds = 0,

0 (15)
i)+ Flat )+ [ Kaleos)F(s+ )ds =0,
where F(z) = 1 /OO @eig‘”df - ii(}'-eigﬂ
2 | al®) 2 G
3. Evolution of scattering data
It is easy to verify that functions
% (g(l‘vf) - an(xvg)) _
B () = &=tn n=1,23,...,N (16)

a(én) ’

are solutions of the system of equations Ly = &,y. Using (11) for Im& > 0, we define the
following asymptotic relations

exp(i€x) as x — —o0,

v~ao( )
o ~ a(®) ( é )exp(—i{x) s T — 0.
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Using these asymptotic relations, we obtain asymptotic relations for solutions h,(z)

hon () ~ C’n< (1) )exp(zfnx) as x — —00,

(17)
0 ,
hin(z) ~ ( ) ) exp(—i&,x) as x — oo,
and
W{(pnyhn}EWnlth_(pn2hnl :_C'ru n= 172733--~7N7
where ¢, = ¢(x,&,).
Let function u(z,t) in (6) be a solution of the mKdV equation
Uy — 6u Uy + Uger = G(,1), (18)

where function G(z,t) is sufficiently smooth and G(z,t) = o(1) when x — %00, t > 0. Equation
(18) is considered with initial condition (2). According to [10], the following Theorem is valid.

Theorem 2. If function u(x,t) is a solution of equation (18) in the class of functions (3) then
the scattering data of system (6) with function u(x,t) depend on t as follows

drt .3+ i [ 2 2

. =87 r" — 2 G(p1 + @3)dz, Im& =0,

acy, P e

ar = (8152 - Z/ G (hn1¥n1 + hn2tn2) dl”) Ch,
gt [ Gk + vho)de

o = , n=1,2 ..., N.
2 [ pnipnade
— 00

Here ¢, (x,t) are normalized eigenfunctions which correspond to the eigenvalue &, of system
of equations (6).
Let us apply the result of Theorem 2 when

G(z,t) = v(t)u(0, t)uy.
According to Theorem 2, we have the following representation

drt , iv()u(0,t) [
— =8t — 7/

dt 2 Uy (P2 + 3)dz, Imk = 0.

—00
By virtue of system of equations (6) and asymptotic relations (9), we have

/Oo ux (] + 05)dz = =2 /jo [w/u (iwéx + 6@2) + 95 (—w;z + 5@1)] dx =

_ /_ " Elpr - pa)ada = —2€ al€)b(E).

Consequently, for Im & = 0 we obtain

drt

—r = (8i€° +2i€y(H)u(0,1)) r*. (19)
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From relations

oo

R

. n=1,23,...,N,

dt x
2 f @nl@nQd‘T
and
/ U (Pl + Pig)da == —2/ [Pt (10 + Enpn2) + Pha (—igny + Enpni)] da =
we have
& =0 n=12,3 N (20)
dt - b - b b) 9 M

Using system of equations (6) and asymptotic relations (17), we have

o0

/°° Uz (hn1n1 + hnotne) de = *fn/ {(hnﬂ//m); + (hn2¢nl);:| dr = —&,.

Taking into account the last expression, we obtain
ac,

dt
Considering relations (19), (20) and (21), we arrive to the following theorem.

= (8i& + iv(t)u(0,1)&,) Cn, n=1,2,3,...,N. (21)

Theorem 3. If function u(xz,t) is a solution of problem (1)—(3) then the scattering data of
system of equations (6) with function u(x,t) depend on t as follows

+
dst = (8i§3 + 2 'y(t)u(O,t)) rt for Imé =0,
dc, . .
e (8i&y + i (H)u(0,8)E,) Cn,
%:0, n=1,23,. ... N.

The obtained relations completely determine the evolution of the scattering data for system
of equations (6). It allows us to find the solution of problem (1)—(3) by using the method of
inverse scattering problem.

Example. Let us consider the following Cauchy problem:

up — 6u Uy + Uppe — y(#)u(0,t)u, =0,

2
sh 2z’

u \t:o =

where () = = sh(—8t + arcsht).

A/t t
To find the general solution of this problem we use the method of inverse scattering problem.

First of all, let us find a solution of the direct problem for the following system of equations
1 d U
- 0
uy —i— Y2 Y2
dx
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In this case, we have the following scattering data
rt(0)=0, N=1, £0)=1i, C;=2.
According to Theorem 3, we find the evolution of scattering data depending on ¢ :
rt(&,t) =0, &(t) =i, Ci(t)=2exp d(t),
where
5(t) = 8t — /O (0, 7)d.

Then using this scattering data, we find a solution of inverse scattering problem . Solving the
GLM system of equations with F'(z) = —2iexp (—z + J(t)), we obtain

 2iexp(—z —y +4(t)
1 —exp(—4z +26(t))

Kl(xvy) =

Applying equality (14), we obtain

u(z,t) = 2

sh(2z — 8t + g y(1)u(0, 7)dT)

¢
Putting z = 0 and introducing f(¢t) = [ v(7)u(0, 7)dz, we obtain the following Cauchy problem
0

IO
A(f) ~ sh(f(t)—80)’
£(0) =0

Solving this problem with () = — sh(—8t + arcsht), we have

1
41+ t?
f(t) = arcsht.

As a result, the solution of problem under consideration is expressed as follows

2

t) = .
u(z,t) sh(2x — 8t + arcsh)

It is well known that solution of the modified Korteweg-de Vries equation
up — 6uUy + Uppe = 0,

that satisfies the same initial condition has the form

2

u(z,t) = 2z =8’

The difference between solutions of the loaded modified Korteweg-de Vries equation and the
modified Korteweg-de Vries equation is shown in Fig. 1.
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Conclusion

The method of inverse scattering problem can be used to obtain solutions of the Cauchy
problem for the loaded modified Korteweg-de Vries equations in the class of "rapidly decreasing"
functions. Function u(0,t) that appears in equations of Theorem 3 is unknown in contrast to
function u(x,0). If the scattering data is used to find potential u(x,t) then function (0,?) is
included in the solution. Therefore, we have a functional equation relating w(z,t) to u(z,0)
which is reduced to the Cauchy problem for an ordinary differential equation of the first order.
For some v(t) the Cauchy problem for ODE can be solved exactly and we obtain a solution of
the Cauchy problem for the loaded mKdV equation.
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Meton obpaTHOIT 3a/laun paccessHUSA N Harpy2keHHoe
MoaudulimpoBanHoe ypasHenue KopreBera-ge @pusa

Muxan ®euykaH

Maremarudeckuit uacturyt CJoBalkoil akajgeMun HayK

Bparucaasa, CiioBakust

laiipar Ypa3boes

Vprendckuii rocy1apCTBEHHbBIN YHUBEPCUTET

Ypreuu, Y3bekucrau

NMucruryT MaremaTrnkn Xope3McKoro orjesieHust AkajeMuu Hayk Y30eKucraHa
Ypreuu, Y3bekucran

WUpopa BanraeBa

VPpreHyuckuit rocyJapCTBEHHBIH YHUBEPCUTET
Yprenu, Y36eKucrau

Xopeamckas Axagemust Mamyna
XopesMckast 001acTh, XuBa, ¥Y30eKUCTaH

Amnnoranusi. B nannoit ctarbe Mbl paccmaTpuBaeM 3aaqy Kormm 7j1st HarpyKeHHOTO MOIUMUITITPOBAH-
Horo ypasHenusi Kopresera-ne @pusa B Kiacce «ObicTpoyObiBatonux» GpyHKnuii. OCHOBHOI pesyabrar
HaCTosAIIEeH PaboThI MTpe/icTaBIsieT cob0i TeopeMy 00 SBOJIIOINN JAHHBIX paccesiHust orneparopa /lupaka,
TIOTEHINAJ KOTOPOTO SIBJISIETCS PEIIEHNEM HArPyKEHHOT0 MO UImpoBaHHOro ypasuenust Kopresera-me
®pusa. [losyuennble paBeHCTBa O3BOJIAIOT IPUMEHNUTH METOJ, 06pATHON 3a/[a9U PACCEsIHUS JIJIs Pellle-
Hus 3a1a9u Ko Jiy1st Harpy»KeHHOTo MoauduIimpoBanHoro ypasuenusi Kopresera-ne @pusa.

KuroueBrble ciioBa: HarpykenHoe moaunduimpoBantoe ypasaernne Kad, merom obpaTHoil 3a7a4uu pac-
cestnnst, "ObicTpoyObIBatonme" (PyHKIUU, COTUTOHHOE PEIIEHUE, SBOIONUS JAHHBIX PACCEHUS.
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Abstract. In this paper, the initial-boundary value problem of Hormander is formulated in the class of
functions representable by Laurent series supported in rational cones. Using the Borel transformation
of Laurent series we establish a connection between a differential and a difference problems and prove
its global analytic solvability.
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1. Introduction and preliminaries

Let w = (w1, .. .,w,) denote a multi-index, ||w|| = w1+ - 4wy, @ = (01,...,0), where 9; are
derivatives with respect to the j-th variable and ¢, (z) are analytic functions of z = (z1,. .., 2,)
in a neighborhood of zero in C™. Consider a polynomial differential operator of order d of the

form P(0,z) = > c,(2)0%.
llw||<d
In the traditional formulation of the Cauchy-Kovalevskaya theorem, it is assumed that the

equation is resolved with respect to the highest derivative, for example, 0%, where d is the
order of the differential equation. For linear differential equations with analytic coefficients this
means that c(,...0,4)(0) # 0 and the initial data are specified on the coordinate plane z, = 0.
In Hormander’s paper [1], a version of the Cauchy-Kovalevskaya theorem is given, where it is
assumed that it is solvable with respect to an arbitrary derivative 0™ F, where ||m|| = d. However,
in this case, in addition to the constraint ¢,,(0) # 0, additional conditions must be required on
the coefficients of higher-order derivatives d, and the initial data are specified on the union of
the coordinate planes. Let us give an exact formulation of this result.

Let the condition
> lew (0)] < (2¢) 7™M, (0)] (1)

llwl|=lIm|],w7#m

be satisfied for the equation
P0,z)F =G, (2)

*lein@mail.ru
t.neckrasova@gmail.com
© Siberian Federal University. All rights reserved
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with analytic coefficients in the neighborhood of the point zg = 0.
Then equation (2) with initial data

HNF=9)|.;=0=0, 0<k<my, j=1,...,n, (3)

has a unique analytic solution in a neighborhood of zero for any given analytic functions ® and G.

In this paper, we formulate a generalization of the problem (2)—(3) for polynomial differential
operators of a special form, which were considered in [2] in connection with the study of the
properties of generating functions of solutions of multidimensional difference equations. The most
useful classes of generating functions in enumerative combinatorial analysis (see [3]), along with
rational and algebraic ones, are D-finite ones. A power series is called D-finite if it satisfies a linear
differential homogeneous equation of the form (2) with polynomial coefficients. In the case of
multiple power series, various approaches to the definition of D-finiteness are possible (see [4,5]),
one of which is that the power series satisfies a system of linear homogeneous differential equations
with polynomial coefficients. To generalize the notion of D-finiteness to Laurent series, in [2] the
derivations D = (Dg1,...,Dgn) (see Sec. 2. below) in the ring of Laurent series supported in
rational cones were defined and the corresponding definition of D-finiteness Laurent series was
given.

The question naturally arises of describing the space of solutions of equations of the form
(2), where the operators P(D, z) are considered in a suitable way. One of the ways of such
a description is to formulate an analogue of the initial-boundary value problem of Hérmander
(2)—(3) instead of differential operators P(0,z) and study its solvability. In the first section of
the paper, the necessary notation and definitions are given, and sufficient conditions for global
solvability of a polynomial difference operator with constant coefficients P(D, z) = P(D), (i.e.,
the existence and uniqueness of the global solution) in the class of Laurent series supported in
rational cones (Theorem 1) are proven.

The main idea of the proof of Theorem 1 is to associate the differential initial-boundary
value problem of Hérmander with its difference version, and the main role in this comparison is
played by the Borel transformation of Laurent series, which is defined in the second section of
the paper. With its help a connection between the analytic properties of a function and its Borel
transformation is established (Proposition 1), which allows to prove the existence and uniqueness
of a solution to a differential initial-boundary value problem in the class of functions representable
by Laurent series with supports in the rational cones in the integer lattice (in Sec. 4.).

2. Notation, definitions and formulation of the main result

Let o/ = (a{, ...,al), 5 =1,...,n, be linearly independent vectors with integer coordinates.

1

The rational cone spanned by the vectors a,...,a™ is the set

K:{xeR”:x:A1a1+-~-+)\na",)\j 6]1:32,]’:1,...,71}7

where R is the set of non-negative real numbers.
Let A be a matrix whose determinant is not equal to zero, and the columns consist of the
coordinates of the vectors a’

at ... a¥

A= . .
1 n

an an
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We consider only wunimodular cones, i.e. cones for which the determinant of the matrix
det A = 1. Any element x € K NZ" can be represented as a linear combination of basis vectors
z=MAa' + -+ X\,a", where \; € Z> is a set of non-negative integers, or in matrix form as
x = A\, where ) is a column vector.

Let us denote the rows of the inverse matrix A~! by o!,...,a” and note that they form a
L. a™ ie (o' a?) = §;;, where (af,a’) =
=alal +---+alal, and §;; is the Kronecker symbol. Also, for x € K, always \; = (a/,z) > 0,

n’rn’

mutual basis (see, for example, [6]) for the vectors a

j=1...,n.

Between the points u,v € R™ we define the partial order relation > as follows: u>v <
K K

u—v € K, and v # v means that u — v € K.

The cone K* i( {k e R": (k,x) > 0,z € K} is called dual to the cone K, and the set of its
interior points is denoted by K* and we fix the vector v € K* N Z". For all integer points of
the rational cone € K NZ"™, the weighted-homogeneous degree with weight v (v-degree) of the
monomial z* is a nonnegative integer ||z||, = (v, ), and the v-degree of the Laurent polynomial

Q(z) = 3. ¢u2" is defined by the formula deg, Q(z) = m%}(iHLEHW where X C K NZ" is a finite
reX T€
set of points of an n-dimensional integer lattice.

We denote the ring of formal Laurent series of the form

Fl)= Y fl)* (4)

e KNZ"

by Ck|[[z]] and note that an operator mapping a ring into itself is called differentiation if it is
linear and satisfies the usual rule for the derivative of a product (see, for example, [7]). For the

Laurent series (4), taking the usual partial derivative 0; = is not necessarily a derivation in

0z;
the ring Cx[[2]], since for z € K NZ" the point x — e/, Wherej e’ are the unit vectors, generally
speaking, may not lie in K N Z". Derivations of the ring of Laurent series Cx[[z]] were defined
in |2, 8], which made it possible to transfer the notion of D-finiteness of power series to Laurent
series. Let us give this definition.

On the monomials z”, z € K NZ™ we define the operator D,; as follows
D,z = (a:,aj>zx_“j,

where o/ are the vectors of the mutual basis, j =1,...,n.

It is directly verified that in the case of a unimodular cone the operators D,;, j = 1,...,n,
are derivations of the ring C/[[z]]. For w € K NZ", w = \ja! + -+ + \,a"™ we define the D
operator as follows:

D“ =DM ...Dyx,

where \; = (w,a?) and D¥; = D,; ... D,; . Note that for any w’, w” € KNZ", D¥' D¥" = pw'te”
—_————

k times _
is true and for w = @’ we have D% 2% = (z,07)2*~% = Dg,;2%, j=1,...,n.
Thus, the operators D* for w € K NZ" are derivations of the ring of series Cx[[2]] and their
action on the monomials 2*, x € K NZ" is conveniently given by the following formula:

0, if 2w,x#w,
w T K
D*2" =< (z,a)! (5)

2T, if z2>w,
K

(x — w, a)!
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where (z,a)! = (z,a')!... (z,a™)\.

We consider polynomial differential operators of the form P(D,z) = > ¢,(2)D%, where
weN
Q C KNZ"is a finite set of points of the n-dimensional integer lattice and the coefficients

cw(z) € Ckl[#]]. The characteristic polynomial of this operator is the Laurent polynomial

P(¢,2) = Y cu(2)¢¥, and its support is denoted by suppP = {w € Q : ¢, (z) # 0}. The
weN
order d, of the differential operator P(D,z) is the v-degree deg, P((,z) of the characteristic

polynomial, that is d,, = mag52<||w\|y. In what follows, the subscript v for d will be omitted, since
we
v e K*NZ"is fixed. Thus, the operator P(D, z) of order d can be written as

P(D,z)= Y cu(z)D". (6)

el <d

We denote by I'; the face of the cone K spanned by the vectors a’, i =1,...,j—1,j+1,...,n,
Dj={z:z=XMNa"+  +N_1d "+ j1a? T+ + \a", A € Ry} and by F(z)] the
Laurent series supported by the face I'; of the rational cone K

F@)w o= Y, flx)" (7)

zel,;NZ"

29 =0

Let the coefficients ¢, (%) of operator (6) lie in some subring Lk of the ring Ck[[z]]. For m
such that ||m]||, = d and ¢;,(2) # 0, we formulate the following analogue of the Hérmander
problem (2)—(3).

For any ®(z), G(z) € Lk find F € Lk satisfying the differential equation

P(D,2)F =g, (8)
and the initial conditions:

DR F — )| =0, 0<k<(mad), j=1,...,n. (9)

29 =0

For constant coefficients, the case Lx = Ck|[[2]] was studied in [8], and the case K = RY was
considered in [9], and the global solvability of the Cauchy—Kovalevskaya problem was proved in
the class of entire functions of exponential type.

We define a subring of the ring Cx [[2]] of Laurent series, in which we will prove the solvability
of problem (8)—(9).

Let Exp(C™) be the space of entire functions U(§) : C¥ — C of exponential type, that is,
of entire functions satisfying the inequality |U(&)| < C’e<77|§>, where 7 = (1,...,7,), 75, C >0
are constants, [£| = (|&],..., &) (see, for example, [10]). Note that the set oy = {7 € RZ :
U(€)| < Ce<T7‘5‘>} has the following property: together with each point 7g, all points 7 for which

T > 19 also belong to it.
RZ

We denote by A a mapping from Z% to K NZ" with matrix A = (@] )nxn- This mapping in-

duces a mapping of rings A, : Cx[[z]] — C[[¢]], which associates the Laurent series Y,  f(z)z"
e KNz
with a power series > f(ANEY, where € = 2% and 24 = (22°,...,27").
AEZL
Since the mapping A, is invertible in the case det A = 1, we see that A, 1(Exp(C")) = Lk is
a subring of the ring Cx/[[z]]. The functions F representable by Laurent series from the subring

L will be called exponential in the class of Laurent series (L i -exponential).
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Theorem 1. Let the coefficients of the polynomial differential operator (6) be constant and
m € suppP C {w : 0<w < m}, then for any Lx-exponential functions G, & problem (8)—(9) has
K K

a unique L -exponential solution F.

The conditions of Theorem 1 mean, in particular, that m is the vertex of the Newton polytope
of the characteristic polynomial P(¢) and ¢,, is the only nonzero coefficient at the <«highest
derivatives. In [8], problem (8)—(9) was studied under a weaker than in Theorem 1 restriction
on the operator P(D), namely, the condition supp P C {w : Oéwim} was not required, but

solutions were sought in the class of formal Laurent series.
Let us give an example of an operator satisfying the conditions of Theorem 1. Let the cone
K be spanned by the vectors a! = (1,—1), a® = (—1,2). Let us fix v € K*NZ", for example,
v=3,2), m=(0,1), the set 2 = {w: 0<w<(0,1)} ={(0,0),(1,-1),(0,1),(—1,2)}. Consider
the operator oo
P(D)=DOY 4 p=b 4 p=1.2) 14 (10)

of the Hérmander problem (8)—(9) for operator (10) with £x-exponential initial data and the
right-hand side will be a Lx-exponential function, i.e. function represented by Laurent series.

Operator D = (Dg1,...,Dgn) is related to partial derivatives 9 = (4, ...,0,) by formulas
27’ Dy = {(a?,20), j =1,...,n, where 20 = (2101, ..., 2,0,), therefore the polynomial differen-
tial operator (10) is expressed through 0 = (91, d) as follows

7)(81, 0a, Z) = 22’%22—16% + 3210102 + 2’283—1-

+(222 + zfzz_Q + 22122_1)31 + (Zl_lzg + le2_1 +1)0 + 1.

Note that this operator does not satisfy condition (1), which ensures the existence of an analytic
solution, at any point z = zg.

3. The Borel transformation of Laurent series
and the connection between a differential
and difference problems

In this section, we define the Borel transformation of Laurent series and prove an analogue of
the Borel theorem on the connection between the analytic properties of a function and its Borel
transformation (Proposition 1) in the class of £x-exponential functions.

For a function f(x): K NZ" — C of a discrete argument z € K NZ" we define two types of
generating series (functions):

Fo= % {ffﬂw, (1)

e KNZ"

and

Fiz)= Y fz(f). (12)

e KNZ™

Series (12) is called the Borel transformation of series (11) and in the one-dimensional case
it is the classical Borel transformation of power series (see [11]). If K = RY, then we obtain the
definition of the Borel transformation of multiple power series from [12].
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Functions (11) and (12) are the upper and lower functions of the Borel transformation, re-
spectively.
The definition of £x-exponentiality implies that F(z) € Lx if and only if for some o € RZ
the inequality
F(2)] < Cel7 1

holds, where C' > 0 is a constant.
Let o7 denote the set

or = {o €RL : |F(2)| < Celo ™1y

and call it the type-set of the function F.

Note that in the case A = E, where F is the identity matrix, the set 0 = oy and the related
concept of conjugate types of entire functions were used in [12-14] to study the growth of entire
functions.

The domain of convergence Df of the Laurent series (12) is the open kernel of the set of
those points z at which this series converges absolutely. We denote the image of the convergence
domain under the projection

z2=(z1,...,2n) = |2 = (|21ls- - -+ |20]) (13)

by [Dr|. Note that it follows from Lemma 7 in [15] that if R = (Ry,..., R,) € |Dr|, then series
(12) also converges for all points of the set Tk (R) = {z € C" : [2¥| > RY,j = 1,...,n}. Tt
follows that after logarithmic projection

Log : z=(z1,...,2n) = (log(|z1]), .-, log(|zn])) = Log|z|, (14)

the set Log|Dr|, together with each point LogR, also contains the affine cone LogR + f(*, where
K* is the cone dual to the cone K.
Let us give an analogue of Borel’s theorem for £x-exponential functions.

Proposition 1. If F(z) is a Lx-exponential function with type set cr and Dp is the domain
of convergence of its Borel transformation F(z), then ox = |Dp|.

Proof. When transform A, : Cx|[[z]] — C[[¢]] of the function F(z)

aFe =y

AEZ;

the Borel transformation is the function

AFE) =Y

rezn

f(AN)
&

It follows from Borel’s theorem for multiple power series (see [12], Theorem 3.3.3) that

oA, (F) = |Da.r)ls (15)

where 0 4_(r) = {7 € RZ : [A,(F)| < Ce"IED}, and [D 4, ()| is the image of the convergence
domain under projection (13) of the function A, (F). The set |D 4, (p)| possesses the property
that, together with each point r, the set {|£] : |;| > r;,7 = 1,...,n} also belongs to it. After
monomial changes 7 = 0, ¢ = 24, r = R4, from equality (15) we obtain o7 = |Dp|. O
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Let us formulate a difference version of the problem (8)—(9), which we need in the proof of
Theorem 1. On the complex-valued functions f(z) = f(x1,...,z,) of integer variables z1, ..., z,,
we define the shift operators ¢; in the variables z; :

5Jf(5€) = f(xl,...,acj_l,xj + 1,$j+1,...,3}n)

and polynomial difference operator of the form

P@)= Y cud?

el <d

where 0 = §7 ... 0% and coefficients ¢, are constant.
For m such that ||m||, = d and ¢, # 0 we formulate the following problem. For any functions
g, @ of integer variables x = (x1,...,x,), it is required to find a function f(z) satisfying the

difference equation
P(6)f(x) = g(x), x € KNZ" (16)

and the initial-boundary conditions
6a]k[f(m) - (p(x)HﬂIGFjﬂZ" =0, 0< k< <m7aj>’ .7 =1,...,n, (17)

where I'; is face of the cone K spanned by vectors at,i=1,...,7—=1,5+1,...,n.
Various versions of the statement of the problem (16)—(17) and the study of the question of
its solvability were considered, for example, in [16-19].

4. Proof of the main result

In this section, we present some information from the theory of amoebas of algebraic surfaces,
in order to formulate the relation between the generating function of the solution of the Cauchy
problem for an inhomogeneous multidimensional difference equation and the generating function
of the initial data, and also prove the main result of the work (Theorem 1).

The Newton polytope Np of a polynomial P(z) = > ¢,2% is the convex hull in R"™ of elements
weN
of the set Q.

The amoeba Ay of an algebraic surface V.= {z € C" : P(z) = 0} is a image of the set of
zeros V of the polynomial P(z) under the mapping (14).

To prove Theorem 1, we need series expansions of the function (see [20]), where P(z)

1
P(z)
is the characteristic polynomial of the operator P(D).

Each vertex of the Newton polytope Np of the Laurent polynomial P(z) corresponds to

a non-empty connected component E,, of the complement of the amoeba R™\ Ay, and in the

1
domain Log~!'FE,, the function m expands into the Laurent series
z
1 P ()
= 18
P 2w (18)

reEmM+A,, NZ"

where A,, is the cone constructed on the vectors m —w, w € Q, A, C K.
If the point m is a vertex of the polytope Np, then the coefficients P, (x) of the expansion
(18) can be obtained as follows: at the first step, we use the expansion in a series of geometric
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progression
1 1 B 1 _
P(2)  cmz™+ Y caz®  cpzm™(1— 3 Euzomm)
a#m a#Em
R *
_ ~ a—m
k=0 \ a#m

and then, after standard transformations and reduction of similar ones, we obtain an expansion
P(z)  zemir, 27
The dual cone Cy, to point m of Np is defined as follows:

of the form , where the series converges in the domain Log~'E,),.

Cp={seR": max (s,x) = (s,m)}.

eENp

Note that it is asymptotic, i.e. together with each point v € FE,,, this component also belongs
to the affine cone u + Cy, C E,,. f m>w and A,,, C K, then C,, D K*; therefore, the image
K

1
of the convergence domain |Dp-1| in the projection (13) of the series ——, together with each

P(z)
point zp, also contains points z such that |2%'| > |28, 1 =1,...,n.
_ fx)z" , .
Proof of Theorem 1. Let F(z) = > ' be the required solution to the prob-
ze KNZ" <‘T7O‘>' N
lem (8)—(9) for the given initial data @(z) = > pla)z and the right-hand side

re KNZ™,x ’,)é m <‘T’ Oé>'
K

G(z)= > g(m)z' . Its solvability in the class of formal Laurent series Cg[[z]] was proved
e KNZ» <33, Oé> :
in [8] and the proof is based on the statement that F(z) is a solution to the problem (8)—(9)

if and only if f(x) is a solution to the corresponding difference problem (16)—(17), the solv-
ability of which was proved in [15]. To prove the solvability of the differential problem (8)—(9)
in the class of Lx-exponential series, we use the fact that the generating function of the so-

lution f(z) and the data ¢(z), g(z) of the difference problem (16)—(17) F(z) = Y, %,
ceKnz»
D(2) = > ‘pz(f ) and G(z) = 3 gz(f) are the Borel transformations of the series
zEKNZ™ @ } m zeKNZ™
K

F(z), &(2) and G(z), respectively. The formula connecting these generating functions for the
homogeneous difference problem (16)—(17) is given in [2,21], its modification for g(z) # 0 has
the following form . .

F(z) = % ot %q)w(z) + G(z)%. (19)

By the condition of the theorem, @(z) and G(z) are L k-exponential; therefore, Proposition 1
implies that 0 = |Dg| and og = |Dg|, where Dy, D¢ are domains in which the series ®(z) and
G(z) converge.

Let us prove that F(z) is an Lg-exponential function. For the Borel transformation of
the function F, formula (19) is valid, which yields that the image under the map (13) of the
convergence domain of the generating function F'(z) of the solution to problem (16)—(17) contains
an intersection of the images of the domains of convergence of the generating functions ®,,(2)
of the initial data, the generating function G(z) of the right-hand side and series 1/P(z) :
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[ Dr| D N|Ps,| N |De| N |Dp-1]. For w € Q we have supp ®,, C supp ®, then the convergence

domain of the series ®,, can only increase: |Dg,| 2 |Dg|, therefore
[Pr| 2 [Da| N [Da| N [Dp-1]. (20)

Since the cone K* is asymptotic for both Log|Ds|, Log|D¢| and Log|Dp-1|, the intersection on
the right-hand side of (20) is not empty.

Appling the inverse Borel transformation to F'(z), yields the function F(z), and by Proposi-
tion 1 for its image o, we have o = |Dp|, that is o # 0 and, therefore, F is an £ -exponential
function. m]

The research is supported by grant of the Russian Science Foundation (project 20-11-20117).
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AnammTnyeckasi pa3pernuMoCcTh 3aJa91 XepMaH/Iepa
u npeobpa3oBaHue bopesis KpaTHbIX psajioB Jlopana

Esrennii K. JIeiitnaprac

Tarpsana U. dkoBiaeBa
Cubupckuii dheepaJbHbIil YHUBEPCUTET
Kpacnosipck, Poccuiickas Peepariust

Amnnoranusi. B pabore dhopmynupyercs HadaspHO-KpaeBas 3ajada XepMaHjepa B Kiacce (OyHKITHH,
npencTaBUMBIX psimamu Jlopana ¢ HOcHTe s IMU B PalMOHAIBHBIX KOHycax. [IpeobpazoBanne Bopesns psi-
1oB Jlopana 11o3BoJIsieT yCTaHOBUTD CBsI3b JuddepeHInaIbHON 3a/1a41 C PA3HOCTHOI U JI0Ka3aTh TEOPEMY
0 ee 1I00aJIbHOM AHATUTUYIECKON Pa3PEIINMOCTH.

KuaouyeBble ciioBa: 3ajada Xepmanjepa, guddepeHnnaibHblii orepaTop, npeobpa3oBanne bopess,

Pa3HOCTHBII OIIEPATOP.
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1. Introduction and preliminaries

In this paper we consider the R-analytic continuation of functions of several real variables
that admit R-analytic continuation along parallel sections. Regarding to holomorphic functions,
the first result in this direction is due to Hartogs [1]: if a holomorphic function f ('z, z,) in the
domain 'U x {|z,| <r} C CI", x C,,, where 'z = (21, 22, ..., 2n—1), for each fixed 'z € ('U) by
zn, extends holomorphically to the disk |z,| < R, R > r > 0, then it is holomorphic with respect
to all variables in the domain ‘U x {|z,| < R}.

The following Forelli’s theorem [2] is also directly related to Hartogs theorem: if f is infinitely
smooth at a point 0 € C", f € C* {0}, and the restrictions f|; are holomorphic in the disc
U(0,1) =1 B(0,1) for all complex lines {0, then f can be holomorphically extended to the
ball B(0,1) c C™.

In a recent paper [3] A.Sadullaev proved the following analogue of Forelli’s theorem for R-
analytic functions.

Theorem 1. Let a function f (z), x = (x1,22,...,2,) be smooth in some neighborhood of the
origin 0 € R™, f (z) € C°°{0} and let for any real linel : x = Xt, A= (A, A2,..., \n) € S(0,1) C
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R™, t € R is a parameter, the restriction f|; = f(A\t) is real-analytic (R-analytic) in the interval
t € (=1,1). Then there is a closed pluripolar set S C B (0,1) such that f (x) is R-analytic in
B(0,1)\S, where B(0,1) C R™ is the unit ball and S (0,1) = 0B (0,1) is the unit sphere.

Note that the well-known terminology is used here, a set S C R is called pluripolar if
it is pluripolar in the ambient complex space C7?, R? C C7, z = x + iy. An example of
it
(w3 —1)° + a3
Hartogs’ Theorem for R-analytic functions are not true. The function f (z1,x2) is real-analytic
in the domain R x {|zs| < 1}, the restriction f (29, ;) is real-analytic on the whole line R.

However, f is not real-analytic at the point (0,1).

The main result of this work is

a function f(x1,20) = shows that exact analogues of Forelli’s Theorem and

Theorem 2. Let a function f(x) = f ('x,x,) satisfy the following conditions:
1) The function f('x,x,) is R-analtic in a polycylinder U = ('U) x {|zn| <Tn}t, rm > 0,
where 'x = (x1,22,...,Zp—1) and

,U = {Ix € ]Rn71 : ‘.’E1| < 1, |£L'2| < TQ)"'7|xn71| < rnfl} -
= {’a: ERM™ L —p <2y <1, =T <X < Ty —Tpog < Tp_1 < 7”n—1}.

2) For each fized ('z°) € ('U) the function f('z°,,) that is R-analytic in the interval
|xn| < 7, R-analytically continues into a larger interval |x,| < Ry, Ry > rp.

Then there exists a closed pluripolar set 'S C ('U) such that the function f('z,x,)
R-analytically with respect to all wvariables ('x,x,) continues into the domain (‘U X

{lzn| < RaDNCS X {lan| = 70}).

The proof of Theorem 2 essentially uses the method of proving Theorem 1 proposed by
A.Sadullaev, namely, the embedding of a real space R? C C7, z = z + iy, and the natural
holomorphic continuation of R-analytic functions into C™, the holomorphic continuation of the
Hartogs series and methods of pluripotential theory (see [4-5]).

Note that using the local transformation of the pencil of lines [ 5 0, into parallel ones, from
Theorem 2 one can obtain a proof of Theorem 1.

Real analytic functions were also studied in the work of J. Sichak [6], where he proved
that if the function f(z) is smooth in a domain D C R"f € C°(D) and for each real line
lix=2"+ X, 2% € D, AeR", |A\| =1,t€ R, the restriction f|, is R-analytic by ¢ in some
neighborhood of zero, then f(x) is R-analytic in D.

2. Domain of holomorphy of Hartogs series

Let U = ('U) x U, be a domain in C}\"* x C,, , where U, is a disc centered at the point

» = 0 and with a radius ¢ > 0. If the function f('z,z,) is holomorphic in U, then it can be
expanded in a Hartogs series:

("2, 2n) Z ek ( (1)

where, the coefficients ¢y, (/ z) are holomorphic in U and determined by the formula

e
Ck / 5k+1 dﬁ, 0<d <6, k=0,1,2,.... (2)
|£| &
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Then, it is known that if R ('z) is the radius of convergence of series (1), then the function

u*('z) = —In R, ('z) is plurisubharmonic in ‘U, and the set {z € ('U): R.('2) < R('2)} is
pluripolar. Here R, ('z) = lim R (‘w) is the lower regularization. Moreover, the series (1)
'w—'z

converges uniformly on any compact subset K CC ("U) x {|z,| < R« ('z) }. The proof of this
fact can be found, for example, in |7, §].

The following lemma, which plays the key role in the proof of Theorem 2, is widely used in
the theory of analytic continuation.
Lemma 1. Let a function f('z,z,) be holomorphic in the domain 'U x {z, € C: |z,| < 0},
'U ccrl If for each fized '2° € ('Uy) from some mnon-pluripolar set 'Uy C ('U)
the function f('2°,z,) of wariable z,, extends holomorphically to the larger disc
{zn € C: |z, <A}, A >6 >0, then the function f('z,z,) holomorphically extends to the do-

main {’z €' U, |zn| < 0@ (%' V0'U) . Alfw*(,zv/UO’,U)}, where w*('z,' Uy, U) is the well-known
plurisubharmonic measure of the set 'Uy with respect to the domain 'U, that is defined by the
following

w*('z) Up,! U) = (sup {u('z) € psh('U) : w(z)|,; < 1, u(z)],yy, <0})".

Indeed, if we expand the function f('z,z,) in a Hartogs series of the form (1) in the domain
'Ux{z, € C:|z,| <4}, then the function u('z) = —In R.('z) is plurisubharmonic in the domain
'U and by the conditions of the lemma u('z)|,;; < —Ind, u(z)|,;;, < —InA. According to the
theorem on two constants (see [9], p. 103), we obtain the inequality

w('z) < (1 —w ("2, Uo,/U)) - (=InA) +w* ("2, Uy, U) - (—Ind).
Hence it follows that
InR.('z) > (1 —w (2, Uy, U)) - InA +w*("z,/ Uy, U) - In,

or R.(z) > §w (200, U) A1=w"("2,"U0,'U) " Thys in accordance with above mentioned, the function

f('z, z,) extends holomorphically to the domain

" % {‘Zn| < R*(/Z)} 5 (/U) % {|2n| < 5w*(/z,’Uo,’U) . Al—w*(/z,'Uo/U)} .

3. Proof of the main result

Without loss of generality we assume that for each fixed 'z € ('U) the function f('z,z,) is
R-analytic in the interval (—R,, —¢, R, +¢), € > 0. The proof of the theorem will be implemented
in several steps.

Step 1. We embed the real space R? into the complex space C?, R? C C7, z = x + iy. Then,
by definition of R-analyticity of a function f ('z,z,), there exists a domain UccC", U>U and
a holomorphic function F (z) = F ('z,2,) € O (U) such that F' ('z,2z,) v = f('z, zy).

It follows that from the conditions of the theorem the function F (z) = F ('z, z,,) satisfies the

following conditions:

1)F(z)€0<()’).

2) For each fixed 'z = ("z) € ('U) the function F ('z, z,) of the variable z,, can be extended
(Rez,)?

holomorphically into the ellipse of type Ej; : R + 3%2(Imz,)? < 1, j € N, such that

E; 55 {|2n] < Ra} ¥j €N,
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We put /U = UNCYL ! and fix a subdomain 'V cC ('U) such that 'V = ('V) N ('U) # 0.
Then there is a circle {|z,| <o}, o > 0, such that 'V x {|z,| <o} C U, ie. the function
F(z) = F('z,2,) is holomorphic with respect to the ('z,z,) in 'V x {|z,] < 0}. We fix the
number j € N and denote by 'V; the set of points 'z from 'V = ("'V) N ('U) for which the function
F ('z, zy) of variable z, extends holomorphically into the ellipse E;, i.e.

"Vi={2e(V): F(x,z,) € O(E))}

It is obvious that
Vi CVjzi VjeEN

and

s

(V) ="V.
1

J

Step 2. Since an open non-empty subset 'V C R®~! is not pluripolar in C"~!, then there exists
a number jo € N such that for all j > jo the sets 'V; C ('V') will be non-pluripolar in C".

Let us fix j € N, j > jo and let the function w = g; (z,) conformally maps the ellipse
E; into the unit circle {|jw| <1}, g;(0) = 0. Since the function F'('z,z,) is holomorphic in
the neighborhood 'V x {|z,| < o}, the function ® ('z, w) = F(’z,gj_l(w)) is holomorphic in the
domain 'V x g;l ({|zn] < }). Since g; (0) = 0. there is a number §; > 0 such that ('V) x
{jw| < 8;} € (V) x gj_1 ({lzn| < 0}), i.e. the function ® ('z,w) is holomorphic in the domain
'V x {|w| < §;}. In addition, for each fixed variable 'z = ('z) € ('Vj), the function ®('z,w) of
the variable w extends holomorphically to the circle {|w| < 1}.

By Lemma 1, where 6 = §;, A = 1, the function ® ('z,w) is holomorphic in the domain

{’z €'V, |zl <57 02"V, V)}.

Thus, if we substitute into ® ("z,w) the value w = g;(2,), then we obtain that the function
F('z,z,) extends holomorphically to the domain

Gy ={('z20) €C": (2) € (V), lgs(z)| < 87 =Y (3)

Note that if the point 'z € ('Vj) is pluriregular, i.e. w*('z,V}/ V) = 0, then, according to (3),
the ellipse {'z} x {|g;(zn)| < 1} C G;. Consequently, the domain G; contains some neighborhood
of the segment {'z} X [— Ry, Ry].

Step 3. By the construction of the domain G, F' can be extended holomorphically to the
domain Grv = |J;2; Gj as well. Let us denote by P; the set of irregular points ‘a € ('V;) and
by Py = U;ijo P; the union of these sets Py C ('V). It is a pluripolar set in C/%'. For each
fixed point 'z = ("z) € ('V)\Py, the union Gy = (J;2; G contains a neighborhood of the
segment {'z} X [-R,, Ry].

Step 4. We take a sequence of domains 'V}, CC’ Vk+1 cc' U : U;ozl(’f/k) =' U and put P =
=Us=; Pv,- Then P C ('U) is pluripolar set in (Cf’z_l. According to Step 3, the function F ex-
tends holomorphically to the domain G = (J;-; G'v,,, and for each fixed point 'z = ('z) € ('U)\P
the union G = (J,-; G+v, contains a neighborhood of the segment {'z} x[—R,,, R,]. Therefore, for
such points the given function f ('z,z,) is R-analytic in the set of variables in the neighborhood
of the segment {'z} x [— Ry, Ry].
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We note that the complement S = ['U x {|z,| < R,}]\ [G(R"]is a closed pluripolar set, S C
P x{|xn| > rn}, and the function f ('z,z,) is R-analytically extended to ['U X {|z,| < R,}]\S.
The theorem is proved. O

The authors are grateful to Professor A.Sadullaev for useful advices and comments to the
article.
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Awnnoranusi. Pabora mocesiena 3amadaM R-aHAJIUTAYECKOTO MPOIOIXKEeHNsT (DYHKIUH MHOTHUX JIeii-
CTBUTEJIbHBIX ITIEPEMEHHBIX, JOIYCKAIOMMUX R-aHAJIUTHYIECKOE ITPOJIOJI>KEHNE Ha ITapaJsljie/IbHbIe CEIeHUsI.
B Heit moka3biBaeTCsl aHAJIOr M3BECTHON TeopeMbl ['aprorca mjst R-anaimutuyeckux pyHKIUIA.

KuaroueBsbie cioBa: R-amamutudeckne QyHKIHUH, TOJOMOPQHBIE DYHKINH, LIIOPUCYOrapMOHUIECKHE
dbyHKIUY, IUIIOPUTIONIAPHBIE MHOXKECTBa, psabl [aprorca.
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Introducnion

Let x = (x1,22),y = (y1,2) € R? and G is a bounded simply connected domain in R? with
boundary 0G, consisting of compact part "= {y; € R: a1 < y1 < b1} and a smooth arc of the
curve S : yo = h(y;) lying in the half-plane S : yo = h(y1). G = GUIG, 0G = SUT.

In the domain G, consider the equation

A’U(y) =0, y€G, (1)
2 2

— + — Laplace operator.
oyt~ Oy3

Problem definition. It is required to find the biharmonic function U(y) = U(y1,y2) € C*(G)N
C3(@), for which the values on the part S of the boundary dG are known, i.e.

where A =

Uy, y2)lg = f1(y), AUy1,v2)lg = f2(y),

LU%’;’”) = fa(y), *ﬂwg;’”” = fi(w), )
S S

, 0
here f;(y) € C*79(S),j = 1,2,3,4 are given functions, and o operator of differentiation
along the outward normal to 0G.
The considered problem (1)—(2) refers to ill-posed problems of mathematical physics. The

true nature of such problems was clarified for the first time in the work of A.N. Tikhonov [4],

*dilshod.shodiev.76@mail.ru
(© Siberian Federal University. All rights reserved
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and he pointed out the practical importance of unstable problems, and also showed that if the
class of possible solutions is reduced to a compact set, then the stability of the solution follows
from the existence and uniqueness.

Formulas that make it possible to find a solution to an elliptic equation in the case when
the Cauchy data are known only on a part of the boundary of the domain are called Carleman-
type formulas. In [2] Carleman established a formula giving a solution to the Cauchy—Riemann
equations in a domain of a special form. Developing his idea, G. M. Goluzin and V.I.Krylov [3]
derived a formula for determining the values of analytic functions from data known only on
the border on the border section, already for arbitrary domains. They found a formula for
restoring a solution from its values on the boundary set of positive Lebesgue measure, and also
proposed a new version of the extension formula. The monograph by L. A. Aizenberg [1] is
devoted to one-dimensional and multidimensional generalizations of the Carleman formula. A
formula of the Carleman type, which uses the fundamental solution of a differential equation
with special properties (the Carleman function), was obtained by M. M. Lavrent’ev [7,8]. In
these works, the definition of the Carleman function is given for the case when the Cauchy
data are given approximately, and the a scheme of regularization of the Cauchy problem for the
Laplace equation is also proposed. Using this method, Sh.Ya.Yarmukhamedov [9, 10] constructed
Carleman functions for a wide class of elliptic operators defined in spatial domains of a special
form, when part of the boundary of the domain is a hypersurface or a conical surface. It
should de noted that the Carleman function proposed by Sh.Yarmukhamedov was also studied
by M. Ikehata [11].

The Carleman matrix for the Cauchy—-Riemann equation in the case when S is an arbitrary
set of positive measure was constructed in [13]. In [14] in classical domains, Carleman’s formulas
are given that restore the values of a function inside a domain from its values given on a set of
positive measure on the skeleton.

The Cauchy problem for linear elliptic differential operators has numerous applications in
physics, electrodynamics, fluid mechanics (see [8,12,15]). It is known that if the Carleman
function is constructed, then using Green’s formula one can write the regularized solution ex-
plicitly. This implies that the efficiency of constructing the Carleman function is equivalent to
constructing a regularized solution to the Cauchy problem.

In [16], a method is proposed for the regularization of the solution of the Cauchy problem
for the Laplace equation by introducing a biharmonic operator with a small parameter, and
it is shown that if a solution to the original problem exists, then the difference between the
spectral expansions of the solutions of the original and regularized equations tends to zero as
the parameter tends regularization to zero in the space of square-summable functions. In recent
years, many numerical methods have been presented solving the Cauchy problem for elliptic
equations. In the paper [18] L. Marin investigated the iterative method of fundamental solutions
algorithms together with the Tikhonov regularization method.

An estimate for the conditional stability of a boundary value problem for a fourth-order
elliptic type equation in rectangular domains was obtained in [19].

In [20], using the Carleman function, not only the harmonic function itself, but also its
derivatives for the Laplace equation are reconstructed from the Cauchy data on a part of the
boundary of the domain.

Note that when solving applied problems, one should find the approximate values of the

x
,reG, i=1,2.
81‘1‘

solution U(z) and its derivative
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ou
In this paper, we construct a family of functions U(z, o, frs) = Uss(z) and M =

al'i
ouU.
= ﬂ, k=1,2,3,4; i = 1,2 depending on a parameter ¢ and prove that with a special

8.%1'
. . 8U06 (l‘) .
choice of parameter o = ¢(d) the family Uys(x) and ~om at 6 — 0 converges at each point

X

Uz . . .
o respectively. The family of functions
X

, 1 = 1,2 with indicated properties is said to be a regularized

x € G to the solution U(zx) and its derivative

U(z,0, frs) and oU(x, 0, frs)

solution by M. M. Lavrent’ev [7]. If, under the indicated conditions, instead of the Cauchy data,
their continuous approximations with a given deviation in the uniform metric are given, then
an explicit regularization formula is proposed. In this case, it is assumed that the solution is
bounded on the part T" of the boundary.

The proof of these results is based on the construction in an explicit form of the fundamental
solution of the biharmonic equation depending on a positive parameter, disappearing along with
its derivatives as the parameter tends to infinity on 7" when the pole of the fundamental solution
lies in the half-plane yo > 0.

1. Construction of the Carleman function

Let us define the function ®,(z,y) (from [10]) as follows

2
eow ] udu
VuZ + a2’

Separating the imaginary part of the function @, (x,y), we have

727re”§<l>g(x, y) = / Im{
0 w — T2

1
By (2,9) = g0l

/°° e=7% cos 202 VU2 + aZudu
0

uZ +r?2

(4)

/°° e=ov’ (yo — o) sin 202V u? + a?  udu
0 u? +r? Vu? +a?

where ¢’ = (y1,0), 2’ = (21,0), r=|y—z|,a= |y —2'|,a > 0,0 > 0, w = iVu? + o + y2,
u = 0.

It the paper [10], one has proved that the function ®,(z,y) defined by the equalities (3) with
o > 0 is presentable in the from

i

Qo (z,y) = F(r) + Go(2,y), (5)

1 1
where F(r) = o In -, G, (x,y) is harmonic function with respect to y in R?, including y = z.
T

It follows that the function ®,(z,y) for any o > 0 in y is a fundamental solution of the Laplace
equation. The fundamental solution ®,(x,y) with the indicated property is said to be the
Carleman function for the half-space [7].

Therefore, for the function U(y) = U(y1,y2) € C*G) N C3*(G) and any x € G the following
integral Green formula holds true [17]:
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U(x) = /6 i [U(y)a(AgSE’y)) ~ AL(z,y) agfly)} dS,+
(6)
OL(x,y) ;.. 9(AU(®Y) -
# [ A e - 1w 25 as,, v e

where L(x,y) = r?In — is the fundamental solution to the equation (1).

Since ®,(z,y) is represented in the form (5), then in the integral representation (6) L(x,y)
replacing the function L, (z,y) = r?®,(z,y), we have

) D (ALy(x3)
U(z) = /aG [U(y)an —ALg(z,y) on

0L, (x,y) 9 (AU(y))
+ /8(; [AU(y)an - Lg(amy)an} sy, x€G.

U (y)

s

2. The formula of continuation and regularization
by M. M. Lavrent’ev

‘We denote

Uate) = [ [P S  py)aLy )] as,+

OLs(z,y
# [ 205 — it d5,, a €.
S mn
The main result of this paper is contained in the following theorem.

Theorem 1. Let the function U(y) = U(y1,y2) € CHG)NC3(G) on the part S of boundary OG
satisfy the conditions (2), and on the part T of boundary OG the inequality be fulfilled

A
agiy)‘+AU(y)l+‘w‘<M, yeT, M>0. (9)

on

Then, for any x € G and o > 0, the estimates hold true

U+ ]

2

|U($) - Ua(x)l < 90(0'5 $2)M€_U$27 (10)

'3U(x) U (x)
Gxi 83@-

< pilo, w)Me™ 7" i = 1,2, (11)

where

234/
o(o,z2) = 34UU7T + <3f + 20+/om + 8 O’ﬂ'U) To+

9 9
+ (257 +4yama) o + Wy 4 IO
2 (o))

1,13 165 4 2y 3
o1(0,m3) =10+ = + ﬁ+ \/7?04— Jro X S .

o Vo 2 o 7o
ﬁ 2\/%0' 17 gﬁg 4ﬁ02 ,
3 2 4 13
4\/54‘ + Jo To + 4 o) a2y »

)

44
+<a+ N -

667 470 1 )1 20/7

+ 48] —+
N Vo 20 Ty o3

+9013 + ( + 160,
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21/m  T8y/mo 1 37 4y7mo?
prlovan) = 3T + VI 4 (Vom g + ST+ N

e o
60
+ (29\/077 + 58 071'0') 5 VT

Voii

Proof. Let us prove the inequality (10). Denote by I,(x) the difference

+ %x% +10v/omozy +

Further, from (7) and (8), we have

) = [ | ™S AL ) "I as,

—|—/ {AU(y)aLU(Ly) —Lg(a:,y)a(AU(y))} as,, zed.
T

on on

From this and the inequality (9) we obtain

)= | [ oo 2SI AL ) 200 as,+
OLy (r.y) 9(AU)
+f [AU@)% L, y)an} aS,| < MN, (x),

0 (AL, (z, 0L, (x,
Vota) = [ [ PS5 aro e+ | 5D 4 ool 5, = 5t ok

To show that the estimate (10) is valid, we prove the following
N, (z) < ¢(o, xg)eﬁmg, o> 0. (16)

According to (4), we have

L (SU y) = r2P (33 y) =2 {13_0(a2+x§—y§) l/oo e~ cos20yavVu? + a?udu
o b o b 27_[_ 0

u? 4 r2

Hence, setting yo = 0 we get

1 2 [ eo(W )y dy
2 2 —oxs
Lo(w,y) = ((y1 —@1)” + 23) {%e /0 u+ (g1 —21)2 + a3 [

/OO e=ov’ (y2 — x2) sin 20yavVu? + a2 udu
0 u? 4 12 V2 + a2

Now we estimate the following integral

O f (g — 1)2 + 22 0 14| o (W +(y1—21)?)
Y1— X))+ x5 .2 lu| e du VT2
JIZ/ |LU(I7y)‘dSy S/ { 271_‘7@ 2/ 02 +( . )2 -I—(E2 dyl < 2\/56 2.
T a1 0 Y1 1 2

Here, in the estimation, we used the inequality

(y1 — x1)? + 23

<1
u2 + (y1 — I1)2 —|—m§
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and introduced polar coordinate systems. Considering

aLa(xay) — aLO‘(I7y) COS’7+ aLO’(x7y) sin’y,
on oy Y2

get
O (Lo(x,y) _ 0

S = o [0 (@.9)] = 2 — 2y (ry) + 7

2 6(1)0' (J?, y)
Y2

)

here cos~y, sin~y are the coordinates of the unit outward normal n at the point y of the boundary
0G.

Further, setting yo» = 0, we estimate the following integral

OLo(2,y) "y gz [ fulem o e
J2=/Td5y</ T2, "‘2/ : O s
T n a ™ 0 u +(y1 ‘rl) +x2

1

oo )2 2| p—o (WP +(y1—z1)?)
+@e—0$g / ‘u| |(y1 xl) + :C2| € o du+
0

u? 4 (y1 — x1)? + 23
2 2
R N = . el W
= 0 u? + (y1 — 21)? + 3

< <3ﬁ£2 i VT VUT(%S) o073

o ige 2

In what follows, we need the following expressions

0
_ 2 _ 2 2 _
ALy (@,y) = A (2o (r.y)) = 5.5 [P 2o (@ 0)] + 55 [*2o(2,y)]
0%, (z,y) 0%, (2, y)
= 4 Ay — 1) D) 4 gy — 29) .
o(T,y) +4(y1 — 21) i +4(y2 — 2) s
0(ALy(z,y)) 0O 2 _
8n - 8y2 [A (T (I)a('ray))] -
00y (z,y) PP, (z,y) PP, (z,y)
=82 4 () — my) i Ay — my)
0y (1 = 21) 0y10%2 (2 — 22) o3
where
9(ALy(z,y)) _ O0(ALs(z,y)) 0(ALy(z,y)) .
on = oy cosvy + 78342 s 7y.

In these expressions, flat yo = 0, estimating, we get

P T R P
= oz, < —e %2 u+
o= [ 1ALyl as, / 2 / ool

du-+

2 2

+Meiawg /Oo |u‘ e—o(w +(y1—z1)7)

T o ur+(y1—a1)? +a3

Meﬂmé /Oo |u e=o (W —21)?) 471;%67000% /oo | = (W —e0)?)
0 0

du + 5 du+
m (u? + (y1 — 21)* + 23)

+

u?+ (y1 — x1)% + 23 T

2

4 00 —o(u?+(y1—21)?) 5
—l—ﬂe—gﬁ/o lule sdu o dyy < (ﬁ —1—2\/0'71'.%‘%) e~

™ u? + (y1 — x1)% + 23 Vo
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ALO‘ l) ‘ Vv —
Q((zy))‘ ds, < |:(20\/O'7T +8 (771’0’) Ty + 4/omoxd + 4/orxd + A e,
(o))

J4:/T on

In estimating the integrals, we used the inequality

ully =l
u? + (1 —21)% + x%

Taking into account the obtained estimates, we have

O (AL, (x,y)) OLy(1,y)
T I <
P O e R L) PO
< {234 or + <3407r + 20/om 4+ 8 O”/TO') To+
ag g

9v/ 9v/
+ (2\/077 +4 071'0) T3+ 2071-365’ + 077} 035,
oxo

(17)

From (17) follows the proof of the inequality (10).
Let us prove the inequality (11). Differentiating the equalities (7) and (8) by z;, i = 1,2 we

T o[t e,
o[ o [ s,

OUs () _ 0 [0(ALs(z,y))] _ 9(ALs(x,y)) 0(AU(y))
0x; _/S {U(y) 0x; { on ] a ox; on } dSy+

+/S [AU(y)aii 8Laa(s,y)] 3 BLB(xfci,y)a(Aal;fl(y))] as,.

Denote by I;,(x) the difference of the derivatives
_OU()  OUs(x) _ [ ] 0 [0(ALs(,y))] — 0(ALs(x,y)) OU(y)
Lio (@) = dr;  Oxy _/T U(y) ox; [ on } B Oox; on }dSy—l—
0 [0Le(z,y)]  OLo(z,y) 0 (AU(y))
Jr/T [AU(y) ox; [ on ] O on ] 45y

From this and the inequality (9) it follows
)] — ‘ [ o [Qaleles)]  aLeles)) V6] s,
+/T {AU(;@?C,» [achzs,y)] 3 5Lg(xwiay) 8(%17/1(11;)] as,

- [ 28] o,
T Li " )

To show that the estimate (11) is valid, we prove the following inequality

0 [0Lo(z,y)]| , |OLo(z,y)
0z, { on } ' * ‘ oz, 45y

2
Nio(z) < pi(o,22)e” %2, o> 0. (18)
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For i = 1, we have
Nlo(x):/[ ) {3(ALU(SE,Q))]‘+’3(ALa(z,y))'+
T

dz1 on 0y
We denote

0 [0L,(2,9)]|  |0Lo(x.9)
81‘1{ on ”4—‘ 014 45y

_ OLg(z,y) 0 0%, (z,y)
T 9ry Ox [T (I)U(Ly)] -7 0x,

0 [0Ls(z,9)] 0 [0Ls(w,y)  OLs(x,y) .
Z2 = Oz, [ on } T o1 [ oy cosy Oy ’

0 [0Lo(z,y)] 0 [0

o | -on”!| = 30 o

0%, (z,y)
81‘1

Zs — M%M - 8%1 [A (P, (z,y))] =

_ 9% (zy) | 0%0(2,y) P, (z,y) 82@0—(%@_

= 4 _
0z 5‘y1 * (yl xl) 8»”Ulﬁyl

A _2(y1 _zl)‘ba(zvy)7 (19)

—2(y1 — 1)

=2(y2 — x2)

z,= 2 [5(ALa(w7y))]_5[5(ALU(I>y)) cosny o HALe(z,y))

e on T Oz Oy

0 [0(ALy(x,y)) 0 [0(ALy(z,y)) %P, (x,y) %P, (x,y)
R B St S L2 S =8 —4 +
0x1 on 0x1 Yo

P, (z,y)
8x18y18y2

L AL
When w and i w , COs7y, sin-~y are the coordinates of the unit
8961 on 0x1 on

outward normal n at the point y of the boundary 0G.
In (19), (20), (21), (22), setting yo = 0 and estimating the resulting integrals, we have:

1 137w n 165\/om n 4\/To? n 4ﬁ03+

0210y 0y10Yy2
PP, (x,y)
0r10y3

(22)

+4(y1 — 1) +4(y2 — x2)

0

N- <1 — 1
1
+ (440 + 4\\; +2y/om + 3) To + ( 27 9\/ﬁ + 4y/omo + 40) 3+ (23)
66/ 1 20[ _
+90x3+< + 4o ++8) > i
2 Vo Vs

The inequality (18) is proved for i = 1. Now let us prove the inequality (18) for ¢ = 2.
Taking into account (15) we have

N2"<x):/T[ 0 [8(ALU(Jc,y))]‘+’8(ALU(x,y))I+

Oxo on Jxg
We introduce the following designation

OLy(z,y) 0 8(I> (x,y)

_ Yo\ Y) Y T2 _ 29%:(z,y) B
O = e "o | el P~ 2= )00 (), (24)

9 [0Lo(z,y) Lo (7,y)
8:1:2[ on ”—i_‘ Ox4 dSy-
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o, = 2 {E’La(xy)} _ aig {5‘La(x,y)c OLy (2, y)

on o 0sy + 87?42 sin fy] ,

822 [8Lg(w,y)} . [ 0

e = 2| e ] -

y2
2
8(I)U(x7 y) + T‘Qa (I)U(J?, y) .
8y2 a~T25'y2

0P, (z,
= 22, 00) + 200 — ) 25 o, — )

By — W _ a% [A (P2, (2,y))] =
8@0(1‘,2/) _4aq)o<x7y)

4 _
(yl xl) 0y10x2 0y

0%, (2, y)
47
awg
P, (z,y)

0x20ys

+

+ 4(y2 — 2)

Py sinvy|,

_ 0 [o(ALs(z,y)] 9 [9(ALs(z,y)) 9(ALy(2,y))
Oz [ on } Oy { ay T T oy

0 [0(ALg(z,y)] 0 [9(ALy(z,y)) _882@0(1‘,:@_4592‘1’0(%2/%r
Oxq on T Qo Oy 0x20y> dy3
PO, (z,y)

PP®y(x,y)
0220y, 0y2 Ox90y5

In (24), (25), (26), (27), setting y2 = 0 and estimating the resulting integrals, we have

N. < Vo =
20 () <2\/5+ +<\/a7r+4\/5+ Nz +2 To +
2 2
n <29\/E+ 58y/mo > 2 Vor g N 10/7o " 60ﬁ> —

o

NG 5 5 T2 o 2+\/5m%

The inequality (18) is proved for i = 2.
From (23) and (28) follows the proof of the inequality (11). Theorem 1 is proved. O

+4(y1 — 1) + 4(y2 — 2)

Corollary 1. With each x € G, the equality holds true

lim U,(z) =U(z), lim U, () _ oU (z)

g—00 7—00 T, ox;

1=1,2.

) )

Let us denote

G, = {(xl,acg) €G, a>x9 >, a:mjz}xh(xl), 0<£<a}.

It is easy to see that the set G. C G is compact.

U, (x
8xi

Corollary 2. If x € G., then the family of functions {Uy(z)} and { } converges uni-

formly for o — oo, t.e.:

0Uy(x) _, OU(x)

UG’(:E) = U("IJ), 8.13 6%‘ I

i=1,2.

It should be noted that the sets II. = G'\G. present the boundary lever of this problem, as
in the theory of singular perturbations, where there is no uniform convergence.
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3. An estimate of the stability of the solution to the Cauchy
problem

Consider the set

E={U ceCHG)NC3HG) : |U(y)|+ Hag;y)HJr |AU (y)|+ HémaU?;(y)HgM, M>0, y € T}.

We put
dh
mpii) = mps[1+ (1) o

Theorem 2. Let the function U(y) € E, satisfy the equations (1) and on the part S of the
boundary of the domain G the inequality

oU (y) OAU (y)
A <4, . 2
|U(y)|+H o + |AU(y)| + o yes (29)
Then, for any x € G and o > 0 , the following estimate holds
U(z)| < U (0, 20) M~ a2 642, (30)

where U (0, x9) = max (¢ (o, 22) , 9 (0, 232)),

b 19aby/ b(a — by/ b
b () = 0 4 LOVOT | gy OTabla —aa) | abvom | Bab oy o
o o 2 2 20
+b\4/g7r (a— 22)+ 21120/077 n S5aby/om(a — 2)

g

+ 20ab + 8abov/om(a — x2) + 8a%bo(a — x2)+

4ab 2b 16ab
+2b(a — ) + 16abo + —— vor + 5 +4a’bo/om + 207aby/om + M+

ola—1x3) o(a—x2) (a — x2)?
+5bv/om + 48a%bo(a — x9)? + 16a>bo? + 2a°bo 4 182a*bo + 8a*bo\/om + 128abo (a — x2)+
24b+/
+42b + (7073 + 4bo(a — x2)* + 16a?bo?(a — x2)? + 16abo(a — x2)* + daby/om(a — x9)*+

ola— a2

8aby/ 8a?by/
+40ab(a — z2)® + Z ;TW + 16a%bo? + u(a — Za) + 4b/om(a — x2)+

oz =

2by/
+16a*bov/or(a — o) + or
o

+8abov/or(a — x2)? + 4b(a — x2)?,

(a — 29)* + 16a>bo?(a — x2)+

p(0,29) is determined by the formula (12).

Proof. From Green’s integral formula we have

U(z) :/S [U(y)a(ALa(zv?/)) _ALU(Ly)aU(y)] 05,1

on on
+ /T {U(;,)W ALy () agiy)} d5,+
(31)
+ [ Javw et g0 250 s,
+ [ [ave 2o - 1 2500 s,
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From the condition (2) and the inequality (29) we obtain

ol <| [ [P0 )AL )| as, +
S
. /T [U(y)fmw ALy () 2 q a5, +

on on
/s [f Q(y)w + f4(y)La(x,y)] ds, +

(32)
0Ly (x,y) 9(AU(y))
_ <
+ /T [AU(y) ) L) D s, | < 51U )]+
AL, Lo(
+M( W‘ds +/|AL (z, )| dS, +/‘w‘ds +
+ [ Laten)las, ) <010x @) + Moto,za)eo",
The estimate used here
O(ALy(x,y
M(/ (an())'dsy—i—/ ALy (z,y)| dSy+
T T
0L, (z, _
+ [ |t as, + [ iLotolas, ) < Motz
T n T
proved in Theorem 1.
Next, estimate |U,(z)|
0(ALy(x, 0Ly (z,
\Ug(x)|</ (M‘d5y+/|ALg(x,y)|dSy+/‘(xy)‘dSﬁ
S (977, s S 871
+/ \Lg(x,yﬂdSy = A1 —|—A2 +A3 —|—A4
s
Estimating these integrals, we get
ab\/om a2
— < _ O'(I a )
M= [ Lo plas, < (5 + 27 ) e ,
A, :/ 8Lg(x,y)‘ds < |:Jr 2ab\/c77r 9a2b 4+ 13a b( )4 2ab(a — x2) N ab\/mrJr
g on 20 2 o

3ab

2 +Cl2b\/7+ \/7( 372):| e—a(g:g_az)’

17by/
L + 20ab + a®by/or + 8abo/om(a — x3) +

4= [ 8L, a5, < [
S

+M(a — 29)8abo(a — x9) + 2b(a — .132):| e_"(mg_‘12>7
o
Ay = / M dSy < |16abo + 42ab(a — x2) + 28a%b + byor + daby/om +
s on o(a— x3)
2 16aby/om
@ bx 75 +4a"boV/om + 20Taby/oT + (6ab xa)ﬁ +5b\/oT + 48a%bo (a — x2)? + 16a%b0 %+
ogla — Z2
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2Ub/oT
o(a—x2)

b
+16a%b0*(a — x2)* + 16abo(a — x2)* + daby/om(a — x2)* + 40ab(a — x2)° + M+

a — g
2 ==
M(a — 29) + 4b/om(a — ) + 16a%bov/om(a — x2)+
o

+2a%bo + 182a%bo + 8a*bo/om + 128abo(a — x3) 4 42b + ———— + 4bo(a — x2)*+

+16a%bo? + 2a%b\/oT +
n 16ab\/om n 2b\0/07r

g

(a— x2)* +16a’bo* (a— 22)+ 8abor/om(a— x2)* + 4b(a— x2)?] o—o(a3—a%)

When evaluating the integrals, polar coordinates were introduced and the inequalities were
used

. doysvu? + o
sin 20y \/u2+a2’ < ,
2 1+ 20ysvVu? + o?

2
ﬁ, £L'>0
1+ |z

Adding the estimates obtained, we have

since [sinz| <

Uy ()] < ¥(o, wa)e (73 -%)

here

1 —
¥ (0, 22) = %b + M + 30a?b + 97abla — za) ab\/ﬁ

> 2 —|— 4a’b\/om+
b/ 21b/ 5ab/ —
+ 4ZF (a —z2) + 4GU7T + 20ab + 8abo/om(a — x2) + %

daby 2b 16aby/o
+2b(a — x3) + 16abo + ——V " + 400 o + 207abyT + ¢ 16aby/om ,
(a—l‘z) O’(G—.CCQ) .%‘2)

+5by/oT + 48abo(a — x2)? + 16a°bo? + 2a3bo + 182a*bo + 8abo\/om + 128ab0(a — 29)+

4% + 2(417\/071)

8 b\/
40ab(a — x2)* + WOVIr

+ 8a’bo(a — x2)+

+ 4bo(a — x2)* + +16a*bo? (a — x2)* + 16abo(a — 2)* + daby/om(a — x2)*+

8a?by/
+16a%b0? + + 22 . Uﬂ(a—x2)+4b\/aﬂ'(a—x2)+

Qbs/
16a*bov/om(a — x3) + il (a — 22)? 4+ 16a*b0*(a — x9) + 8abov/om(a — x2)* + 4b(a — x2)2.
o

From the integral formula (32) and the condition (9) we obtain

|U(2)] < seola 7m§)¢(07 T3) + Mp(o, 5172)67‘””g = V(o,12) (Me*(””g + 566((127?05)) . (33)

The best estimate for the function |U(z)| is obtained in the case, when

Me—axg — 660'(612—32%)

or

1., M
Substituting the expression for o from the equality (34) into (33) we obtain the proof of the
inequality (30). Theorem 2 is proved. O
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Set

Uns(@) = [ st ™SI o) ALy (5,)] s+

(39
# [ [ s 25— st Lote| s,

Theorem 3. Let the function U(y) € E on S satisfy the conditions (2) and instead of the
functions f;(y) their approxzimations fis(y), ©=1,2,3,4 with a given deviation 6 > 0, i.e.

max | fi(y) = fis(y)| < 0. (36)

Then, for any x € G and o > 0, the following estimate holds:

2 2
x x5

U (z) — Uys(z)| < (o, o) M~ a25a2. (37)

Proof. From (31) and (35) we get
8 ALJ T,y aLo z,Yy
0@ - Uns(o)] < )+ [ {| 2SS4 s+ 220 4 o} s,
S n n
From Theorems 1 and 2 we obtain
U(@)] < W(o,22) (Meo7 4 gere’=oe3)
. M .

and choosing 0 = — In —, we obtain the proof of Theorem 3. O

a?
Corollary 3. For each x € G the equality

%1_% Ups(z) = U(x).
Corollary 4. If z € G., then the family of functions {U,s(x)},
Usys (m) = U(x)

converges uniformly as 6 — 0.

(z)

L

Similarly, one can obtain stability estimates for , © = 1,2, and the following corollaries

are true:
Corollary 5. For each x € G , the equality

. O0Uys(x)  OU(x)
z%gr(l) 83:,» o 833@ ’

i=1,2.

Corollary 6. If x € G., then the family of functions

as(x) _, OU(x)

Usslw) = Ulz), 0z oz;

i=1,2
converge uniformly at § — 0.
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O 3aJa4e Komm JJIA GI/II‘apMOHI/I"IeCKOI‘O YpaBHeHMnA

Huabimon C. Illoanen
CaMapKaHICKHUI TOCYJapCTBEHHBIN YHUBEPCUTET

Camapkan, Y30eKUCTaH

Amnnoranusi. Pabora mocBsIneHa nccyieI0BaHNIO IPOIOI2KEHNS M OIEHKH YCTOWIMBOCTHU PEITEHUsT 33~
au Komu myis 6urapmMoHmYeckoro ypaBHenust B o0acTu (G MO €ro M3BECTHBIM 3HAYEHUSIM Ha TJIAIKON
qactu rpanuibl 0G. PaccmarpuBaeMast 3a/ia4a OTHOCHTCST K 3aJiadaM MaTeMaTHIeCKON (DU3UKHU, B KO-
TOPBIX OTCYTCTBYET HEIpPEPbIBHAsI 3aBUCHUMOCTH PEIIEHMI OT HadaJbHBIX JaHHBIX. B jnaHHOl pabore ¢
nomoInpio GyHKImu Kapiaemana BocCcTaHaBIMBAETCS HE TOJIBKO caMa OUrapMoHUYecKasi (PYHKIHSI, HO
¥ ee MPOM3BOMAHBIE MO JaHHBIM Kormm Ha dacTtu rpaHuisl objactu. [lomydeHbl omeHKHM yCTONYMBOCTH
petteHust 3aga49u Ko B KJIaCCHYECKOM CMBICTIE.

KuarouyeBrble cJjioBa: OGUrapMOHWYECKHE ypaBHeHHs, 3a7ada KoImm, HeKOPPEKTHbIE 33734, (OYyHKIH

Kapsiemana, perynsipu3oBaHHbIE DEIIeHNsI, PEryIApU3aIus, GpopMyJIbl IPOIOIZKEHNUS.
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Abstract. In this paper, we consider a singularly perturbed integro-differential equation with a rapidly
oscillating right-hand side, which includes an integral operator with a rapidly varying kernel. The main
goal of this work is to generalize the Lomov’s regularization method and to reveal the influence of the
rapidly oscillating right-hand side and a rapidly varying kernel on the asymptotics of the solution to the
original problem.
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Various applied problems related to the study of the properties of media with a periodic
structure can be described using differential equations with rapidly oscillating inhomogeneities.
The presence of rapidly oscillating components creates serious problems for the numerical inte-
gration of such equations. Therefore, asymptotic methods are usually applied to equations of
this type, the most famous of which are the Feshchenko—Shkil-Nikolenko splitting method [1-3]
and the Lomov regularization method [4-17]. However, both of these methods were developed
mainly for singularly perturbed differential equations that do not contain an integral operator.
Note that, as far as we know, the splitting method has not been applied to integro-differential
equations, and the transition from differential equations to integro-differential equations with
rapidly oscillating inhomogeneities requires a significant revision of the algorithm of the regular-
ization method itself. The integral term gives rise to new types of singularities in solutions that
differ from the previously known ones, which complicates the development of the algorithm of
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the regularization method [4]. Moreover, in the problem considered below, the integral operator
contains a rapidly decreasing factor. Problems of this type have been studied only in the presence
of slowly varying inhomogeneities (see, for example, [12-14]. An analysis of the influence of a
rapidly decreasing kernel on the asymptotic solution of problems with fast oscillations has not
been performed before and is the subject of our study.

1. Problem statement

Consider the following integro-differential equation:

d b L uo)de
L.y(t,e) = sd—z —A(t)y — / e i K(t,s)y(s,e)ds =
0

:hl(t)+h2(t)sin@, y(0,6) =4°, te (0,7,

(1)

where A(t), u(t), hi(t), ha(t), B (t) are scalar functions, 8'(¢) > 0 is the frequency of a rapidly
oscillating sine, y° is a constant number, ¢ > 0 is a small parameter. The function A1 (t) = A(t) is
the eigenvalue of the limiting operator A (t), the functions s (t) = —if’ (¢t) and A3 (t) = +i8’ (t)
are related to the presence of a rapidly oscillating sine in eqation (1), the function A4 (¢) = pu(t)
characterizes the rapid change in the kernel of the integral operator.

Problem (1) will be considered under the following conditions:

1) A(t)v M(t)ﬂ(t) € OOO([Ov T]vR)v hy (t)7 h2(t) € ([07 TL (C),

K(ts)eC®({0<s<t<T},C);
2) A(t) <0 Vte[0,T).
Let us develop an algorithm for the regularization method under the specified conditions.

2. Solution space and regularization of problem (1)

We introduce the regularizing variables (cm. [4])

and instead of the problem (1) consider the problem

i t ltA49d9
Ley(t, 7,¢) —8 +Z)\ a—y A(t)y — / esﬁf @ K(t,s)g](s,@,a)ds:
0

1 _
= ha(t) = 5zha(t) (€7 =€), §(0,0,¢) = y’, te€0,7]

3)

for the function § = § (¢, 7, ) , where (according to (2)) 7 = (11,72, 73, 74), ¥ = (¥1,%2,1U3,04) .
It is clear that if § = §(¢,7,¢) is the solution of the problem (3), then the vector function
t
y=1lt W,a) is an exact solution of the problem (1); therefore, problem (3) is extended
€
with respect to problem (1). However, it cannot be considered fully regularized, since the integral
term .
L [ a4(0)do

J?j =J (g (t77-7 5) |t:s,’r:'¢v(s)/a) = /(; € s K(t75> g(sv 1/) (8)7€)d8

3
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has not been regularized in it.

To regularize the operator J, we introduce a class M. that is asymptotically invariant with
respect to the operator Jg (see [4], p. 62). Let us first consider the space U of vector functions
y (t,7), representable by the sums

Y (t,7) = yo ( +Zyj e, y; (1) € C™([0,7],C"), j=0,4 (4)

Let us show that the class M. = Ul|,—y) /- is asymptotically invariant under the operator .Jy.
The image of the operator on the element (4) of the space U has the form:

t iy M(e

t gtx 0)d0 L
Jy(t,T):/e <f ! K (t,8) yo ( ds—|—Z/
0

¢ % t>\4(0 1 [t
_ / e MO ke (4 5y g () ds + et Jo 000 / K (t,8) ya () ds+
0 0

4 1
€

P

j=1,j7#4

K (t,5)y; (s) ex o 2 O%qs —

o

A1(6)d6 1 j()\-(e)—/\ (6))d6

! / K(t ’ ! ds.
By applying the operation of integration by parts, we find that the image of the operator J on
an element (4) of the space U can be represented as a series

%ftM(E')d@
Jy(t,7)=e © / K (t,8)ys (s)ds+
0

éjt"/\4(0)d0

+Z *[ (8 s) o (N)amye ™ = (5 (B (5 yo () o | +

t
2 [ x;(0)do
0 —

oy S e [(I; (K (8, 5)y; ())) _e

j=1,j#4 v=0
V 1 [ i(6)d8
1 s o), 0 v e
where it is indicated:
1 1 0
IO _ Il/ — 7[1/71
07 (s) 0T —hi(s)os O
1 1 _
S S Op=t j=T3 v>1

PN M) T T A )~ ha(s) s

Tt is easy to show (see, for example, [18], pp. 291—294), that this series converges asymptotically
when ¢ — 40 (uniformly over ¢ € [0,7]). This means that the class M, asymptotically invariant

(for € — +0) with respect to the operator J.
Let us introduce operators R, : U — U, acting on each element y (¢,7) € U of the form (4)
according to the law:

Roy (t,7) =™ /0 K (t,s)ys (s)ds, (50)
Ryy (t,7) = [(1§ (K (t,5) yo (5))),_,e™ — (I8 (K (t,5) 9o (5))) ,_] +

0 0 (1) () e = (10 (K (19) w5 (), _e™ .

Jj=1

(51)
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Ry (t,7) = (=1)" [(Ig (K (£,8) yo (5))) s—pe™ — (15 (K (t,5) yo (5))) o] +
+Z(—1)” {(IJ” (K (t,s)y; (s)))s:te” - (IJ” (K (t,s)y; (s)))S:Oe”}7 v>1. (5u-+1)

j=1

Now let § (t, 7, €) be arbitrary continuous in (¢,7) € [0, 7] x {7 : Rer; <0, j = 1,4} function
with asymptotic expansion

gt 7€) Zs ye (6, 7)), ye(t,7) €U (6)

converging as ¢ — +0 (uniformly in (¢,7) € [0,T] x {7 :Rer; <0,j =1,4}). Then image
Ji (t,7,¢) of this function expands into an asymptotic series

t T, E ZE Jy}c t T ZETZersys (t,T) |‘r:1/1(t)/a-
r=0 s=0

This equality is the basis for introducing an extension of the operator J on series of the form (6):

Jy (t,7,¢) (Ze yi (6,7 > défieril%r_sys (t, 7). (7)
r=0 s=0

Although the operator J is defined formally, its usefulness is obvious, since in practice one usually
constructs an N-th approximation of the asymptotic solution of the problem (1), in which only
N-th partial sums of the series (7) that have not formal, but true meaning. Now we can write
the problem completely regularized with respect to the original problem (2):

L.j(t,7.¢) _e +ZA —Al(t)gj—jg:

= hl( ) o ?Zh2( )( - 673)’ g(thvs)h:O,‘r:O = yO’ te [O,T],

where the operator .J has the form (7).

3. Iterative problems and their solvability in the space U

Substituting series (6) into (8) and equating the coefficients at the same powers of &, we
obtain the following iterative problems:

4

0 1
Lyo (t.7) = 3 MO 52 = Mi(t)yo — Royo = ha(t) = 5-ha(t) (€7 =€), 30 (0,0) = 3" (9)
j=1 J
0
Lyy (,7) = =57 + Rigo, 41 (0,0) = 0; (91)
0
Ly, (t,7) = —% + Riy1 + Rayo, Yo (0,0) = 0; (92)
Oy
Ly (t,7) =— ygt L4 Ryyo+ -+ Riyk—1, wk (0,0) =0, k> 1. (9%)
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Each of the iterative problems (9;) can be written as

3
Z)‘J 87' (t)y — Roy=H (t’T) ) (0’ 0) = Y s (10)

3
where H (t,7) = Ho (t)+ > H; (t) €7 is a well-known function of the space U, y. € C is constant,
j=1

and the operator Ry has the form (see (6))

szR(mm+§pAWﬂ)=WAﬂawwu@w

We introduce a scalar (for each ¢ € [0,7]) product in the space U :

4

4

d

< z,w >=< 20 (t) + sz (t)e™, wo () + ij (t)e™ > =]

j=1 j=1
def

= (20 (1), wo (8) + Y (25 (8) w; (1))

Jj=1

where (*, x) denotes the usual scalar product in the complex space C. Let us prove the following
statement.

Theorem 1. Let the conditions 1) and 2) hold and right-hand part H (t,7) = Hy(t) +
+ Z H; (t)e™ of the equation (10) belongs to the space U. Then for the solvability of equation

(10) in U it is necessary and sufficient that the identity
< Hy (t,7),e" >=0< Hy (t) =0Vt € [0,T] (11)
1s fulfilled.

Proof. We will define the solution of the equation (10) as an element (4) of the space U:
y(t,7) =1yo +Zyg - (12)

Substituting (12) into the equation (10), we will have

4

4
SO (1) = M)y (£ €™ — A (t)o (1) — e /KtﬁmU@—MW)Elﬁwﬁ-

Jj=1 Jj=1

Equating here separately the free terms and coefficients at the same exponents, we obtain the
following equations:

1 (050 (1) = Ho (1), (13)
Aj () = A ()] y; (t) = H; (t),j =1,3, (135)
[M@—MUMMﬂjAKwQM@M=HM) (134)
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Due to the fact that the function A; (£) # 0Vt € [0,7], the equation (13) has a unique
solution yo(t) = —A7* (t) Ho(t). Since the function [As (t) — Ay (t)] # 0Vt € [0,7], then the
equation (134) can be written as

ya (1) = / (D () = M O] K (19) )y () ds = Da () = M O] Ha (1) (14)

Due to the smoothness of the kernel ([)\4 ) — A\ ()] 'K (¢, s)) and heterogeneity
Mg (t) — A ()] "Hy () this Volterra integral equation has a unique solution ys(t) €
C*> ([0, T], C).

Since Ag 3 (t) = il (t) are purely imaginary functions, and the function A; (¢) is real, then
the equation (13;) mpu j = 2,3 solvable in the space C* ([0,7],C). The equation (13;) is
solvable in the space C* ([0,T],C) if and only if the identity Hy (t) =0 V¢ € [0,7] holds. Tt is
easy to see that this identity coincides with the identity (11). Thus, condition (11) is necessary
and sufficient for the solvability of equation (10) in the space U. The theorem is proved. O

Remark 1. If identity (11) holds, then under conditions 1) and 2) the equation (10) has the
following solution in the space U :

y(t,7)=1yo (t) +aq (t) ™ + Hoy(t)e™ + Hs1(t)e™ + yq (t) ™, (15)

where ay (t) € C= ([0,T],C) is an arbitrary function, yo(t) = —A; " (t) Ho(t), y4 () is the solu-
tion of the integral equation (14) and introduced the notation:

H, (t)
Az () = A (2)

Hj (t)
Az (t) = Ap ()

Ho (1) . Haz(t)
4. Unique solvability of a general iterative problem
in the space U. Remainder term theorem

As can be seen from (15), the solution to the equation (10) is determined ambiguously.
However, if it is subject to additional conditions:

y(0,0) =y,
(16)

< *%+R1y+Q(t,T), en >=0Vvt €[0,T]

4
where Q (t,7) = Qo (t) + > Q;(t)e™ is a known function of the space U, y. is a constant
j=1

number of the complex space C, then problem (10) will be uniquely solvable in the space U.
More precisely, the following result takes place.

Theorem 2. Let conditions 1) and 2) hold, the right-hand side H (t,T) of the equation (10)
belongs to the space U and satisfies the orthogonality condition (11). Then equation (10) under
additional conditions (16) is uniquely solvable in U.

Proof. Under condition (11), the equation (10) has the solution (15) in the space U, where
the function g (t) € C* ([0,T],C) so far arbitrary. Subordinate (15) to the initial condition
y(0,0) = y.. Will have
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H,4(0) N
A4(0) — A1(0) (17))

& a1(0) =y« + A" (0) Ho (0) = H21(0) = Hz1(0) + m

Let us now subordinate the solution (15) to the second condition (16). The right-hand side of
this equation is

Y« = 0 (0) + a1 (0) + H21(0) + Hz1(0) —

Yo . .
~Z 1 Rugo +Q (t,7) = —ijo () - m(t)em
3

Hp (1) \ oy oo ; :
‘2(»()—&()) S e v s WA

(00, K000 )
*Z[ M0 TR0 @) TOET

Now multiplying (18) scalarly by e™, we obtain the differential equation
—dn(t) +

Adding the initial condition (17) to it, we uniquely find the function «;(t), and, therefore,
construct the solution (15) of the problem (10) in the space U uniquely. The theorem is proved.

Applying Theorems 1 and 2 to iterative problems (9), we find uniquely their solutions in the
space U and construct series (6). Just as in [4], we prove the following statement.

Theorem 3. Let conditions 1)-2) be satisfied for the equation (1). Then at e € (0,20](gg > 0 is
small enough) equation (1) has a unique solution y(t,e) € C*([0,T),C); in this case, the estimate

ly(t,e) = yen Dllcory < eve™™, N=0,1,2,...,

t
m) of the N-th partial sum of the series (6)

€
(with coefficients yy (t,7) € U satisfying iterative problems (9,), and the constant ¢y > 0 does
not depend on ¢ at € € (0,¢e0].

holds true; here y.n(t) is narrowing (at T =

5. Construction of a solution of the first iterative problem

Using Theorem 1, we will try to find a solution for the first iterative problem (9, ). Since the
right-hand side h(t) to the equation (9,), satisfies condition (11), this equation has (according
o (15)) the solution in the space U in the form

yo (t,7) = 5" (8) + al? (8) €™ + hay (1) 51e™ + hay () 02e™, (19)
where ago) (t) € C*([0,T],C) is an arbitrary function,y(() ) (t) = =A7 1 (t) hy(t) and introduced

the notations: i o () )= ) o ()
2 () — A (1) P! 2i A3 (1) — A (8)

Submitting (19) to the initial condition yq (0,0) = 3°, will have

By () = —

o (0) + a” (0) + o1 (0) + 31 (0) =y° &
e al”(0) = 40 + A7 (0) 7y (0) — hay (0) — ha (0).
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For the complete computation of the function a§°) (t), we proceed to the next iterative prob-
lem (9,). Substituting solution (19) of the equation (9,) into it, we arrive at the following
equation:

Ktta” () ., K(t0)a" (0

B d (0) d (0) Ty
Ly (t,7) = — yo(t)—f(alo(t))e + () — /\4(15)6 m

%0

Performing scalar multiplication here, we obtain the ordinary differential equation

doi” (t) K (t,1)
- dt Ai(t) = A (t)

o) =o0.
Adding the initial condition (20) to this equation, we find ago)(t) :

ol (1) = [s + 27 (0) b (0) = han (0) = sy (0)] exp {/0 mda}

and hence the solution (19) to problem (9,) will be found uniquely in the space U. In this case,
the leading term of the asymptotics is as follows:

i [ p(0)do V1B (o)
0] 0 +

yeolt) = ys” (£) + hay (1) e + hay (t)e

(21)

f do+1 jA (0)do
+[4° + A7 (0) 7 (0) = hoy (0) — ha(0)] €0 g o

From the expression (21) for y.o(¢) it is seen that the construction of the leading term of
the asymptotics of the solution to problem (1) is significantly influenced by both the rapidly
oscillating inhomogeneity and the kernel of the integral operator.

Example. Consider the integro-differential problem

d b ¢
6d—i{:—2y+/6_T(t—t2+52)y(s7s)ds+t2+tsing, y(0,6) =9°, t€[0,T]. (22)
0

Here:
K(t,s)=t—t2+3s% hi(t)=t% ha(t)=t, B(t)=t,

A =-=2, Aog=—i, A3g=+41i, A\g=—1, K(t,t) =
Using formula (21), we calculate the leading term of the asymptotic solution to problem (22):

) t? t - t @00 22t
= — — —F e = — €= (& €
Yeo 2 2i(—it2) 2i (i + 2) Y

2 1 [t t 0 2 a
=—+-t(2sin|-)—cos| - +ye 27 .
2 5 € 5

t
If there were no rapidly oscillating term ¢sin — in the right-hand side of equation (22), then

(23)

€
the leading term of the asymptotics would have the form

Jeo () = 5 +yle” 27 =
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_ t2

and the limiting solution of problem (22) would be the function g (¢) = 5 In the presence of a

rapidly oscillating inhomogeneity, as can be seen from formulas (23), the exact solution y (¢, ¢)

of the problem (22), leaving the value y° at t = 0, performs (when ¢ — +0) fast oscillations
2

S

t

- t
around the function g (t) = 5 The formation of a term 3%~ % is influenced by the kernel

K (t,s) of the integral operator (more precisely: K (¢,t)). In its absence, the specified term
would have the form y%e~ % . Influence of a rapidly decreasing factor e~ =" on the leading term
of the asymptotics does not affect. It will be found when constructing the following asymptotic
solution y.q (t) .

This work is supported by the grant no. AP05133858 "Contrast structures in singularly per-
turbed equations and their application in the theory of phase transitions” by the Committee of
Science, Ministry of Education and Science of the Republic of Kazakhstan.
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AaroputM MeTOZAa pPeryJsipu3aliii JAJd CAHTYJISPHO
BO3MYIIIEHHOTO MHTErpo-andpepeHnnaibHOT0 ypaBHEeHUA

¢ 6bICTPO yOBIBAIOIIUM SJIPOM M C OBICTPO OCIUJLINPYIOMIEit
HEO/THOPOHOCTHIO

Abnyxadusz A.BobomkaHOB

Hanmonanwsublil ucciaenoparebekuii yausepceuteT "MoOCKOBCKMIT dHEpreTudecKuii nHCTUTYT"
Mocksa, Poccuniickast @enepariust

Bypxan T. Kaaumberosn

MexyHapoHblii Ka3aXxCKO-TypenKnii yuusepcurer nMenu Axmera fccaBu
Typkecran, Kazaxcran

o
Basiepuit ®. Cadonosn

HanmonansHblii ucciaenosarebckuii yausepenteT "MoOCKOBCKMIT HepreTudecKuii nHCTUTYT"
Mocksa, Poccuiickas Penepariust

Anvnoranmsi. B Hacrosdmeit pabore paccMarpuBaercs —CHHIYJISIDHO —BO3MYIIEHHOE HHTErpO-
muddepeHnaIbHOe  ypaBHEHHE € OBICTPO OCHMJIIMPYIOIIEH IIPABOH YacThIO, KOTOPOE BKJIIOYAET
WHTETPAJIBHBIN OmepaTop ¢ ObICTPO MeHsouMest ssapoM. OCHOBHAS 1eJ1b JAHHOU paboThl — 0600MUTD
MeToJ, peryJisipusanuu JIoMoBa U BBISIBUTH BJIMsiHUE GBICTPO OCIMJUIMPYIOIIEH IIpaBoil 4acTu U ObICTPO
MEHSTIOIErocs si[pa Ha, aCUMIITOTUKY PeIIeHUs] UCXOIHON 3a/1a49m.

KuaroueBrble cjioBa: CHHTYISPHOE BO3MYIIEHUE, NHTErPO-auddepeHnnaabHoe ypaBHeHne, ObICTPO OC-
IMINPYIOIast HEOIHOPOJAHOCTD, OBICTPO MEHSIONIEECs AP0, PEryJisipu3aliusi, Pa3peluMOCTb UTePAaly-
OHHBIX 3a/1a4.

— 225 —



Journal of Siberian Federal University. Mathematics & Physics 2022, 15(2), 226-235

DOI: 10.17516/1997-1397-2022-15-2-226-235
VIIK 512.6

A Note on Explicit Formulas for Bernoulli Polynomials

Laala Khaldi*

University of Bouira

Bouira, Algeria

EDPNL&HM Laboratory, ENS
Kouba, Algeria

Farid Bencherif!

Faculty of Mathematics
USTHB, LA3C
Algiers, Algeria

Abdallah Derbal?
EDPNL&HM Laboratory, ENS
Kouba, Algeria

Received 17.04.2021, received in revised form 11.10.2021, accepted 10.01.2022

Abstract. For r € {1, —1, %}, we prove several explicit formulas for the n-th Bernoulli polynomial
B, (z), in which B, (z) is equal to a linear combination of the polynomials =", (z + )" ,..., (z + rm)",

where m is any fixed positive integer greater than or equal to n.
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1. Introduction and preliminaries

Let B, and B, (), n =0,1,2,..., be the Bernoulli numbers and polynomials defined by the
generating functions

t =
= B —_
et —1 nZ:o Tl

n

te®t ad t
ot _ 1 - Z)Bn(x)ﬁa

respectively. These numbers and polynomials play important roles in many different branches

of mathematics [14]. Since their appearance in [4], many different explicit formulas for Bernoulli
numbers and polynomials have been discovered throughout the years, see for example [5,8,11,12,
15,17]. Gould’s article [8] is a remarkable retrospective concerning some old explicit formulas of
Bernoulli numbers and contains a rich and very interesting bibliography. It emerges from Gould’s
study, that over time, it often happened that the same explicit formula concerning the n-th
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Bernoulli number B,, was rediscovered several times by different authors, each of these authors
thinking to have discovered a new explicit formula. In [8], Gould reported that Munch [17] found
an old result and published the formula in the form

”:n+1zz RGN M

k=1j=1

In 2016, Komatsu and Pita Ruiz [12] generalized Munch’s formula (1) to Bernoulli polynomials
by proving that

Ba(a S5 (1t (m71)< fEo g
m+1k 0 j=0 rl:)

where 0 < n < m. This formula can be written as
m
Z Aj (z+ ] ) (2)
7=0

where A; = A; (m) depending only on m and j is given by

More generally, it is easy to see that for any triplet (A,r,m) where A = (4, (z)) is a sequence
of Appell polynomials, r # 0 is a complex number and m > 0 is an any integer, there exists an
unique sequence of complex numbers p; = u; (A, r,m) such that for 0 < n < m, we have

7=0

Thus p; (B,1,m) = A; (m) with B = (B, (x)).

The paper is organized as follows: In the second section we give a generalization of Theorem 2
given by Adell and Lekuona [1]. In the third section, we prove some lemmas. In the fourth and
the last section, we determine different expressions of p; (B,r,m) for r € {1, -1, %} and we
derive explicit formulas for Bernoulli polynomials among them the identity (2).

2. Generalization of a theorem of Adell and Lekuona

Let A = (A, (z)),, be a sequence of polynomials and a, = A, (0). A is called an Appell
sequence [2] if ag # 0 and if in addition, one of the following equivalent conditions is satisfied

Al () =nA,_1(x), n>1,
Z (Z) (Zk.’lﬁ‘n_k,
k=0

Ap (x)

Ap () = Qa (2™) where Q4 = Zakﬁ’ (3)
k=0
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D being the usual differential operator. B = (B, (ac))n>0 is obviously an Appell sequence for
which we have

D =, Dk
W= 5= L By @
k=0
We also have
_log(l—i-A)_<>o e AF
= TS =Y 0 (5)

where A is the difference operator. More generally, if A, is the difference operator defined by
A (") = (x+7r)" — 2",

where r # 0 is a complex number, and 2p can be written as a series in A,.. To prove this, we
need the use of Stirling numbers of the first and second kind, respectively denoted s (n, k) and
S(n,k), k=0,1,...,n. These numbers are defined by [6]

o o0
=Zs(n,k)xk, x"zZS(n k) (x),
k=0 k=0
where (2), =2 (x —1)---(z —n+ 1), or equivalently by their exponential generating functions
logh (t+1) & (et -1 & tn
— =2 sk) o e =) S (k) (6)

k! — ! k! o

The following lemma proves that every operator written as a serie in D can be written as a
serie in A, and reciprocally.

Lemma 1.2. Let (an), oy and (by), oy two sequences of elements of C. Then, the following
equivalences hold

Zak Zbk Zn: n=>=0
k=0

Z (n,k)bg, n=0.
k=0

Proof. We have
rD 1
A,=e™" —1 and D=-log(14+A,).
T

The lemma results from the following two relations deduced from (6):

DF 1log"(1+4,) 1 Ay
-l S 1S s ™)
n=0
k rDi]_
i::( Zr"Snk (8)
O

— 228 —



Laala Khaldi, Farid Bencherif, Abdallah Derbal A Note on Explicit Formulas for Bernoulli Polynomials

Before stating our theorem, first we prove Lemma 1.2 which is an important consequence
of the relation (7). We consider the translations 7, of C[z] which are the operators defined
by [18, p. 195]

Then, we have

and
k
AR = (7, - 1)k = (e"D - l)k = Z (—1)k7j (j) Trj-

We deduce the useful following relation

k

k(n\ _ _ kxn: _1\k—J k T T'n
AF ) = (- 1F @) = 3 (1) (J)( L), (©)

§=0
Lemma 2.2. Forr € C* and m € N, the family of polynomials
Fp={" (x+n)" (x+2r)",...,(x +mr)"}
forms a base of the C-vectorial space
Cp[z] :={P(z) € Clz]: deg P (x) < m}.

Proof. Indeed, the family F,,, consists of m+1 vectors of vector space C,, [x] which is of dimension
m + 1. It is therefore sufficient to prove that x* belongs to the subspace generated by F,, for
0 < k < m. Using the relation (7), for 0 < k < m, we have

pm-k 1 & AL
=t @ )_rm—kgs(&m_k)ﬁ(“’ )

Using the relation (9), we deduce the identity verified for 0 < k < m

7=0 \t=j

through this demonstration we prove that z* belongs to the vectorial subspace generated by F},
for 0 < k < m and this completes the proof. O

From Lemma 2.2, we can deduce that if A = (4,, (z)) is a sequence of Appell polynomials, for
any complex r # 0 and for any integer m > 0, there exists unique sequence of complex numbers
wj = pj (A, r,m) such that for 0 <n <m

An (@) =y (x4 75)". (10)
j=0
Indeed, from the fact that deg A,, (x) = m, there exists unique sequence of complex numbers
w; = p; (A,r,m) such that

m

A (@)= 1 (@+ri)". (11)
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Deriving m — n times each of the two members of (11), we deduce that we have also (10).
The following theorem is a generalization of Theorem 2 given in [1]. The desired theorem follows
from Lemma 1.2 and the characterization (3) of Appell sequence.

Theorem 1.2. Let r € C*. A = (A, (v)),cy 15 an Appell sequence if, and only if, there exists
a sequence (by,) of elements of C such that by # 0 and

neN
Ap (z) = Q(a"),
where

oo bk .
0=>" A (12)
k=0

Such sequence is defined by one of the following equivalence relations

k=0
an -

s :ZS(TL, k) by, (14)
[

where ar, = Ay, (0).

Corollary 1.2. Letr € C* et m € N and let (4, (x))
of Clz]. Then, there exists a unique sequence (i;

nen be a sequence of Appell polynomials

of C such that

0<gsm
Vne{0,1,...,m}, A (z)=> p(x+jr)". (15)
§j=0
Furthermore, we have
N EDTT R e e b b= S s (o) 2O 1
'ujkzjk!j g, 0<j<m wit kfgs(,)T. (16)

Proof. The existence and uniqueness of the sequence ()¢ <, come from Lemma 2.2, (15) is

therefore proven. We deduce (16) from Theorem 1.2 and (9) noticing that

00 oo k k—j
An(a) = 3 oAk @) = ZZ“,;(’;)bk (w4 7).
- O

To obtain the desired expressions and explicit formulas, we give some lemmas which will be
used later.
3. Lemmas

In the following lemma, we express the operator Qp defined by (4) in function of the operators
A, A_; and A 1

Lemma 1.3. We have

- le+4a) i (—1)k A (17)
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o} > k
Q= 1g(1A+1A Da4a,) = ; % 2“) (18)
Qp = i (Zk: <_1)k) Al (19)
k=0 \s=0 (5+1)2 2
0o k k —1
(=1)* (k ) "
Op = S Ak (20)

A_
Proof. (17) is the well know relations (5) and (17) is obtained by substituting A by 71—|—T1
—1

in relation (17). We obtain (19) noticing that D = 2log (1 + A%) and thus

oo k
0, 1 log (1 + A%) _ Z Z (—1)F A
eP—1 1+31A, AL — (s41)2k=s | 727

2 2 k=0 \s=0

The relation (20) follows from (19) using the following identity [9, p. 21] or [16, Theorem 1]

k

z’“: 1 ok Z<k>_1
S:O(s+1)2—3 k+14=\s

O

The following lemmas will be useful to give explicit expressions for the coefficients p; (B,r, m)
for r € {17—1, %

Lemma 2.3. For all integers j and m such that 0 < j < m, we have
[k - 1 _
S (M)t =2 (P Dt amart o)
=g =y N

Proof. We have

(oo}

3 <l<:)xk — zj)Hl P (1—2) 7 e+ (1—2)™ T =

- \J
k=j
-J m—+1
(m - 1) M- e Y (m - 1) ah (1 — )™ =
k
0

k= k—m+1—j

" m+1 m+1 x5

E k - m+1 E P 29
= ( ) (J—S) 1-a)** 22

We obtain (21) by writing the equality of the polynomial parts constituted by the terms of degree
less than or equal to m in each of the two members of (22). O

Lemma 3.3. For all integers j and m such that 0 < j < m, we have
m i m m+1
AR sl v
k+1\y m+1

k=j k=j

(23)
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1 1 -1
Proof. By Lemma 2.3 and the identity [¢* (1 — O at = —— mn it follows
0 m+1\k

() -z () f v

| (
(1) (TZ:L;) /01 (1= F g —
(

J k=j

Lemma 4.3. For all integers j and m such that 0 < j < m, we have

S ()T o

k:j =j

Proof. Let [27] (P (x)) be the coefficient of 27 in the polynomial P (z) = 3

one hand, one have

e =3 S () o<icm @)

k=j J

On the other hand, we have

0
L (—1)k m+ 1\ zF*t -1
_ J B —
_[w]zkﬂ k+1) z—-1

L (—-1)” 1
_y G mA (26)
kE+1\k+1
By writing the equality of the two expressions (25) and (26) of [z7] (P (x)), we obtain (24). O

4. Explicit expressions for Bernoulli polynomials

In this section, we determine different expressions of u; (B,r,m) for r € {1, -1, %}
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Theorem 1.4. (Case r = £1). For all integers m, n such that 0 < n < m, we have

Proof. From the relations (17) and (9) and noticing that A = Ay, we deduce that

k=j

m k m m 7
N [0 [

From Lemma 3.3 and (31), we have

)
M](Bal>m):Z( ) J 3
and we obtain (28). From Lemma 4.3 and (31), we have

(-0 fm
Hj (B717m)227 )
k:jk—l—l k+1

and (29) follows. By the relations (18) and (9) we have

iy L ey i(—l)(k) (& j)"
- k(k+1) , e (k+ 1)\ e
from which the identity (30) follows.

1
Theorem 2.4. (Case r = 5) For all integers m, n such that 0 < n < m, we have

o5 (EE e e0) (49)
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B m m k (71)1' (I;) j n
B =2 |2 (++3) - (33)

§=0 \k=j s=0

Proof. From the relations (19) and (9), we have

m k k m k k k
_ ny __ (_1) ny __ (_1) -J k . ny __
Bae) =0 0" = 33 o (0 = 303 e 3 (5)rym =
m k k 1 .
B (—1)? k ot "
333 e () (53)

We deduce (32). By the relations (20) and (9), we have
0o k —1 . oo k k (71)]‘ (I;) S\ N
Bu(2) = 9 (s zz<z () )Ngmzzzz(kﬂm (H;) .
We deduce (33). O

The identity (28) was discovered in 2016 by Komatsu and Pita Ruiz and represents a general-
ization to Bernoulli polynomials of identity (1) that Munch [17] proved in 1959. Their proof is
based on many combinatorial identities extracted from Gould tables [9,10]. The identity (29)
represents a generalization to Bernoulli polynomials of the following identity

ani( )kH( +1>k221j”,

J=

which is an identity proved by Kronecker [13] in 1883, rediscovered by Bergmann and Gould [3,8]
and generalized later by Funkuhara et al. [7] in 2018.
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In 1982 Koide discovered the following relation among lepton masses of the Standard Model [1]

me +my, +m, :KNE (1)
(Ve + /g +ymr )2~ 3

The value of K lies in the range 1/3 < K < 1 for arbitrary masess. In fact, consider the two

vectors u = (y/Me, /My, /M) and v = (1,1, 1), then from Cauchy-Schwarz inequality one has
3 2 3 3 3
( > uivi) < ( > u?) ( > vf), being equal to ( > uf) x 3, thus obtaining the lower bound
i=1 i=1 i=1 i=1
of K. The upper bound 1 for K is found when considering the limit of one mass being much
larger than the other two.
According to the PDG data [2] when using the measured values for lepton masses one has

the following value of K

me + my +m, 2
= - % (0.999991 + 0.000010 2
(Ve + /I + vim;)? 3 ( ) @

which is remarkably close to 2/3, in the center of the allowed values for K.
The same relation has been observed for the quark masses [3-5], and from [2] one obtains,
respectively for the light and heavy quarks, (m.,, m4, ms) and (me, my, m;), the Koide parameters

Kp = 0.5622 £ 0.0010, (3)

2
K 2 % (1.0042 £ 0.0020). (4)

heavy = 3
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As pointed out by Koide himself [6, 7], there are actually two values for the parameter K,
depending on the chosen mass used for the calculation of (1). The renormalization group gives
the evolution of the observed mass at a scale p from the pole mass. For the leptons this function

is given by [8]
2
m(p) = Mpole [1 _alw (1 + gln /é )1 (5)

T mpole
and at the Z scale p = my one obtains the Koide parameter for pole masses

Me + My, + My

(Ve + /Ty + /7))

which is different from (2), not even being compatible with the value of 2/3. From (5) one could
observe that in absence of the logarithmic term the two Koide parameters obtained from the
observed and pole masses could still be compatible. The Sumino model [9] contains a mechanism
that cancels out the logarithmic term, but at the expense of having anomalies. In another
paper [10] Koide and Yamashita propose a modification of Sumino model in a SUSY scenario in
order to avoid some shortcomings of the original model.

We will not purse further the solution of the Koide problem by proposing another model
for the electroweak sector. Our approach is to proceed the other way round to verify whether
the value of K in (1) is a coincidence. Namely, given the function of (1), find out what is the
probability to obtain a value at least close to 2/3 for a generic choice of masses.

Dividing numerator and denominator of (1) by the largest mass, we end up with a function
of only two variables, x and y, representing the fraction of two masses with respect to the largest
one, 0 < x,y < 1. After this operation we obtain the function f

2
Kpote = = 5 % (0.998103 % 0.000010), (6)

r+y+1
Vo +Vi+17

which average value is given by the expression

flz,y) = (7)

D) = o / ' / U pat el dy (®)
and its variance ) S
e = o / / @ o) — (f) (@, y)Pda’dy (9)

It is possible to express (8) in a closed form

(1)) = ooV (4= 3E) VE+4 (0 VE+1) +4) +
Az (2T +2) Hy+2/i+2) - DI (Va+ y+1) -
—d(z(e+r2ve+2) - ) (Ve+l) —4@yy+2yy+2) - Dh(y/g+1)  (10)

as well as (9), however the latter is a very long and not very enlightning expression.
Calculating the average value of f and its standard deviation in the full mass space for which
0 < z,y < 1 we obtain
(fH(1,1) =36In3 — 32In2 — 17,

(F)(1,1) £ 04(1,1) = 0.369 + 0.041. (11)
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The value of (f)(1,1) obtained is very far from 2/3 by more than 7o;. A random choice for
the values of three masses should give therefore a result for the Koide parameter very different
from (1).

This result comes out when neglecting the hierarchy of lepton masses and the hierarchies for
quark masses. Measured values give the following proportions of masses

(me :my :my) ~ (g2 e: 1),
(me:myp :my) = (€2 e 1), (12)
(my :mg:mg) = (e:e:1),

showing that the hierarchies among leptons and heavy quarks are similar, and as a consequence

so are their Koide parameters. Using the hierarchies found in (12) for evaluating (f) and o of
leptons, heavy quarks and light quarks one has the following results:

() (me , mu) +o; (me 7 m“> = 0.752 £ 0.065, (13)
mqy Mmr My My

() (mmb> + oy <mmb> =0.756 + 0.051, (14)
me My my My

(f) <m“ md) +o; (m“7 md) — 0.663 + 0.061. (15)
Mg My ms Mg

The first two averages, for leptons and heavy quarks, have the approximate value of 3/4, and are
distant from 2/3 by less than 20¢. The average for light quarks is also closer than 20 to the
value obtained in (3).

When the hierarchy of masses like the one illustrated in (12) is taken into account the average
value (f) is already much closer to the expected result of (1) for the K parameter.

Supposing that the true value of leptonic Koide parameter is in the proximity of (1) we have
determined the allowed range for the fraction of the two lighter masses x, y for which (7) assumes
this value.

T

0.08

0.06 -

T

0.04

T

0.02

0.01

0.02

L s L n 1 X
0.03 0.04 0.05 0.06

Fig. 1. Fraction of masses range of two lighter leptons for Koide parameter in the 2/3 region.
The x value of the second heaviest particle has the same upper limit found for leptons m, /m,
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Fig. 2. Fraction of masses range of two lighter leptons for Koide parameter in the 2/3 region

In Figs. 1,2 we show this z, y range for K = 2/3+1%. The central curve represents the mean
value, the shaded area the allowed fluctuation. In Fig. (1) the upper bound of z is given by the
ratio m,/m,, and is clearly seen how in the allowed gray area the ratio y/x is approximately
the same as found in (12). This situation is even more evident in Fig. (2) where the z axis has
the [0, 1] range while the y axis range is smaller by an order of magnitude.

We therefore conclude that it is possible to obtain a value close to (1) only if the random
choice of masses is also constrained by the hierarchy found in (12). If the hierarchy is neglected
and all mass terms are chosen to be completely independent from each other the result of 2/3 is
quite different from the average value given in (11). Although there is a real discrepancy between
the values found in (2) and (6) for pole and running masses respectively, it cannot be ruled out
that those differences are due to other effects like missing perturbative terms of higher orders as
well as model choice dependencies.
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Abstract. In this paper, we consider a mathematical model of a contact problem in thermo-electro-
viscoelasticity. The body is in contact with an obstacle. The contact is frictional and bilateral with a
moving rigid foundation which results in the wear of the contacting surface. We establish a variational
formulation for the model and we prove the existence of a unique weak solution to the problem. The proof
is based on a classical existence and uniqueness result on parabolic inequalities, differential equations and
fixed point arguments. We present a variational formulation of the problem, and we prove the existence
and uniqueness of the weak solution.
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1. Introduction

In the recent years, piezoelectric contact problems have been of great interest to modern
engineering. General models of electroelastic characteristics of piezoelectric materials can be
found in [2,7]. The problems of piezo- viscoelastic materials have been studied with different
contact conditions within linearized elasticity in [1, 4] and with in nonlinear viscoelasticity in [9].
The modeling of these problems does not take into account the thermic effect. Mindlin [8] was the
first to propose the thermo- piezoelectric model. The mathematical model which describes the
frictional contact between a thermo-piezo- electric body and a conductive foundation is already
addressed in the static case in [3]. Sofonea et al. considered in [6] the modeling of quasistatic
viscoelastic problem with normal compliance friction and damage, they proved the existence and
uniqueness of the weak solution,and they derived error estimates on the approximate solutions.
In this paper,we consider a dynamic contact problem between a thermo-electro viscoelastic body
and an electrically and thermally conductive rigid foundation which results in the wear of the
contacting surface.

2. Problem statement

Problem P: Find a displacement field u :  x [0.T] — R%, a stress field o : Q x [0.7] — S¢, the
an electric potentiel field o : Q x [0.T] — R, the an electric displacement field D : Qx [0.T] — R<,

*Aziza bechmar@yahoo.fr
(© Siberian Federal University. All rights reserved
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a temperature field 6 : Q x [0.7] — R, and the wear w : I's x [0.T] — R such that

o ((ult))) + () — € B (g) — 0.4 in O x [0.T), (2
D:ﬁE( Y+ &e(u)— (0 —6%)p in Qx[0.7], (2
pu=Divo+fo in Qx[0.T], (2
div D=g¢qy in Q x [0.T], (2
0 — div(KV0) = —#/ . Ni+q in Qx[0.7], (2
uw=0onI x[0.7], (2
ov=honTy x[0.7], (2

Oy = —Q |u1/| ) |0T| = —MUOy,
. . (2.8)
or = —)\(uT —v*), A20, w=—kv*o,, k>0 on I's x[0.7],
¢=0onT, x[0.7], (2.9)
Dv = g5 on T, x [0.T7], (2.10)
—ki; g& = ke(0 — Og) — ho(|tr]) on T3 x [0.77, (2.11)
0 =0 inT; UT, x [0.7], (2.12)
u(0) = ug, v(0) = vy, 6(0) =6y, w(0) =wp in Q. (2.13)

Where (2.1),(2.2) are represent the thermo- electro-viscoelastic constitutive law of the material
in which o = (0,;) denotes the stress tensor, we denote e(u) (respectively; E(p) = -V, o, 9, €,
&, B, M = (myj;), p = (pi) ) the linearized strain tensor (respectively; electric field, the elasticity
tensor, the viscosity nonlinear tensor, the third order piezoelectric tensor and its transpose, the
electric permittivity tensor thermal expansion, pyroelectric tensor),the constant #*represents
the reference temperature; (2.3) is represents the equation of motion where p represents the
mass density; (2.4) is represents the equilibrium equation, we mention that Divo, divD are
the divergence operators; (2.5) is represents the evolution equation of the heat field; (2.6) and
(2.7) are are the displacement and traction boundary conditions; (2.8) is describes the frictional
bilateral contact with wear described above on the potential contact surface I's; (2.9), (2.10) are
represent the electric boundary conditions; (2.11) is pointwise heat exchange condition on the
contact surface, where k;; are the components of the thermal conductivity tensor, v; are the
normal components of the outward unit normal v; k. is the heat exchange coefficient, 0 is the
known temperature of the foundation; (2.12) represents the temperature boundary conditions.
Finally, (2.13) is the initial data.

3. Variational formulation and preliminaries

For a weak formulation of the problem, first we itroduce some notation. The indices ¢, j,
k, I range from 1 to d and summation over repeated indices is implied. An index that follows
a comma represents the partial derivative with respect to the corresponding component of the

spatial variable, e.g: u; ; = We also use the following notations

%j'
H=120)% = {u= (u)/u; € L2(Q)},
H = {J = (045)/0ij = 0ji € LQ(Q)}’
Hy = {u= (w)/e(u) € #} = H (),
4 ={o € H/Divec € H}.

The operators of deformation ¢ and divergence Div are defined by
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() = (e (w), ig(u) = (e +u30), Dive = (o5,

The spaces H, 7, H; and J# are real Hilbert spaces endowed with the canonical inner products
given by
(u,v)g = / uvidr Yu,v € H,
Q

(0,T) e = / 0iTijde Yo, 7 € A,
Q

(u,0) gy, = (u,v) g + (e(u),e(v)) e Yu,v € Hy,
(0,7) s, = (0,7) 3¢ + (Divo, Divt) gy, o,7 € 6.
We denote by |-|g (respectively;| - |», | - |a, and |- |x1) the associated norm on the space H
(respectively; s, Hy and 427).
Let Hr = (HY2(I'))? and v : H'(T)¢ — Hp be the trace map. For every element v €

(H'(I'))?, we also use the notation v to denote the trace map v of v on I, and we denote by v,
and v, the normal and tangential components of v on I' given by

Uy, = V.V, Uy =V — U, V.

Similarly, for a regular (say €*) tensor field o : Q — S? we define its normal and tangential
components by
oy = (ov).w, o, =0v—o0,.
We use standard notation for the L and the Sobolev spaces associated with 2 and I" and, for
a function ¢ € H' () we still write ¢ to denote it trace on I'. We recall that the summation
convention applies to a repeated index.
For the electric displacement field we use two Hilbert spaces

W =12Q)", #={Dew divDecl?*Q)}.

Endowed with the inner products
(D,E),, = /QDz'EidSC, (D,E),,/1 = (D,E),, + (div D, div E)]LQ(Q) .

And the associated norm |.|,,, (respectively; |.|,,, ). The electric potential field is to be found
in
W={peH (Q),v=00nT,}.

Since meas (T'y) > 0, the following Friedrichs—Poincaré’s inequality holds, thus

IVl 2 cr | g o)V €W, (3.1)

where cp > 0 is a constant which depends only on 2 and I';. On W, we use the inner product
given by

(@ﬂ/’)w = (VWavw)Wv
and let [.]y;, be the associated norm. It follows from (3.1) that |.|;1(q) and || are equivalent

norms on W and therefore (W, |.|;;,) is a real Hilbert space.
Moreover, by the Sobolev trace Theorem, there exists a constant ¢y, depending only on €,
I', and I's such that

Y]z ) < Co [l YV € W (3.2)

We define the space
E={yec H(Q)/y=00onT; UTy}. (3.3)
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We recall that when D € 7] is a sufficiently regular function,the Green’s type formula holds

(D, V), + (div D, ¢h)p a0 = /F Dv.apda . (3.4)

When o is a regular function, the following Green ’s type formula holds

(0,6 (v)) 4 + (Divo,v)y = /Fol/.vda Vv € Hy. (3.5)

Next, we define the space
V={ueH/u=0 onTy}.

Since meas (I'1) > 0, the following Korn’s inequality holds

e(wloe > cx ol g, Vo €V, (3.6)

where cx > 0 is a constant which depends only on £ and I';. On the space V' we use the inner
product

(u,v)v = (e(u),e(v)) e, (3.7
let |.[, be the associated norm. It follows by (3.6) that the norms |.|;; and |.|;, are equivalent

norms on V' and therefore, (V, |.|\,) is a real Hilbert space. Moreover, by the Sobolev trace
Theorem, there exists a constant ¢y depending only on the domain €, I'y and I's such that

Vlp2(ry)e < co vl Vo € V. (3.8)

Finally, for a real Banach space (X, |.| ;) we use the usual notation for the space L” (0.7, X') and
WkP(0.T, X), where 1 <p < oo, k=1,2,...; we also denote by C (0.7, X) and C* (0.T, X) the
spaces of continuous and continuously differentiable function on [0.7] with values in X, with the
respective norms:

= t
|$\C(0.T,X) tg%g%] |z ( )|x )

|z 0., x) = tfef[l(?%;] |z (t)|x + tg%g%] |z (t)‘x .

In what follows,we assume the following assumptions on the problem P.
The elasticity operator o7 : Q x S — S¢

(a) 3 Lo > 0such that : |/ (v,61) — o (2,62)| < Loy |61 — €3] ¥ 1,62 €S9,
a.e. x €8,

(¢) the mapping x — & (x,¢) is lebesgue measurable in € for all € € S¢,

(d) the mapping z — 7 (x,0) € 7.

(3.9)

The viscosity operator & : Q x S xS? — S? satisfies

a)3 Ly >0:|9(x,e1) — 9 (x,62)| < Lyler — e1|,Ver,e2 €S4, pp. x € Q,
b) Imy > 0: (4 (v,61) —Z (x,22) 61 — €2) > Mg |e1 — ea|”,Ver, 60 € SY,
c) the mapping x — ¢ (x,¢) is lebesgue measurable in §2 fo rall € € S¢,
d) the mapping = — 4(z,0) € .

(
(
( (3.10)
(

The thermal expansion tensor .# = (m;;) : & x R — R, and the pyroelectric tensor p = (p;) :

Q — R satisfy,

{(a) mi; = Mj; € oo (€2), (3.11)

(0) pi € L=().
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The piezoelectric tensor € = (e;;) : 2 x S¢ — R? satisfies

(a) & = (esjn) : 2 54— R,
(b) € (2, 7) = (eijk (¥) Tj1) VT = (13j) € S%, a.e.x €9, (3.12)
() eijr = ey € L (Q).

The electric permittivity tensor 3 = (B;;) : @ x R? — R?

(a) B=(Biy) : @ xR = RY,
(b) B(z,E) = (bij (z) E;) VE = (E;) € RY, a.e.x € Q, (3.13)
(¢) bij = bji € L™ (Q), '
(d) 3 mg > 0 such that : b;; (z) E;E; > mg |E|? = (E;) €eRY, z € Q.
The function h, : I's x Ry — R, satisfies
(a) 3 Ly >0: |h(x,r1) — he(z,7m2)|] < Lplry —ro| Vry,re € Ry, pp.x €T3, (3.14)
(b)  — h, (x,7) € L%(T'3) is lebesgue measurable inI'3 Vr € R, . '
The mass density p satisfie
p € L*°(Q) there exists p* > 0 such that p(x) > p*, a.e.xz € . (3.15)

The body forces, surface tractions,the densities of electric charges, and the functions « and
u, satisfy

fo € L2(0.T, H), h € L2(0.T,L2(I'y)%),

qo € L*(0.T,1L.%(Q)), g2 € L*(0.T,L2(T)), ¢1 € L*(0.T,1L3(Q)), k. € L=(Q,R,).
K= (ki,j); kij = kji S LOO(Q)

(3.16)
Vey, > O,V(fz) € Rd Z]E’LE] cr&i&s.
aeL>®Ts), a(z) =2 a* >0, a.e.on I,
p € L>®(Ts), p(x) >0, a.e.on Ts.
The initial data satisfy
ug € V,0p € L2(Q), wo € L>®(T3). (3.17)

We use a modified inner product on H = LL2(Q2)¢ given by
((u,v)) = (pu,v)2(q)a Vu,v € H.
That is, it is weighted with p. We let H be the associated norm
lollzr = (pv,0) s e Vo € H.
We use the notation (.,.)yxv to represent the duality pairing between V' and V. Then, we have
(u,v)vrxv = ((u,v))Yu € HYv € V.

It follows from assumption (3.15) that||.||; and |.|;; are equivalent norms on H, and also the
inclusion mapping of (V,|.|;,) into (H, ||.|| ;) is continuous and dense. We denote by V"’ the dual
space of V. Identifying H with its own dual, we can write the Gelfand triple V.C H = H' C V.
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We define the function f(¢t) € V and ¢ : [0.7] — W by

(f(t),v)y = /Qfo(t)vdx—F/F h(t)vdaVv € V, t € [0.7].

2

(q(t), )w = —/qu(t)wd:c +/ @(t)pdaYyp € W, t € [0.T).

Ty

for all u, v € V, p € W and t € [0.T], and note that condition (3.14) imply that
felL*0.7,V"), qeL*0.T,W), (3.18)

We consider the wear functional j : V x V — R,

jlu,v) = /1“3, aluy| (p v, —v*|)da (3.19)

Finally, We consider ¢ : V x V — R,
o(u,v) = /F a|uy|v,daVo € V. (3.20)

3
We define for all € > 0
1(00) = [ alg| (u/or = F Rydave e v
3

We define Q: [0,7] » E'; K:E—E and R:V — E' by

QW) Wp «p = / keOr(t)uds +/ qudr Yp € E, (3.21)
Iy Q
a o O
(KT, 1) 5 « = Z /kaaxjaxl dx —|—/F keTpds Vu € E, (3.22)
i,j=1 3
(Rv, ) g g = / hr(Jor ) pdx — / (A Nv)udx Yo € VT, u € E. (3.23)
Ty Q

Using the above notation and Green’s formula, we derive the following variational formulation
of mechanical problem P.

Problem PV : Find a displacement field u : Q x [0.7] — V, a stress field o : Q x [0.7] — S%, the
an electric potentiel field ¢ :  x [0.7] — R, the an electric displacement field D :  x [0.T]R?,
a temperature field §: Q x [0.7] — R, and the wear w : I's x [0.7] — R such that

(ii(t), w—u(t))vixv+(o(t), e(w—u(t))) s+, w)—j(u, ut))+¢(u, w)— ¢(u, u(t)) >

> (f(t),w — u(t)) Vu,weV, (3:24)
(D(t)7 vw)lﬁ(ﬂ)d + (q(t)7¢)W = va € Wv (325)
() + K6(t) = Ru(t) + Q(t) on E/, (3.26)
w=—kv*o,. (3.27)
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4. Existence and uniqueness result

Our main result which states the unique solvability of Problem are the following.

Theorem 4.1. Let the assumptions (3.9)—(3.17) hold. Then, Problem PV has a unique solution
(u,0,¢, D,w) which satisfies

uwe CH0.T,H) NnW12(0.T,V) N W?22(0.T, V"), (4.1)
o € L%(0.T, 4), Divo € L*(0.T, V"), (4.2)
o € WH2(0.T, W), (4.3)
D e W'2(0.T,#4), (4.4)
6 € WH2(0.T, E") N1L2(0.T, E) N C(0.T,1L2(Q)), (4.5)
w e CH0.T,1L3(T3)). (4.6)

We conclude that under the assumptions (3.9)—(3.17), the mechanical problem (2.1)-(2.13)
has a unique weak solution with the regularity (4.1)—(4.6).

The proof of this theorem will be carried out in several steps. It is based on arguments of first
order evolution nonlinear inequalities, evolution equations, a parabolic variational inequality, and
fixed point arguments.

First step: Let g € L2(0.7;V) and € L?(0.T; V') are given, we deduce a variational formula-
tion of Problem PV.

Problem PV, : Find a displacement field ug, : [0.7] — V such that
(ugn(t)a w = {‘gn(t))lev"‘ (gg(ﬂgn(t))» w = ugn(t))lev‘f‘ (n(t), w — tgy)vixvi(g, w)—
_j(gaug’r](t)) = (f(t)a w — ugr/(t))V’XV Ywe V, te [OTL (47)
ugn(0) = o, Ugn(0) = us.
We define f,(t) € V for a.e.t € [0.T] by
(ot whvrxy = (F(8) = 0(), w)yrer Yo € V. (48)

From (3.18), we deduce that
fy € L2(0.T, V). (4.9)

Let now ugy, : [0.7] — V be the function defined by

g (1) = / Vg ()ds + o ¥t € [0.T. (4.10)
0

We define the operator G : V' — V by
(G, W)y oy = (Ge(v(t)), e(w)) e Vv,w e V. (4.11)
Lemma 4.2. For all g € L>(0.7,V) and n € L2(0.T,V'), PVy, has a unique solution with the
regqularity

vgy € C(0.T,H)NL*(0.T,V) and v, € L*(0.T,V"). (4.12)

Proof. The proof from nonlinear first order evolution inequalities, given in Refs (see [5,10]). O
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In the second step, we use the displacement field uy, to consider the following variational
problem.

Second step: We use the displacement field ug, to consider the following variational problem.
Problem Py, : Find 0, € E such that

Ogn(t) + KOy (t) = Ritgy(t) + Q(t) on E'. (4.13)
Lemma 4.3. Under the assumptions (3.9)~(3.17), the problem Pyq, has a unique solution
0,y € WH2(0.T, E') N L2(0.T, E) N C(0.T, L3(2)).

Proof. Since we have the Gelfand triple E ¢ L2(Q) ¢ E. We use a classical result on first
order evolution equations given in [11] to prove the unique solvability of (4.13). Now, we have
o € L2(Q). The operator K is a linear and continuous, so a(7, ) = (K7, 1)z, is bilinear,
continuous and coercive, we use the continuity of a(.,.) and from (3.16), we deduce that

a(t,p) = (K7, W) pry p < WLOO(Q)dw V7|5 Vil g+ |ke|]Loo(F3) |T|]L2(F3) |M|L2(F3) <Clrlg g -

We have

d
a(t,7) = (KTvT)E’xE = Z Lkij(,i:aa;dx—i—A k.r2ds.
J 3 3

ij=1

By (3.16) there exists a constants C' > 0 such that
(KT, 7))y = C |7'|% .
We have 0y € L?(€). Let
F() € B's (F(),7) g = (Ritgn(t) + Q(t),7) ¥r € E.

Under the assumptions(3.14), (3.16) we have

T T T
/ |Ra|3, dt < oo, / Q)] dt < oo, / |F|2, dt < .
0 0 0

We find
F eL2(0.T,E').
By a classical result on first order evolution equations

310, € W2(0.T, E') N L2(0.T, E) N C(0.T,L2()).
O

Third step: We use the displacement field u,, and the temperature field 6, to consider the
following variational problem.

Problem PV} : Find an electric potential field ¢, : € x [0.7] — W such that

(ﬁv%n(t% vw)Lz(Q)d - (§g(ug,,(t)), vw>L2(Q)d - ((egn(t) - Hgn(t))pi, v,(/])]L2(Q)d =

(4.14)
= (q(t),¥)w Vb € W, t € [0.T].

We have the following result for PV7
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Lemma 4.4. There exists a unique solution g, € W'2(0.T,W) satisfies (4.14), moreover if
prand o2 are two solutions to (4.14). Then, there exists a constants ¢ > 0 sach that

1) = @2(B)ly < e (lun(®) = w2l +101() = 02(O)lay) W€ 0.T] (4.15)

Proof. Let t € [0.T], we use the Riesz-fréchet representation theorem to define the operator
Agn : W =W by

(Agn @), V)w = (BVpgn(t), Vb)rz(aye — (§e(ugn(t)), V)L2(0)e—

) (4.16)
= ((Ogn(t) = 05, ()pi, V) 1 0 ¥ E € [0.T].
For all ¢, 9 € W. Let ¢1, w2 € W, then assumptions (3.11)—(3.13) imply
(Ago ()1 = Agy (o1, 01 = @2)w > mg o1 — paliy (4.17)
In other hand, from (3.11)—(3.13), it results
(Agn(®)p1 — Agn(®) 1, V)w < cglpr — paly [ tw,
where cg is a positive constant which depends on /5.
Thus
|Agn(t)901 - Agn(t)902|w <cplor — ‘»02|W . (4.18)

Inequalities (4.17) and (4.18) show that the operator Ay, (¢) is a strongly monotone, Lipschits
continuous operator on W and, therefore, there exists a unique element ¢, (t) € W such that

Agnegn(t) =q(t). (4.19)

We combine (4.16) and (4.17) and find that ¢, (t) € W is the unique solution of the nonlinear
variational equation (4.14).
We show that pg, € W2(0.T,W). To this end, let t1,t2 €[0.T] and, for the sake of simplicity,
we write @g, (8;) = @i, Ugy () = s, Ogn(ti) =0, q(t;) = ¢, fori=1.2.
From (4.14), (3.11)—(3.13) it results
2
mg |p1 — @2l <

(4.20)
< c(lur = u2ly [o1 = @2l + 101 = O2]12(q) o1 — 2l + a1 — a2ly [01 — @2ly)-
We find
l1 (8) — @2 (D <
(4.21)
<c <|u1 () = u2 (O)]y + 101 (8) = 02 ()] 120 + a1 (1) — @2 ('5)|W) vt € [0.77.

We also note that assumption (3.16), combined with definition imply that ¢ € W2 (0.7, W) .
Since u,, € C* (0.T,V), 8,, € C* (0.T, E), inequality (4.21) implies that ¢4, € W2 (0.7, W).

Let: mi,m2 € C(0.T,V'), g1,92 € C(0.T,V) and let g, (t;) = @i, ugy (t;) = u;, we use
(4.20) and arguments similar to those used in the proof of (4.15) to obtain

mg |01 — @2l < c(Jur — ualy, + 161 — 02|]L?(Q))'

For all ¢ € [0.7]. This inequality leads to (4.15) which concludes the proof. O
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Consider the operator

A:L2(0.T,V x V') = L2(0.T,V x V)

Alg,n) = (A1(g), A2(n)),¥g € L*(0.7, V), ¥n € L*(0.T, V'),

Ai(g) = vgn,

(Az(n), w)vrxv = (# (e(u(t))) — 0.4 — §E(p), e(w)) e + ¢(g,w),

A (g2, m2) = Ag1,m2) 2 o vy = (A1 (92), A2 (12)) = (A1 (g1), Ao ()20 1oy =
= [A1(g2) — Al(gl)\?m(o.T;vXV/) + [A2(n2) — A2(771)|12L2(0.T;va'/) :

(4.22)

We have the following result.

Lemma 4.5. The mapping A : L2(0.T,V x V') — L2(0.T,V x V') has a unique element (g*,n*) €
L2(0.T,V x V'), such that

Alg™n™) = (g"n"). (4.23)
Proof. Let (gi,m;) € L2(0.T,V x V'). We use the notation (u;, ;). For (g,1) = (gs,m:), i = 1.2.
Let ¢ € [0.7].
We have
A1 (g) = vgy. (4.24)
So
191(t) = g2(B)[5 < [oa(t) —va(®)]5, - (4.25)

It follows that
(01(t) = 02(t), v1(t) — v2(t)) + (Ge(v1(t)) — Ge(v2(t)), e(v1(t)) — e(v2(t)))+
+ ()= m2(t), v1(t) — v2()) + (g1, v1(t)) — 5 (g1, v2()) — 5 (g2, v1(t)) + j (g2, v2(t)) < O

From the definition of the functional j given by (3.19), and using (3.8), (3.16) we have

(4.26)

3(g2,v2(t)) = j(g2,v1(t)) — j(g1,v2(t)) +j(g1,v1(t)) < Clg1 — g2y [v1 — v2|y, (4.27)

Integrating the (4.26) inequality with respect to time, using the initial conditions vs(0) =
= v1(0) = v, using (3.8), (3.10), (4.26) using Cauchy—Schwartz’s inequality and the inequality

1
2ab < < a2+ o ZI 12 ot 2ab < —a + megb?, by Gronwall’s inequality we find

my

|1 (t) — va(t (/ l91(s) — ga(s |V ds + / |m1 (s (S)‘%// ds) . (4.28)

So
lg1 —92|3/ </ l91(s) — g2(s \Vds+/ I (s (s)|%,, ds). (4.29)

And, we have
(A2(n)a w)V’XV = (%(E(U(t))) — 0.4 — f*E(@)a E(’LU)) + ¢<gv ’LU) (430)
I
From the definition of the functional ¢ given by (3.20), and using (3.8), (3.16) we have

$(g1,v2(t)) — d(g1,v1(t)) — B(g2,v2(t)) + ¢(g2,v1(t)) < C'lgr — galy Jor —valy, . (4.31)

So

[ (1) = ma(8) < Cllua (6) = ua (O[3, + fy lua(s) — ua(s)[y, ds+

(4.32)
+ l1(t) = pa ()3 + 161(8) = 02()[F2 () + |91 (£) = g2(1)[3)
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2C 2
By (4.26), using the inequality 2ab < —a? + ;ng b? and 2ab < —a? + m; b2, we find

Mgy mg
2 (t) ~vo(t w+mg/hu ) = va(s)f} ds < —f/wn na(s)[2, ds+
+7;/hu>—wmww+0x—f/ml ga(s)[2 ds-+ (4:33)
+ O x — fo |v1(s )|Vds

/hu ~ ()} ds < (/m1 1Mﬂaw+AIMQm@@w) (4.34)

By (3.26), we find
(0.0 =000, =0,0) ,  + (KO =KO)0.0 - 0Ok =
= (R(v,) — R(v,),0,(t) — 0, (t))E'xE :

We integrate (4.35) over [0.T] we use the initial conditions 6; (0) = 62 (0) = 6y, and we use the
coercivety of K and the Lipschitz continuity of R to deduce that

1 t
31000 =02 Doy + C [ 102(5) = 02 (3) g s <

A|m@wwﬂwvmw%wxﬂumwﬁ

<C

VS

a? + 2b%, we find

DN |

using the inequality 2ab <

1 t
31000 =02 Oy + C [ 102(5) = 02 (5) g s <
C t
<G 1) = va (o)l ds+ €101 ()~ 2 5) e .
0

Also .
00— 02 Oy < C [ v () =2 (9 . (4.30
0

By (4.34), we find

01 (6) — 02 ()2 < (/m1 7nﬂww+/ml m(fhds). )

Also

a® = wa®F + [ () = )l ds <

¢ 2 t 2
<C(A|m@wwxwv+[jm@%wM@w)w
() — wa(B)f2 > 0.

t prs
// |up(r) — ug(r)\%, drds >0
0Jo
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So
2 K 2
lup — uzly, +/ [ur — usly, ds <
0

t t s
gc/ (|v1($)—U2($)|%/—|—|u1(8)—uQ(s)ﬁ,)dS—!—// luy — us 3, drds,
0 0J0

t
Uy —u2|%, —|—/ |ug — uz\?/ds <
0

<CAUM®w@ﬁ#hm@w®@+AWMﬂwM@mﬂs

by Gronwall’s inequality, and using (4.34) we have

t

t t
luy — ual? +/ lur — us 3 ds < o( Im(s) — na(s)|, ds +/ g1(s) — g2 ()]} ds> (4.39)
0 0 0
and using (4.29) and (4.32) we find
t
A1) = Moo i) qrvy <€ [ Nanm) = (gl ds. (440
0

Thus, for m sufficiently large, A™ is a contraction on L2(0.T,V x V') and so A has a unique
fixed point in this Banach space. U

We consider the operator . : C(0.T,L%(T'3)) — C(0.T,L*(T3)),
¢
Lult) = kv / o (5)ds Vit € 0.7, (4.41)
0

Lemma 4.6. The operator £ : C(0.T,1L2(I's)) — C(0.T,1L*(T'3)) has a unique element w* €
C(0.T,1L3(T'3)), such that

Lo =,
Proof. Using (4.41), we have
Lr(t) = Losf sy <0 [ 1o2(6) = 0205 ds. (1.42)
From (2.1),we have
Lan(0) = Zary < [ (@) =y + [ o) —w st

+e1(5) — @a(s)l3y + 101(5) — 02(5)[F2 0 )t
By (4.15) and (4.36), we find

t
Jur — s}, +/0 ur — sl ds + [p1.(t) = a(t) [y + 101.() = O2(t)[F2 () <

: (4.44)
<Avm¢—w@@w.

So
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t
ur — usly, +/ luy — ualy, ds + @1 (t) — a(t) |5y + 101(£) — B2(t)[F2 (0 <
0

<o [ ) - ds-+ o)~ a0, )

So, we have

t
ur — usly, + / us — ualy ds + |1 (t) — @2(t) 5 + 01(1) — 02(t) ) <

< Clwr(t) = wa(®)Fary) -

(4.45)

By (4.43), we find
t
Lur(t) — Len(lyary, < C / w1(5) = w2 () oy 45

Thus, for m sufficiently large, £™ is a contraction on C(0.7,1L.2(I'3)) and so £ has a unique
fixed point in this Banach space. O

Now, we have all the ingredients to prove Theorem 4.1.

Existence

Let (g*,n*) € L2(0.T, V x V') be the fixed point of A defined by (4.22), let w* € C(0.T,1L?(T'3))
be the fixed point of Zw* defined by (4.41), and let (u,0,¢) = (ugry+,0gen*, Pg=n+) be the
solutions of Problems PVy«,«, Py, and PV7, .. It results from (4.7),(4.13) and (4.16) that
(ugen>, Ogen*, Pgen+) is the solutions of Problems PV. Properties (4.1)—(4.6) follow from Lemmas
4.2, 4.3 and 4.4 .

Uniqueness

The uniqueness of the solution is a consequence of the uniqueness of the fixed point of the
operators A, .Z defined by (4.22), (4.41), and the unique solvability of the Problem PV, , Py,
and PV which completes the proof.
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Introduction

In multidimensional complex analysis, the theory of integral representations has numerous
applications in the study of functions with the one-dimensional holomorphic continuation prop-
erty and in the proof of boundary analogues of Morera’s theorem. Here it is worth noting the
works of A. M. Kytmanov, S. G. Myslivets, S. Kosbergenov ([1-3]).The monograph [4] provides a
detailed overview of the results in this direction obtained by various authors in recent years. In
this article, using the properties of the Poisson integral, we prove a boundary version of Morer’s
theorem for one Siegel domain of the 1st kind ([5]). It asserts the possibility of a holomorphic
continuation of the functions f from the boundary 0D of the domain D C C™, provided that the
integrals of f are equal to zero along the boundaries of analytical disks lying on 0D.

The unit disc and its various multidimensional generalizations (unit n-dimensional ball, poly-
disk, matrix unit disc, classical domains of types according to Cartan’s classification, matrix
ball) are well studied: by now, many important questions of multidimensional complex analysis
have been solved, such as description of automorphism groups, obtaining integral formulas of
Cauchy—Szego, Bergman, Poisson type, proving necessary and sufficient conditions for holomor-
phic extendability of functions from the boundary, etc. Extensive results obtained in these areas
are presented in the monographs [4] and [6].

Quite often, problems posed for a unit disc on a plane are transferred to the upper half-plane
using the Cayley transform

i(142)
o 1l—z

In this regard, it is urgent to find multidimensional analogs of the formula for the realization
of the "unit disc — upper half-plane" type ([7]). We consider the realization of the matrix unit
polydisk in the form of the Siegel domain of the first kind and the transformation of the invariant
Poisson kernel for such a realization.

*bukharbay@inbox.ru  https://orcid.org/0000-0003-3272-5789
(© Siberian Federal University. All rights reserved
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1. Realization of a matrix unit polydisk in the form
of a Siegel domain of the 1st kind
Let be
D={U=(U,....U) €C"[m xm] : ImU,; >0, j =T,n},
Uj is a matrix of order [m x m] with elements from C. The skeleton of this domain is denoted
I={ImUj=0,j=T,n}=0; xTyx---xT,

Domain D is a Siegel domain of the 1st kind ([5]). In particular, for m = n = 1 the domain D
is reduced to the upper half-plane, and the skeleton I' coincides with the real axis.
Domain T of space C"[m x m)|:

T={Z=(Z1,....2,): Z;Z; <E,j=1n},

where Z; is a matrix of order [m x m] with elements from C, and E is the identity matrix of
order m, is called matrixz unit polydisk.
The boundary 9T is a union of surfaces

VW ={Z=(Z%,....2,) 2,2, =E, Z,Z, < E,v # u},

each of which is a (2nm? — 1)-dimensional surface (since the 2nm? coordinates of the point Z
are related by one real relation det(E — Z,Z;) = 0). Therefore, the entire boundary

oT = CJ ~Y
v=1

is (2nm? — 1)-dimensional. For the disc 7; = Z;Z7 < E, the skeleton is the set of all unitary
matrices S; = Z;Z; = E ([8, page 10]). Then the skeleton S(T') of the domain 7', defined as the
Cartesian product of the discs 75, is the Cartesian product of all S; that is,

S(T):{ZJZJ*:E,]:H}:SlegxxSnCaT

The dimension of the skeleton is nm?2.

For m = n =1, the domain of T is reduced to a unit disc, and the skeleton of S(7') is a unit
circle from C.
By ® = (®!,...,®") we denote the transformation, where

Uj:q)j(Z):i(E+Zj)(E_Zj)_lv J=1n, (1)

which is a biholomorphic map of T onto D, with S(T') being mapped to T
It is known that
D4,(Z;) = RyHE - Z;A5)71(Z; — A))Q;

is an automorphism of the generalized circle Z;Z; < E taking the point A; to 0 ([8]). Then the

mapping ‘
A(Z) = (PU(2),.... P4(Z)), PY(Z)=Da,(Z;)

is an automorphism of the domain T that maps the point A = (4;,...,4,) to 0= (0,...,0).
Using the transformations ® and ® 4, we define the following transformation

Up=0od 0d !, B=>0(A)

which is an automorphism of the domain D taking the point B to the point (¢E,...,iE).
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2. On the Poisson kernel in the Siegel domain of the 1st kind

Let Z be the volume element in S(T), and U the volume element in T
We have
“{[z. v=T[0,
j=1 j=1

where Zj is the volume element in Z;Z7 = E, and Uj is volume element in ImU; = 0.
Because
Z; = 2™ | det(U; +iE)| 7" U;, ([8])

then Z can be represented as
Z=2Zx Ao N Zy =27 [ | det(U; +iB)[ > U
j=1

So the following is true

Lemma 1. The following relation holds

Z =27 T |det(U; +iB)| 7> U.
j=1
The Poisson kernel for the generalized upper half-plane ImU; > 0 has the form (see [§])

P(U,. B det™(Bi = B)) 1B S0 TmU, =0
( 70 J) |det(U B*)|2m7 m ]> ) mt; =Y,

here c is some constant.

Since the domain D is defined as the Cartesian product of the generalized upper half-planes,
then using the formula of repeated integration (Fubini’s theorem) we obtain that the Poisson
kernel for the domain D will have the form:

n n detW'L(B B*)
S U |

j=1

where B e D, U €.
The invariant Poisson kernel for the domain 7' is defined in the same way:

R A) nodet™(E — AjAY)
=11 Pw a0 = faam— 2y

j=1

where A €T, W € S(T).
IIycts B = ®(A), U = &(W).

Lemma 2. Mapping ® transforms the Poisson kernel as follows:

P@®Y(U), 1(B)) H | det(U; + iE)[*™ Pp (U, B).
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Proof. For each component of the mapping ® with fixed j, we prove

P(@;1(U;), @ 1(By)) = (_ii)mP(Uj,Bj)\ det(U; +iB)[*",

whence passing to the product over j = 1,n we obtain the required equality. Finding the converse
from (1), we have

W; = (U; +iE)" (U, —iE), A;j = (B;+iE)" (B, —iE).

Then
E—A;W! =FE — (Bj +iE) " (B; —iE)(U; +iE)(U; —iE)"" =
= (B; +iE) " ((Bj +iE)(U; — iE) — (B; —iE)(U; +iE))(U; —iE) " =
= 2i(B; +iE)""(U - B)(U; —iE) ™.
Similar

E—W;A; = —2i(U; +iE)""(U — B*)(B} —iE)™",
E— AjA; = —2i(B; +iE)""(B— B*)(B; —iE) "

Substituting these found into the expression for P(W, A) and using the properties of the deter-
minants of the matrices, we obtain the required equality. Lemma 2 is proved. O

3. Morera’s boundary theorem

Consider the following embedding of the circle A = {t € C: [t| < 1} into D:
{CeC'imxm]:¢=tA;,j=1,...,n,t €A}, (2)
where A = (Ay,...,A,) € T. If ¥ is an arbitrary automorphism of the domain D, then set (2)
under the action of this automorphism goes to some analytic disc with boundary on I'.

Theorem 1. Let f be a continuous bounded function on I'. If the function f satisfies the
condition

F(U(A%))dt =0 (3)
[o7AN

for all automorphisms ¥ of the domain D and fizred A° € T, then the function f extends holo-
morphically in D to a function of class H>(D) continuous up to T.

Proof. Since I is invariant under unitary transformations, condition (3) will hold for arbitrary
Ael.
Consider an automorphism ¥ p that takes the point B from D to the point (iE,...,iE):

Up :'1)0(13;110@71.

Then substituting the automorphism ¥ g into condition (3) instead of ¥, we obtain

f(@od, o @ (AL))dt = 0. (4)
oA

We denote v = ®~1(A). Then (4) can be written as

f(@od, (vt))dt =0. (5)
oA
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We parametrize the manifold S; as follows:
G=ty, t=¢€% 0<¢<2m v €S8

if ; € §;. Here S; is the group of special unitary matrices, that is, detv; = 1. Volume element
du; on the manifold S; can be written in the form

dp; = 5= Ndpo(vj) =

o - AdMO(Vj)7

2mi t
where dpo(v;) is a differential form that defines a positive measure on Sj.
Multiplying (5) by duo and integrating over S}, from (5) we obtain

[ H@ 003 G () = ()

where CJ’? is a component of the vector ¢; (k=1,...,m?).
By Fubini’s theorem, we obtain from this that

F(@o@31(0))¢F du(¢) =0, (7)
S=8S1X--xXSp

where (¥ is the k-th component of the vector .
Let’s make the change of variables W = ®,*(¢). Then (7) becomes the condition

/S F@V)BY (W) du(® (W) = 0. (8)

Since (|9, Lemma 3.4]) 4
du (% (W) = P(W;, Aj) dui (W),

then
du(®a(W)) = P(W, A) du(W).

Then from (8) we obtain
[ S @) POV A (W) =0 (k= 1), (9)
As you know ([8])
4 (W) = @4 (W) = R H(E -~ W A)) " (W) — A)Qy,

where R;, Q; are nonsingular and depend only on A;. Therefore, if condition (9) is satisfied for
the components of the mapping ® 4 ;, then the same condition will be satisfied for the components
of the mapping

oA (W)= (E-W AW, - 4) (=T1,n

~—

Denoting the components of the mapping ¢4 (W) by goxkl (s,k=1,m), from (9) we get
[ 1@ )it w) POV ) au(w) <. (10)
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Now let’s make the change of variables U = ®(W). Then, taking into account Lemma 1 and
Lemma 2, we obtain

[ 1) Po. B) dur(v) =, (1)
r
here dur is the volume element on I', and

wO = (I)A o q>7

Yo = (iE — B)(Ui — B}) "' (Ui — B))(Bi +iE) ™"

Since B; — B} is non-singular, then condition (11) will also hold for the components of the
mapping

®p,= U —B;)" YU —-B)B —B)"" (I=T1n).
So

o
I
J—‘
~
I
\.}—‘
3
=
—
—
S
N

/Ff(U)ésB’il(U)PD(U,B)dMF(U):0 (s,

In [10] (see also [6, p.141]) it was proved that

. m m m
oP(U;, B, oP(U;, B;

>0 B ) iy P — i (Zm D )

P b s s=1

s, 1 sk s=1 8[)15 k=1
where
H P(Uj’Bj) = PD(UaB)v
=1
and (I’SBIC,]- is the sk-component of the mapping ®5 ;, where &5 = (®p1,...,Pp,,). From here
oPp(U, B " 9P U,B
Z W, oPp(U, B) s p(U,B) _
8bsk =1 8b
m 0 H P(U, By) m O H PU, By)
_ Eik =1 - _H.Z =1 - _
s,k=1 6bsk s=1 8bss
— OP(U;,B;)  .~=0P(U;,B;
~[[rw.By| S B, i )+ZZ (fj i)
l#7 s,k=1 bsk s=1 8b‘ss
=[[Pw. B) .m-P(Uj,Bj)< > b2, +iZq>st}j> =
15 s,k=1 s=1
mPDUB<ZbSk@ =) Bj)
s, k=1 s=1
Hence,

bﬁkWHZiW:mPD(U,B)<ii Sk@ +ziiq>5’j>
sk j EY j 5, k=

1 j=1s=1
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Taking this into account, we obtain from (12)

0F(B) =0, (13)
where
0= D bu Tid D —
j=1s,k=1 8bsk j=1s=1 8bss
and

F(B) = / f(U) Po(U, B) dur(U)

is the Poisson integral of the function f. The function F(B) is real-analytic in the domain D.
We expand it into a Taylor series in a neighborhood of the point I = (iE,...,iE):

F(B)= Y cap(B-D)"(B-1),

], | B]
where |a] = |lal, ||, |8] = [|8L,]| are matrices with integer elements,
n m n m .
al =30 3 el Bo =TT I b5
=1 s,k=1 =1 s,k=1

Then condition (13) implies
aiﬁ
OF(B)= > 18] cap(B=D*(B-1),
lel, 18]

hence all the coefficients ¢, 3. Hence F(B) is holomorphic in D and belongs to H*>°(D). O
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I'parnmgnas Teopema Mopepa B objiactu 3uresisd IepBoro poaa
Byxapb6ait T. Kyp6anos

KapakaJsimakckuii rocy/1JapCTBEHHBI YHUBEPCUTET
Hyxkyc, ¥Y36ekucran

Awnnoranusi. B pabore paccMOTpeHa peaju3aliis MATPUIHOTO €IMHUYIHOrO TOJIMKPYTa B BUIE 001aCTH
3uresist mepBOro pojia M JOKA3BIBAETCS TPAHUIHBIN BapuaHT TeopeMbl Mopepa.

KorogeBble ciioBa: MaTPUYHBIN €IMHUYHBIN MOJIUKPYT, aBTOoMOpdu3M, sapo [lyaccona, romomopdnast
dyHKIWsI, TOJIOMOPGHOE IPOJIOJIKEHE.
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