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Abstract. Magnetic phase transitions in disordered systems are governed by the interplay of exchange
interactions, fluctuations, and structural randomness, which cannot be adequately described within
classical mean-field approaches. In this work, we review the method of random exchange fields as an
analytical framework for studying magnetic phase transitions in such systems. The method is based
on a statistical description of local exchange fields and allows one to incorporate the effects of disorder
and fluctuations while preserving analytical tractability. Its applicability is demonstrated for a wide
class of magnetic materials, including spin glasses and spinel compound. The method provides a unified
and physically transparent description of magnetic ordering and critical behavior in complex magnetic
systems.

Keywords: magnetic phase transitions; random exchange fields; disordered magnetic systems; spin
glasses; magnetic susceptibility.
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Introduction

The study of magnetic phase transitions remains one of the central problems of condensed
matter physics due to both its fundamental importance and numerous applications in modern
technologies, including spintronics and magnetic data storage [1,2]. Particular interest is as-
sociated with systems characterized by structural disorder, competing exchange interactions,
and reduced dimensionality, where conventional approaches often fail to provide an adequate
description.

This paper is published in a special issue dedicated to Valter A.Ignatchenko, an outstanding
Russian theoretical physicist whose work made a substantial contribution to the theory of con-
densed matter, magnetic phenomena, and randomly inhomogeneous media. Over the course of

*diachenko.oi@vvsu.ru
(© Siberian Federal University. All rights reserved
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his scientific career, he authored more than 200 publications and developed a number of impor-
tant ideas related to amorphous magnets, stochastic magnetic structures, and spin excitations in
disordered magnetic systems. In this context, the present study continues the line of analytical
approaches aimed at understanding the role of disorder and fluctuations in magnetic ordering.

In classical theories of magnetism, such as the Heisenberg model [3]| and its mean-field approx-
imations [4], the magnetic state is determined by the average exchange interaction. However,
in real systems, especially in disordered materials, fluctuations of local exchange fields play a
crucial role. This is particularly evident in spin-glass systems, where the presence of competing
interactions leads to frustration and the absence of long-range magnetic order [5-8].

A number of theoretical approaches have been developed to describe disordered magnetic
systems, including renormalization group methods [9], numerical simulations [10], and first-
principles calculations [11]. Despite their success, these methods are often computationally
demanding or do not provide simple analytical relations between microscopic parameters and
macroscopic observables.

In this context, the method of random exchange fields offers an alternative analytical ap-
proach for describing magnetic phase transitions in disordered systems. The method is based on
introducing a distribution of local exchange fields and allows one to take into account both the
average interaction and its fluctuations within a unified framework. This approach has been suc-
cessfully applied to a wide range of systems, including alloys, multilayers, nanoparticle ensembles,
and amorphous materials.

In a series of works [12-18,20], the method of random exchange fields was further developed
and applied to the study of magnetic phase transitions in systems with competing interactions,
structural disorder, and complex lattice structures. In particular, analytical expressions for
magnetization, susceptibility, and critical temperatures were obtained, and the influence of fluc-
tuations of exchange fields on magnetic ordering was investigated.

Recent studies have demonstrated that the method is capable of describing not only con-
ventional magnetic transitions but also more complex phenomena, such as the transition from
long-range magnetic order to spin-glass states, concentration-induced phase transitions, and the
effects of interaction in ensembles of superparamagnetic particles [19,21]. These results highlight
the importance of taking into account the statistical distribution of exchange interactions when
analyzing real magnetic systems.

The aim of the present work is to present and further develop the method of random exchange
fields as an analytical approach to the study of magnetic phase transitions in disordered systems
with competing interactions. The method is applied to a range of real magnetic systems, including
spin-glass alloys and spinel compounds, with an emphasis on the role of fluctuations of local
exchange fields, relaxation processes, and concentration effects. Particular attention is paid to
the comparison between theoretical results and experimental data, as well as to the identification
of the key parameters governing the stability of magnetic ordering.

The method has also been successfully applied to other types of disordered magnetic systems,
such as amorphous alloys and ensembles of interacting nanoparticles, where fluctuations of local
exchange fields play a crucial role in determining magnetic behavior.

1. Method of random exchange fields

The method of random exchange fields provides an analytical framework for describing mag-
netic systems with structural disorder and fluctuations of exchange interactions. In contrast
to classical mean-field approaches [4], where the effective field is assumed to be uniform, this
method treats the local exchange field acting on each spin as a random variable determined
by the microscopic configuration of the system [12-15|. The formalism presented below follows
the general ideas summarized in the dissertation abstract — including the definition of the local
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exchange field distribution and the corresponding self-consistent equation for magnetization —
but is rewritten here in the form appropriate for a review article.
We start from the Heisenberg Hamiltonian [3]:

H= _ZJijSisj _gNBHethSi- (1)

i>j i

Here, H is the Hamiltonian of the spin system, J;; is the exchange integral between spins at sites
i and j, s; is the spin operator at site ¢, g is the Land? factor, up is the Bohr magneton, and
H. is the external magnetic field.

Introducing magnetic moments m; = gups;, Eq. (1) can be rewritten in the classical form:

H = —ZJijmimj _cht Zmz (2)

i>j i

In this expression, m; is the magnetic moment associated with the spin at site ¢, while the other
quantities have the same meaning as in Eq. (1).

In the absence of an external field, Hext = 0, the Hamiltonian can be represented through
local effective exchange fields:

H = — Zmle, Hl = ZJijmj. (3)
i J

Here, H; is the local exchange field acting on the magnetic moment m;, and the summation over
7 is performed over the neighboring magnetic moments interacting with site 1.

In the method of random exchange fields, the local fields H; are regarded as random vari-
ables. Their statistical properties are described by the probability density function W (H), which
determines the probability of finding a local exchange field equal to H [12,15]:

W(H) = /(5<H — Z‘Pk(mkark)> H@k(mk,rk)d?’mk dg’l“k. (4)
k k

Here, W (H) is the distribution function of local exchange fields, d(. . .) is the Dirac delta function,
o (mg,rg) is the field created at the origin by the k-th magnetic moment, my is the magnetic
moment of the k-th ion, ry, is its position vector, and @y (my, %) is the joint distribution function
over magnetic moments and spatial coordinates.

For many disordered systems, the distribution W(H) can be approximated by a Gaussian
function:

W(H) = — (H—HOMV}

/B P [_ B2
with the moments of the distribution given by

Ho=pY ¢r B =2p[1—((a)— ()Y ¢} (6)
k

k

()

Here, M = (o) — (8) is the reduced magnetic moment, averaged both thermodynamically and
over configurations, p is the concentration of magnetic ions, () is the average probability of
finding a spin oriented along the chosen quantization axis, and (3) is the average probability of
the opposite orientation.

The reduced magnetization is obtained by averaging the local response over the distribution
of exchange fields:

M= /mm(?é?) W (H) dH. (7)
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Here, M is the reduced magnetization of the system, mg is the magnetic moment of a single
magnetic ion, kp is the Boltzmann constant, T is the absolute temperature, H is the local
exchange field, and W (H) is the corresponding probability density function.

Equation (7) generalizes the standard mean-field equation by explicitly taking into account
the distribution of local exchange fields. In the limit B — 0, the function W (H) tends to a delta
function, and the conventional mean-field result is recovered [4].

Near the Curie temperature, the self-consistency condition yields the equation for the critical

temperature:
H B
§0 tanh(mo ) =1. (8)

kpT.

Here, T, is the Curie temperature, Hy is the mean exchange field, B is the fluctuation parameter,
my is the magnetic moment of an individual ion, and kg is the Boltzmann constant.

Equation (8) shows that an increase in the fluctuation amplitude B leads to a decrease in T,
which is one of the central physical consequences of the method for disordered magnetic systems.

The main advantage of the method of random exchange fields is that it introduces fluctuations
directly at the level of the effective field instead of replacing the spin environment by a single
averaged quantity. As a result, the method makes it possible to describe systems with strong dis-
order, frustration, and nonuniform local environments while preserving analytical transparency.

2. Systems with competing exchange interactions

For systems with competing exchange interactions (amorphous and disordered materials), it
is convenient to introduce the parameter

(9)

which characterizes the ratio of antiferromagnetic and ferromagnetic exchange constants, as well
as the fraction v of antiferromagnetic bonds.
In this case, the mean exchange field Hy and the fluctuation parameter B are given by

Hy=Ki(1-v)z— Kz, B =\[2[K3(1 —v)z + Kjvz), (10)

where K7 and K» are the ferromagnetic and antiferromagnetic exchange integrals, respectively,
v is the fraction of antiferromagnetic interactions, and z is the coordination number.
From Eq. (10), one obtains the ratio
Hy (1-v)z —avz

B V21 =v)z + 22vz2] 1

which plays a key role in determining the magnetic state of the system.
Depending on the value of this ratio, the system can be classified into different magnetic
phases:

H

fo > 1, ferromagnetic phase,

Hy L

- <1, Hy > 0, ferromagnetic spin glass,

5 (12)
§0 > —1, Hy < 0, antiferromagnetic spin glass,

H

EO < -1, antiferromagnetic phase.
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Here, the sign of Hj determines whether ferromagnetic or antiferromagnetic interactions
dominate, while the magnitude of the ratio Hy/B determines whether long-range magnetic order
is stable or destroyed by fluctuations.

These relations make it possible to construct the phase diagram v(z) for systems with com-
peting exchange interactions. The diagram includes four characteristic regions:

e A — antiferromagnetic ordered phase,
e B — antiferromagnetic spin-glass state,
e C — ferromagnetic spin-glass state,

e D — ferromagnetic phase.

v

Fig. 1. Phase diagram v(z) for systems with competing exchange interactions: A — antiferromag-
netic phase, B — antiferromagnetic spin glass, C — ferromagnetic spin glass, D — ferromagnetic
phase

The obtained phase diagram is in qualitative agreement with numerical results based on the
model [22], taking into account the sign of the exchange interaction. This demonstrates that the
method of random exchange fields provides an adequate analytical description of magnetic phase
transitions in systems with competing interactions.

In particular, the method makes it possible to describe the transition from ordered magnetic
phases to spin-glass states as a function of both the relative strength of competing interactions
and their concentration. This is one of the key advantages of the approach when applied to
disordered magnetic systems.

3. Applications to real magnetic systems

In this section, we consider several representative magnetic systems to which the method
of random exchange fields has been applied. The general formalism introduced above is used
here without repeating the basic equations for the magnetization, critical temperature, and
susceptibility. Instead, the emphasis is placed on the specific form of the field moments, on
the physical interpretation of the parameters entering the model, and on the comparison with
experimental trends.
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4.1. AuFe alloy and spin-glass behavior

In spin-glass systems, such as dilute AuFe alloys with concentration p < p., long-range
magnetic order is absent. However, exchange-coupled groups of magnetic ions (finite clusters) are
formed, which retain a nonzero magnetic moment and determine the low-temperature magnetic
properties of the system.

Experimentally, it is observed that at sufficiently low temperatures the magnetization in a
constant magnetic field H exhibits a logarithmic time dependence. This behavior is associated
with a broad distribution of relaxation times of magnetic clusters, arising from the dispersion in
their sizes and switching fields.

The characteristic relaxation time is governed by thermally activated processes and can be

written as ) "
miic
- = foexp (— > , (13)

kpT

where 7 is the relaxation time, fy is the attempt frequency, m is the magnetic moment of
the cluster, H. is the switching (coercive) field, kp is the Boltzmann constant, and T is the
temperature.

Assuming temperature dependences typical for cluster-like magnetic objects,

T\ /3 7\ /3
one obtains the relation
Ig(for) = Oém()izf ; (15)

where 6 is a characteristic temperature and « is a proportionality factor determined by micro-
scopic parameters.
A uniform distribution of clusters over the parameter amg leads to a nearly uniform distribu-
tion of 1g(7), which explains the experimentally observed logarithmic relaxation of magnetization.
For rapidly relaxing clusters (7 < 1072 s, corresponding to typical measurement times), the
magnetic susceptibility of a noninteracting ensemble can be estimated as

(16)

where N is the number of clusters and (m?) is the mean-square magnetic moment.
Taking into account the temperature dependence of the cluster parameters, the susceptibility

can be written in the form s
A T
X== (1 - 0) ; (17)

where A is a constant determined by the concentration and magnetic moment of clusters.

A more detailed analysis of the relaxation-time distribution shows that, with decreasing
temperature, a fraction of clusters becomes dynamically frozen and does not contribute to the
magnetic response. As a result, the effective number of active clusters decreases, leading to a
reduction of susceptibility at low temperatures.

Quantitative estimates for AuFe alloys demonstrate that a significant fraction of clusters (up
to ~ 40%) may become inactive within the experimental time window. This effect leads to a
nonmonotonic temperature dependence of susceptibility, including the appearance of a maximum.

The obtained results can be directly compared with experimental data for AuFe alloys. In
Fig. 2, the solid line corresponds to experimental measurements reported by Cannella and My-
dosh [23], while the dashed curve represents the theoretical calculation within the present model.
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2.4

0.4

0 20 40 60 80
T.K

Fig. 2. Temperature dependence of the magnetic susceptibility for AuFe alloy. The position and
shape of the cusp are reproduced within the method of random exchange fields

A qualitative agreement between theory and experiment is observed. In particular, the model
reproduces the characteristic nonmonotonic temperature dependence of the magnetic suscepti-
bility and the presence of a pronounced maximum. The position of the maximum is determined
by the competition between thermal activation and the progressive freezing of magnetic clusters,
while its amplitude is controlled by the fraction of dynamically active clusters.

The decrease of susceptibility at low temperatures is explained by the fact that a significant
part of the clusters becomes frozen on the experimental time scale and therefore does not con-
tribute to the magnetic response. This effect is naturally described within the framework of the
distribution of relaxation times derived above.

Thus, the comparison with experimental data [23] confirms that the method of random ex-
change fields, supplemented by a description of cluster dynamics, provides an adequate descrip-
tion of relaxation processes and magnetic response in spin-glass systems.

4.2. Spinel system Fe;_,7Zn,CryS,

An important class of disordered magnetic systems is represented by spinel compounds of the
type Fe;_,7Zn,CroS,, where substitution of magnetic Fe ions by nonmagnetic Zn ions leads to a
substantial modification of magnetic properties. These systems exhibit a transition from ferri-
magnetic ordering to a spin-glass state and further to antiferromagnetic behavior with increasing
concentration x [24].

The magnetic structure of this compound can be described within a three-sublattice model,
where Fe ions form one sublattice and Cr ions occupy two nonequivalent sublattices. The domi-
nant interaction is the antiferromagnetic exchange between Fe?® and Cr3* ions, which leads to
ferrimagnetic ordering at low Zn concentration. The system can be described within a three-
sublattice model, where index 1 corresponds to Fe?*t ions, while indices 2 and 3 correspond to
two nonequivalent Cr3+ sublattices.
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Within the method of random exchange fields, the mean exchange fields acting on different
sublattices can be written as

Hy = zymyJor(1 — 2), Hy3 = zom3Ji3, (18)

where J;; are the exchange integrals between sublattices, m; are the magnetic moments, z; are
the coordination numbers, and z is the degree of substitution.
The corresponding fluctuation parameters are determined by the dispersion of exchange fields:

By = /229 [(maJ12)? + (m3J13)?], (19)

where B; characterizes the fluctuations of the local exchange field acting on the Fe sublattice.
The magnetization of each sublattice is obtained by averaging over the distribution of local

fields:

1 B m
My = 2B, /31 tanh {kBlT (Hy + MyHyp + M3Hi3)| dH;, (20)

where M, are the reduced magnetizations of the corresponding sublattices, and H; are the effec-
tive exchange fields.

Linearization of these equations near the ordering temperature leads to a condition that
determines the N7el temperature Ty as a function of concentration x.

The calculated phase diagram T (z) is shown in Fig. 3. The solid curve corresponds to the
theoretical results obtained within the method of random exchange fields, while the experimental
data are taken from Ref. [24].

A qualitative agreement between theory and experiment is observed. The model correctly
reproduces the decrease of the ordering temperature with increasing Zn concentration and the
existence of a concentration region where long-range magnetic order is destroyed. The transi-
tion from ferrimagnetic ordering to a spin-glass state is associated with the increasing role of
fluctuations of exchange fields, which destabilize the ordered phase.

300,
250}
w0l
150}
100{

h
[—]

_=='

0 0.2 0.4 0.6 0.8 l.ﬂp

Fig. 3. Magnetic phase diagram Tn(z) of the system Fe;_,Zn,CrsSs. Solid line — theoretical
calculation; symbols — experimental data [24]

Thus, the method of random exchange fields provides a consistent description of magnetic
phase transitions in spinel systems and allows one to relate the evolution of magnetic properties
to microscopic interaction parameters and the degree of structural disorder.
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4. Results and Discussion

The results obtained within the method of random exchange fields show that the magnetic
behavior of disordered systems is governed by the competition between two characteristic quan-
tities, namely the mean exchange field Hy and the fluctuation parameter B. In the ordered
regime, the average interaction dominates, whereas in disordered and frustrated systems the role
of fluctuations becomes decisive. In this sense, the ratio Hy/B serves as a natural parameter
controlling the stability of long-range magnetic order.

For systems with competing exchange interactions, the phase classification derived above
demonstrates that the method is capable of distinguishing between ferromagnetic, antiferromag-
netic, and spin-glass states within a single analytical scheme. The calculated phase diagram in
the v(z) plane shows that the transition from ordered phases to glassy states is determined not
only by the sign of the dominant interaction, but also by the relative magnitude of fluctuations.
This is an important result, since classical mean-field approaches usually account only for the av-
erage interaction and therefore cannot adequately describe the appearance of spin-glass regions.
The qualitative agreement between the calculated diagram and earlier results for amorphous
magnets [22] confirms that the method of random exchange fields captures the main physical
mechanisms responsible for disorder-induced magnetic phase transitions.

A particularly illustrative example is provided by the AuFe alloy. In this system, the concen-
tration of magnetic ions is below the percolation threshold, so that long-range magnetic order
is absent, but exchange-coupled finite clusters still exist and determine the low-temperature
magnetic response. The analysis of thermally activated relaxation of these clusters shows that
the logarithmic time dependence of magnetization observed experimentally can be naturally ex-
plained by a broad distribution of relaxation times. The derived relations for the temperature
dependence of the magnetic moment and switching field lead to a susceptibility curve with a pro-
nounced maximum. This maximum is not associated with the onset of conventional long-range
order; rather, it reflects the competition between thermal activation and the progressive freezing
of magnetic clusters.

The comparison with experiment is especially important in this case. As shown in Fig. 2,
the theoretical curve reproduces the main features of the experimental susceptibility reported
by Cannella and Mydosh [23]. In particular, the model correctly describes the nonmonotonic
temperature dependence of x(T'), the position of the maximum, and the decrease of suscep-
tibility at lower temperatures. The latter effect is explained by the fact that a considerable
fraction of clusters becomes dynamically blocked on the experimental time scale and therefore
does not contribute to the measured response. Thus, the method of random exchange fields,
supplemented by a description of cluster relaxation, gives a physically transparent interpretation
of the experimental behavior of spin-glass alloys.

The application of the method to the spinel system Fe;_,Zn,CrsS,; demonstrates that the
same formalism is also suitable for structurally ordered but compositionally disordered magnetic
semiconductors. In this case, the three-sublattice description makes it possible to take into ac-
count the specific role of Fe and Cr ions and the dominant antiferromagnetic Fe-Cr exchange
interaction. The introduction of nonmagnetic Zn ions reduces the effective exchange fields associ-
ated with the Fe sublattice and simultaneously enhances the relative importance of fluctuations.
As a result, the ordering temperature decreases with increasing x, and the ferrimagnetic phase
becomes unstable.

The calculated concentration dependence of the Néel temperature is in qualitative agreement
with the experimental phase diagram reported in Ref. [24]. The theory reproduces the monotonic
suppression of magnetic ordering with increasing Zn concentration and correctly describes the
concentration interval in which long-range order is destroyed. This agreement is significant
because it shows that the method is able to connect microscopic exchange parameters with
experimentally observed phase boundaries. At the same time, small deviations between theory
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and experiment at higher substitution levels may reflect additional effects not explicitly included
in the present model, such as local lattice distortions, modification of superexchange pathways,
and local compositional inhomogeneity.

Taken together, these results demonstrate that the method of random exchange fields provides
a unified analytical description of magnetic phase transitions in systems of very different nature.
In amorphous and frustrated systems it explains the emergence of spin-glass behavior through
the growth of exchange-field fluctuations. In dilute cluster systems it naturally incorporates
relaxation processes and the resulting time-dependent magnetic response. In multicomponent
crystalline systems it describes the suppression of ordered phases under compositional substitu-
tion. An important advantage of the method is that all these effects are treated within the same
framework based on the statistical distribution of local exchange fields.

Another important outcome is that the method preserves analytical transparency. Unlike
purely numerical approaches, it makes it possible to identify directly how concentration, ex-
change parameters, and local-field fluctuations affect the phase state of the system. This is
particularly useful for interpreting experimental data and for constructing phase diagrams in
systems where both disorder and competing interactions are essential. Therefore, the method of
random exchange fields may be regarded not only as a theoretical tool for model calculations,
but also as a practical approach for analyzing real magnetic materials.

At the same time, the results indicate the natural limits of the present approximation. The
use of simplified distribution functions and the neglect of some local structural effects may lead
to quantitative deviations in strongly inhomogeneous systems. Nevertheless, the qualitative
agreement with experimental data for AuFe alloys and Fe;_,7Zn,CroS, shows that the method
correctly describes the principal mechanisms governing magnetic phase transitions in disordered
systems.

Conclusion

In this work, the method of random exchange fields has been presented as a unified analytical
framework for describing magnetic phase transitions in disordered systems with competing inter-
actions. It has been shown that the key role in determining the magnetic state is played by the
interplay between the mean exchange field and its fluctuations, which are naturally incorporated
within the proposed approach.

The method allows one to consistently describe different types of magnetic behavior, including
long-range ordered phases and spin-glass states, within a single formalism. In particular, it
provides a clear physical interpretation of the transition from ordered to disordered magnetic
states as a result of increasing fluctuations of local exchange fields.

Applications of the method to real systems demonstrate its effectiveness. For AuFe alloys,
the approach explains the experimentally observed nonmonotonic temperature dependence of
magnetic susceptibility and the role of cluster relaxation processes. For spinel compounds of
the type Fe;_,Zn,;CrsS,, the method correctly reproduces the suppression of magnetic ordering
with increasing substitution and shows good agreement with experimental phase diagrams.

An important advantage of the method is its analytical transparency, which makes it possible
to establish direct relationships between microscopic interaction parameters and macroscopic
magnetic properties. At the same time, the approach retains sufficient flexibility to describe
systems with strong disorder, competing interactions, and complex magnetic structures.

Thus, the method of random exchange fields provides a physically transparent and practically
useful tool for the analysis of magnetic phase transitions in a wide class of disordered materials.
The results obtained indicate that further development of the method, including the refinement
of distribution functions and the inclusion of additional interaction mechanisms, may extend its
applicability to even more complex magnetic systems.
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Awnnoraiusi. MarauTtHbie pa30Bbie MEPEXObI B HEYIIOPSTOYEHHBIX CUCTEMAaX 3aBUCIT OT OOMEHHBIX B3a-
UMOJIEHCTBHU, QIYKTyaInit 1 CTPYKTYPHOTO OGeCropsifKa, KOTOPbIe He MOTYT OBITH aJeKBATHO OIMCAHDI
B PaMKaXxX KJIACCUYIECKUX IPUOIMKEHNI cpeqHero moist. B HacTosmeit paboTe mpeicTaBieH 0630p METOA
CITyJaHBIX MOJIel OOMEHHOIO B3aMMOJIEHCTBUST KaK aHAJUTHYECKOTO MOIX0a K MUCCIEIOBAHNIO MarHUT-
HBIX (PA30BBIX IIEPEXOOB B TAKUX CHUCTeMax. MeTos OCHOBAH Ha CTATUCTUYECKOM OIMUCAHWM JIOKAJIHHBIX
OOMEHHBIX II0JIENl U ITO3BOJISIET yIUTHIBATH b deKThl Oecropsaaka u (DIyKTyaluil Ipu COXPAHEHUH aHa-
JIUTUYIECKON Pa3peruMoCcTd 3a1a41u. BO3MOXKHOCTH MEeTO/Ia POJEMOHCTPUPOBAHBI Ha, IMUPOKOM KJIACCe
MAarHUTHBIX MaTE€PUAJIOB, BKJIIOYAsl COUHOBBIE CTEKJIA W COEIMHEHHS CO CTPYKTypoil mmmuesn. MeTos
CJIyJaHBIX 110JIeil OOMEHHOI0 B3aMMO/IENCTBUS 00eCIIEeINBAET eIMHOE U (DUBUIECKHU HAIVIATHOE OIIIICAHUE
IPOIECCOB MAarHUTHOT'O YIOPSIOYUEHUSI U KPUTUYIECKOTO MTOBEJICHUS B CJIOYKHBIX MATHUTHBIX CHCTEMAaX.

KuaroueBrbie ciioBa: MarHuTHble (DA30BbIe IEPEXO/IbI, CIyYaflHbIe OIS OOMEHHOTO B3aMMOIEHCTBUS,
HeyIopsAJ0YeHHble MarHUTHBIE CUCTEMbl, CIIMHOBbIE CTEKJIa, MarHUTHAasA BOCIPUUMYUBOCTD.

- 586 —



Journal of Siberian Federal University. Mathematics & Physics 2026, 19(5), 587613

EDN: DKVWBW
VIIK 537.6

Self-consistent Approximation for the Vertex Function
and its Application to Waves in Inhomogeneous Media

Dmitry S. Polukhin*

Denis S. Tsikalov'

Kirensky Institute of Physics
Federal Research Center KSC SB RAS
Krasnoyarsk, Russian Federation

Received 12.03.2026, received in revised form 20.04.2026, accepted 27.05.2026

Abstract. This paper presents an overview of a unified theoretical approach for analyzing resonance
phenomena in stochastically inhomogeneous media based on the self-consistent approximation for the
vertex function (SCA-V). It is shown that this approach removes the limitations of the traditional self-
consistent approximation for the Green’s function (SCA-G), also known as the Migdal approximation,
the Kraichnan approximation, or the self-consistent Born approximation. The method is generalized
to systems of coupled wave fields, including magnetoelastic waves, and is applied to ferromagnetic res-
onance in inhomogeneous thin films. The approach provides a consistent description of resonance peak
broadening, the formation of fine structure in the crossing-resonance region, and asymmetry of FMR
lines caused by magnetostatic waves. In general, the SCA-V approximation is a universal analytical tool
for studying wave processes in stochastically inhomogeneous media.
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Introduction

Spatial inhomogeneities of the medium parameters play a key role in the formation of wave
spectra and resonance phenomena in electrical, magnetic, optical, elastic, and other physical
systems. The presence of random correlated inhomogeneities leads to multiple wave scattering,
modification of dispersion relations, and substantial changes in the shape, width, and structure
of resonance lines. A correct theoretical description of these effects is a complex problem that
goes beyond standard methods of perturbation theory.

The simplest and most widely used approach to wave analysis in stochastically inhomogeneous
media is the first-order perturbation theory, i.e., the Born approximation in condensed matter
physics [1,2] or the Bourret approximation [3] in the theory of random functions [4,5]. However,
for large correlation radii of inhomogeneities, this approximation becomes unsuitable for a correct
description of the shape and width of resonance lines, since multiple-scattering processes are not
taken into account within its framework. To include these processes, the standard self-consistent
approximation (SCA) was independently proposed in various branches of physics, also known
as the Migdal approximation [6], the Kraichnan approximation [7], or the self-consistent Born
approximation [1,2]. Within this approach, all diagrams with nonintersecting correlation lines
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(© Siberian Federal University. All rights reserved
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are summed, which makes it possible to go beyond single scattering and obtain self-consistent
expressions for averaged Green’s functions.

Despite the wide use of the standard self-consistent approximation in different areas of
physics [1, 2, 6-16], numerous studies have shown that it has fundamental limitations. The
best-known defect of the standard SCA is the distortion of resonance line shape, namely the ap-
pearance of dome-shaped peaks [2,17-19], bends on their slopes, and false central maxima [20,21].
These shortcomings are especially pronounced in media with long-wavelength inhomogeneities.
In a number of problems, such distortion of resonance line shape may hinder the interpretation
of experimental data or even make it impossible.

To overcome these limitations, a higher-level self-consistent approximation was developed,
based on self-consistency with respect to the vertex function rather than the Green’s func-
tion [22]. Within this approach, a system of two coupled nonlinear integral equations is derived
for the Green’s function (or self-energy) and the vertex function, which makes it possible to
include a significant part of diagrams with intersecting correlation lines. It is shown that this
approximation includes lower-level approximations: the standard SCA and the Bourret (Born)
approximation.

The development of the self-consistent approximation for the vertex function has created a
basis for the consistent analysis of more complex physical systems. Typical examples of such
systems are magnetoelastic waves and ferromagnetic resonance in inhomogeneous continuous
media and thin films, respectively.

Within this approach, a theory of magnetoelastic resonance in an inhomogeneous medium
was developed, based on matrix Green’s functions for coupled spin and elastic waves. Taking
the matrix vertex function into account made it possible to correctly describe resonance peak
shape, remove nonphysical artifacts of the standard self-consistent approximation, and reproduce
the fine structure of the spectrum at the crossing point of the unperturbed dispersion laws of
spin and elastic waves: a narrow resonance in the Green’s function of spin waves and a narrow
antiresonance in the Green’s function of elastic waves, caused by the stochastic distribution of
coupling parameters between these fields [23,24].

Further development of the theory is associated with applying the self-consistent approxi-
mation for the vertex function to the description of ferromagnetic resonance in thin films with
inhomogeneous magnetic anisotropy. It is shown that the amplitude of anisotropy fluctuations,
the magnitude of their correlation radius, the presence of magnetodipole effects, and the tilt
angle of the external magnetic field fundamentally affect the width, asymmetry, and position
of resonance peaks [25-28]. The new self-consistent approach provides a correct description of
these effects over a wide parameter range and demonstrates qualitatively better agreement with
numerical modeling than the standard SCA.

Along with the terms "standard SCA" and "new SCA" that we used earlier, the papers
[22-25,29] proposed the following terms, which more accurately reflect both the mathematical
content, of each approximation and their key differences. We will refer to the standard SCA as
the "SCA for the Green’s function (SCA-G)", and to the new one as the "SCA for the vertex
function (SCA-V)."

The aim of this review article is to provide a systematic exposition of a unified theoretical
framework that integrates the above cycle of papers, carried out mainly in collaboration with
V. A.Ignatchenko [22-29], within the sequential development of the self-consistent approximation
for analyzing resonance phenomena in stochastically inhomogeneous media. The methodological
foundations of this approach are presented, as well as its generalization to systems of coupled
wave fields in continuous media and to problems of describing ferromagnetic resonance in thin
films. Special attention is paid to the internal logic of idea development, the interrelation of
results, and the universal physical mechanisms underlying the effects obtained.
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1. Self-consistent approximation for the vertex function

1.1. Derivation of SCA-V

The consideration of wave processes in inhomogeneous media is conveniently formulated in
terms of the averaged Green’s function G. A homogeneous medium is described by the initial
Green’s function g, while the influence of random inhomogeneities is taken into account through
the self-energy X, connected with the averaged Green’s function G by the exact Dyson equation.

To obtain the averaged Green’s function G and develop the self-consistent approximation, let
us consider the simplest model of the wave equation in a randomly inhomogeneous medium:

Vi + v —yp(x)] ¢ = — . (1)

Both parameters, v and ~, in equation (1) are normalized to the dimension of the squared
wave number. For scalar models of electromagnetic or elastic waves, v = (w/ 5)2, where w is
the frequency and s is the velocity of the corresponding waves in the medium; for spin waves,
v = (w—wp)/(gaMp), where wp is the ferromagnetic resonance (FMR) frequency in a homoge-
neous medium, ¢ is the gyromagnetic ratio, « is the exchange parameter, My is the saturation
magnetization, f is an external source exciting the corresponding waves in the medium, - is the
root-mean-square fluctuation of the corresponding inhomogeneities; examples of such inhomo-
geneities are discussed for spin [30], elastic [31], and electromagnetic [32-34] waves, and p(x) is
a centered (< p(x) >= 0) and normalized (< p?(x) >= 1) random coordinate function. Angle
brackets denote averaging over the ensemble of realizations of the corresponding random function.

The equation for the unaveraged Green’s function G corresponding to equation (1) has the
form:

V2G(x,%0) + [ = 7p(x)] G (x, %0) = §(x — X0)- 2)

Let us represent the unaveraged Green’s function G as

G=g+G&, (3)

where g is the initial Green’s function for a homogeneous medium (y = 0), and G’ is the correction
caused by the inhomogeneous fluctuation parameter.
Substituting expression (3) into (2), we obtain the equation for the initial Green’s function g:

Vzg(x, Xg) + vg(x,xg) = 0(x — Xg). (4)

and for G’ }
V2@ (x,%0) + vG' (x,%0) = vp(x)G(x,X0). (5)

According to general rules, the formal solution of equation (5) can be represented as an
integral of the product of the unperturbed Green’s function and the right-hand side of these
equations [32]. It then follows that the generating integral equation for the series of the unaver-
aged Green’s function G has the form

G(x,%0) = g(x,%o) +7/C~¥(X, X )p(x")g(x’,x0) dx'. (6)

In the integral term of the Green’s function equation (6), the order of g and G is changed com-
pared with the standard form, where they appear in the reverse sequence [22]. This modification
does not violate the equivalence of the equations, because iterative expansion leads to an identical
series for the Green’s function. The form of equation (6) used here provides convenient ordering
of vertex functions when constructing the self-consistent approximation. Functional transfor-
mations are applied to equation (6) in accordance with the approach described in [12,33-36].
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Here averaging over the ensemble of realizations of the random function p(x) is carried out us-
ing Wick’s theorem for Gaussian random fields. As a result, we obtain the following system of
equations:

G(x,x%0) = g(x,%0) —|—//G(x, xS (x', x")g(x", xq) dx" dx", (7)

Y(x',x") :'72//P(X/,Xl;Xg)K(XQ,XH)G(X17XH)dx1 dxa, (8)

[(x,x1;%2) & §(x —x2)0(x —x1) +7 ////K x1,%4)[(%/, %35 %x4)G(x3,X5)

x (x5, x6;%x2)G(x6,X1) dx3 dx4 dx5 dxg, (9)

where G is the averaged Green’s function, X is the self-energy, I' is the vertex function, and K
is the correlation function of the form K(x',x") = K(r) = (p(x")p(x” 4+ r)), where r = x’ — x".
Equation (7) is the Dyson equation mentioned above. In the general case, equation (9) has the
form of an infinite series [22,34], but here we retain terms only up to order 2.

Next, it is convenient to move to k-space (see [22]) and write the system of three equations (7)-
(9) in the form:

Gx = gk + g2k Gk, (10)
Yk =2m) T / Sk—x: G, Ny k—k, dKi, (11)
Ti, ko, = 147%(2m) 77 / Sk-qGqGa-kt+1ia g k—ql'q-k+k; k—k; 4q. (12)

where the initial Green’s function gx is obtained from equation (4) and has the form:

1

Vo (13)

Ik =
S(k) is the normalized spectral density, related by the Fourier transform to the normalized
correlation function

K(r)= (277)_T/Skeikrdk, Sk = /K(r)e‘ikrdr, (14)

r =x' —x”, and 7 is the space dimensionality.

Let us transform the system of equations (10)—(12): substitute expression (12) into equa-
tion (11), and then equate the obtained result to the exact relation (11). As a result, we obtain
the approximate equation

/5'1<7k1 Gx, {Tk; k—x;, —
— |1 —|—’72(27T)_T I, k—x, /Skl7k2Gk2Gk7k1+k2Fk2,k17k2 dkg]} dk; =~ 0. (15)

In equation (15), the integrand with respect to k; contains the difference of two functions depend-
ing on the same parameter k. Since the difference of the corresponding integrals must vanish
for any values of k, and the factor Skx_x, Gk, # 0, equation (15) implies that the expression in
braces is equal to zero. This makes it possible to obtain a self-consistent equation for the vertex
function Tk, k—k, in the form (17). To close it, an additional equation for the averaged Green’s
function G is required; it is obtained by substituting (11) into the Dyson equation (10). Thus,
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the SCA for the vertex function reduces to a system of two nonlinear integral equations for Gy
and Fkl,kfklz

1
gt = 7221)7" [ Sio16 G Ty i1, dkt”
1
1- 72(271-)_7 f Sk1—k2 le Gk—k1+k2rk2,k1—k2 dk?

The first equation (16) is exact, whereas the second one (17) is an approximate self-consistency
equation for the I' function. In addition to all diagrams with nonintersecting correlation lines,
SCA-V takes into account a significant number of diagrams with intersecting correlation lines [22].

Neglecting in the denominator of equation (16) the term proportional to 72, we obtain the
approximate solution of this equation

Gk = (16)

iy k—ky & (17)

Fkl,kfkl ~1 (18)

and by substituting this solution into equation (16), we obtain the standard SCA in the form of
a single closed equation for the Green’s function Gy, which is widely used in different areas of
physics [1,2,6-16]

1

91:1 - ’72(27‘-)_7— f le Sk*k1dk1.

This approximation is of lower order than the SCA for the I' function; it corresponds to an
infinite Green’s function series containing only diagrams with nonintersecting correlation lines.
It was proposed by Migdal [6] in the study of electron-phonon interaction and by Kraichnan [7]
in the study of the turbulence problem. This approximation is also often referred to in the
literature (see, for example, [2,12]) as the self-consistent Born approximation, in contrast to the
first Born approximation of perturbation theory.

The first-order perturbation approximation follows from equation (19) by replacing the sought
Green’s function Gy, on the right-hand side with the initial Green’s function gy, :

Gk ~ (19)

1
—1 2 —T :
G —7?21)77 [ gi, Sk—x, dk1

This lowest-level approximation is called the Bourret/Born approximation [1-5].

The system of equations (16) and (17) is used as follows. At the first stage, expressions given
by equations (18) and (20) are substituted. In equation (20), the wave vector k is replaced by k;
and k — ky + ko, respectively. The obtained expressions are then substituted under the integral
into the right-hand sides of equations (16) and (17), which defines the first step of the iterative
solution procedure. Then, successive iteration of equations (16) and (17) leads to the formation
of infinite branched continued fractions. Successive iterations and numerical evaluation of the
integrals ensure convergence, as a result of which the Green’s function Gy acquires a smooth
limiting behavior.

Gk ~ (20)

1.2. Analysis of SCA-V

Next, we analyze the system of equations (16) and (17), illustrate its advantages over other
approximations, and compare the results with exact numerical simulation of equation (1). Here
we restrict ourselves to one-dimensional inhomogeneities. Then in equations (16) and (17), 7 = 1,
and the vector k has one component: k = k,. The correlation properties of the random function
p(z) are modeled by an exponential correlation function:

2k,

K(T) = e—ka“’ Sk = k2 + k2’ (21)



Dmitry S. Polukhin, Denis S. Tsikalov Self-consistent Approximation for the Vertex Function. ..

1 is the

where r = |2’ — 2”|, and k. is the inhomogeneity correlation wave number (r. = k_

inhomogeneity correlation radius).

In the limiting case k. = 0, we have Si_x, — (27)d(k — k1). In this case, the number
of diagrams in the Green’s function expansion can be found analytically. Using the rules for
expansion into a binomial series [37], we obtain the following representation for the Green’s
function:

G:gZan", 2z =~%g% (22)
n=0
The coefficient IV,, is the number of diagrams in each n-th order of the Green’s function expansion
G; N, =(2n-1! (23)
2n)!
Gsca—g; Np,= n'((nn—gl)' — Catalan numbers, (24)
> 27+ (2m)!
G _v; N, = . 25
seA-v mgo 32m+L(m + 1)!(m — n)!n! (25)

Graq; N1 =1, N; =3, N3 =12, Ny =55, .... (26)
The general formula for the coefficients N, of the exact Green’s function, equation (23), is
well known [2]. The general formulas for the coefficients N,, in SCA-G and SCA-V, equations (24)
and (25), respectively, were derived in [22]. The coefficients NV,, of the ladder approximation [38§],
equation (26), for k. = 0 were obtained in [29].

Table 1 lists the values of N, up to sixth order. It is seen that for n > 1, the SCA-V
approximation includes more diagrams at each order than SCA-G and the ladder approximation.
However, the number of diagrams included in SCA-V is still insufficient to obtain the exact
Green’s function. Figure 1a compares the approximations and shows that SCA-V reproduces
the shape, width, and amplitude of the exact resonance curve much more accurately. The ladder
approximation is difficult to apply in practice because it is not self-consistent; therefore, it is not
shown in Fig. 1a. Comparison of Fig. 1 and Tab. 1 shows that the more diagrams are included
at each order, the closer the approximate curves are to the exact Gaussian dependence (Fig. 1a).
Note that the exact Gaussian curve is obtained only for k. = 0. For k. # 0, approximate methods
are used, since exact accounting for an infinite number of diagrams is practically impossible;
numerical simulation is used as an alternative to obtain the target Green’s function. At the same
time, computational complexity compared to SCA-V increases substantially with the problem
dimensionality 7: calculations in the two-dimensional case 7 = 2 already require significant
computational resources, while in the three-dimensional case 7 = 3 they are even more resource-
intensive.

Table 1. Number of diagrams in each n-th order of the Green’s function expansion for the first
six orders n, taken into account in the standard (Gsca—¢), ladder (GLqq), and new (Gsca—_v)
approximations, and in the exact expression for the Green’s function (G)

Gscac 1 2 5 14 42 132
Grea 1 3 12 55 273 1428
Gscay 1 3 13 67 381 2307
G 1 3 15 105 945 10395

For k. # 0, the normalized spectral density S is given by equation (21); in this case, the fourth
and higher orders of the Green’s function expansion G in the SCA-V approximation contain, in
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Fig. 1. (a) Imaginary parts of the Green’s functions at k. = 0. (b) Relative fractions of the exact
number of diagrams (in percent) in each n-th term of the Green’s function expansion

addition to correct diagrams, a small number of defective diagrams [22]. It is difficult to estimate
the influence of such diagrams in general form. Therefore, comparing results obtained within
SCA-V with numerical simulation results (transfer-matrix method) is of particular importance for
assessing the accuracy of the proposed method. The numerical simulation procedure is described
in [29]. Here we show the result in Fig. 2.
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Bourret ™ 5 05| JU 05 A 01.5 1
0 0 0 0 0
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(v-k)fy (v-k)fy (v-k*)y (v-k)y (v-k)ly
u=k A7 0018 0.18 033 05 10
u/u=k /k 001 041 0.18 027 055

Fig. 2. Imaginary part of the Green’s function calculated in different approximations (black
curves) and its numerical simulation (red dots)

Figure 2 shows the imaginary part of the Green’s function G”(w) for SCA-V (top row), SCA-
G (middle row), and the Bourret (Born) approximation (bottom row), as well as numerical
simulation results (red dots); calculations are performed at fixed wave number v = k/,/7 = 1.8.
It is shown that within SCA-V, results practically coincide with the numerical experiment over
the entire studied range of dimensionless correlation wave number u.. In SCA-G, at small
u. < 0.33, noticeable discrepancies arise: the resonance peak acquires a dome-like shape and
becomes broader than the exact one. For SCA-V at small k. (large r. = k_ '), maximum peak
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broadening is observed due to stronger scattering; as k. increases (and r. decreases), the peak
narrows. In addition, under these conditions the number of iterative substitutions in the system
of equations (16) and (17), required to reach convergence and obtain a smooth dependence,
decreases.

In the Bourret (Born) approximation, a physically incorrect solution with two high resonance
peaks is obtained over most of the interval; these peaks merge into one as u. increases. This
approximation is included to illustrate that at u. > 1 (Fig. 2¢), results of Bourret (Born), SCA-G,
and SCA-V are nearly identical to each other and to numerical simulation.

However, at small k., SCA-V has significant advantages. In a number of cases, it also outper-
forms numerical methods due to higher computational efficiency and the possibility of analyzing
three-dimensional problems.

In this section, the system of equations (16) and (17) for SCA-V is obtained. Advantages
of this approach in the number of accounted diagrams compared with SCA-G and the ladder
approximation are shown, and agreement with exact numerical simulation is demonstrated. Next,
we turn to other models and focus on applying SCA-V to resonance phenomena in stochastically
inhomogeneous media without going into detailed mathematical derivations. The goal is to show
that SCA-V is a universal method that accounts for multiple wave scattering by inhomogeneities
and allows resonance peaks (high-frequency susceptibilities) to be studied in inhomogeneous
media.

2. Generalization of SCA-V to a system of coupled wave
fields

In this section, the self-consistent approximation for the vertex function is generalized to a
system of two interacting wave fields of different physical nature. As a model example, spin and
elastic waves in a magnetic medium are considered.

We consider a coupled system of two scalar equations for the resonant circular projections
of magnetization m and elastic displacements u, in which only the dimensionless magnetoelastic
coupling parameter €(x) is inhomogeneous [23, 24]:

a (V2 +vp) m— 5(x)Mo% = —h, (27)
b (9 )k Mo S (e(aym) = . (28)

where p is the elastic constant, M, is the constant magnetization along the external static
magnetic field Hy (the amplitude of transverse circular projections satisfies m < Mpy), h is the
external alternating magnetic field perpendicular to Hy, and f is the external body force. The
following notation is introduced:

[\v]

w — Wo w

m ~ 9 U — "o 29
g agMy g v2 (29)

where v, = v/11/p is the elastic-wave velocity, and p is the medium density.
Let us represent the magnetoelastic parameter ¢(z) as:

e(x) = e+ Aep(x), (30)

where ¢ is the mean value of this parameter, and Ae is its root-mean-square fluctuation.
Further calculations for the system of equations (27) and (28) are carried out by analogy with
the case of a single wave field (1), yielding in k-space a system of two coupled self-consistent
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equations for the matrix Green’s function G and the vertex function I', which is structurally
analogous to the SCA-V system for a single wave field (16) and (17):

E
gt = 2m) B [ Sk I X Ly oy Sk B

. FE
Fkl,k—kl X = 5 — = ~= ~= .
E—22m)" [ Sky—kaLa by oS Xieo S Xio— 410, Ao

Gy = (31)

(32)

Here

X =EPGED, J=

_p2 ;& .
~—1 _ Ym k Z[LMOkZ A gmm(k) ngu(k) 34
gk; - L E ’ gk I k k ’ ( )
i~ Mok, v, — k2 iGum (k) Guu(k)
(0% J
s _ (L0 2 _ (10
Ek - |:0 _ikz:| ’ Ek - |:0 ik, |’ (35>

where E is the identity matrix, and S is the spectral density defined by equation (21). Note
that when expanding the vertex function (32) in a series in 2, we obtain repeating products of
matrices JX in each term. The same repetition of matrix products is obtained for the sought
Green’s function (31) by repeatedly substituting into equations (31) and (32) and expanding the
resulting infinite branched continued fraction in a series in +2.

Let us represent the matrix Green’s function @k, similarly to the initial matrix Green’s
function g, as:

Grm (k) iGpu(k)

O = |G (k) Gualh) (36)
The amplitudes m and u are expressed through the averaged Green’s functions as follows:
1 .
1 .
u(k) = o (G (k) f (k) = iGum (k)R(K)] - (38)

As inhomogeneity increases, € decreases from its initial value €y to zero, while Ae increases
from zero to some maximum value &', close to 9. For simplicity, we set ¢’ = ¢¢ and study the
change of the Green’s function elements at the crossing-resonance point k = k,. as Ae increases
and ¢ decreases while preserving the sum of squares of these quantities:

2+ (Ae)? = &2 (39)

Of course, experimental samples in which intermediate states are created by changing com-
position or processing method between the two limiting cases—homogeneous (e = gp, Ae = 0)
and fully stochasticized (e = 0, Ae = gp)—are not required to obey relation (39). This relation
is introduced only for convenient, ordered consideration of all intermediate states with different
ratios (£/g9)? and (Ae/g9)?. At the crossing point of unperturbed dispersion laws (k = k.,
w = w,), a gap appears in the magnetoelastic wave spectrum, whose width A is proportional to
the coupling parameter in a homogeneous medium ¢:

eoM
= \O//j \/20.)]”(4),«, (40)

A
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where wps = gM. The value A also determines the distance between the two maxima in the
frequency dependence of the imaginary part of the Green’s function for both spin and elastic
waves in the magnetoelastic resonance region of a homogeneous medium. In units of A, we
express the dimensionless frequency in Fig. 3.

15 B o
Pl@)] o [(B)7: 6@ ... el 1ol
SCA-V © 10 it 4 ; 4 N 4 / 4 ;
5 2 2 2 2
0 0 0 0 0
15
@ ol el Jel@.. ele ..
SCA-G D 4 S 4 : 4 QR P AT
5 2 2 2 2
G" —— 0 0 0 0 0
G", - A0 1 A0 1 A4 0 1 40 1 A0 1
(0-0)/A (0-0)/A (0-o)/A (-0 )/A (0-0)/A
(¢/s,)? 0.95 0.75 0.5 0.25 0
(Aels,)? 0.0 0.25 0.5 0.75 1

Fig. 3. Imaginary parts of the diagonal elements of the matrix Green’s function for spin G/, (w)
and elastic G/, (w) waves at ke/k, = 0.01 and different values of (g/g0)” and (Ae/e()?

The main result of applying SCA-V is a substantial improvement in resonance peak shape
of high-frequency susceptibility (upper row in Fig. 3). It is shown that the dome-shaped form
of magnetoelastic resonance peaks obtained within SCA-G by substituting ' = E instead of
equation (32), as well as the appearance of resonance curves with three maxima (not related to
fine structure resonance in the gap center) and bends on the peak slopes (lower row in Fig. 3),
are due to the limitations of the SCA-G approximation. At the same time, qualitative regularities
revealed within SCA-G are preserved when using SCA-V. In particular, the effects of broadening
and convergence of magnetoelastic resonance peaks are reproduced, as well as their merging into
one broad peak with increasing root-mean-square fluctuation Ae and decreasing mean value of
the coupling parameter . Transition to SCA-V leads only to quantitative changes in these results.
Of special interest is the effect of the emergence of spectral fine structure (see [23,24]). It appears
as a narrow resonance peak in the Green’s function of spin waves (dashed green curve in Fig. 3)
and a corresponding narrow dip in the Green’s function of elastic waves (solid red curve in
Fig. 3). This effect should occur in the interaction of any wave fields of different physical nature.
Its magnitude is proportional to the ratio of wave velocities at the crossing-resonance point. In
the case of magnetoelastic interaction, this ratio is comparatively small, so the amplitude of
fine structure peaks is small. However, for systems in which fields with substantially different
velocities interact (for example, polaritons or systems with electron-phonon interaction), fine
structure peaks can reach much larger values [39]. As k. increases, the spectral fine structure is
gradually suppressed, and resonance peaks narrow (see [23]).

Thus, magnetoelastic resonance in a stochastically inhomogeneous medium is a clear example
of a physical system in which accounting for the matrix vertex function is fundamentally necessary.
The matrix form of the self-consistent approximation for the vertex function provides a consistent
description of wave hybridization, formation of spectral fine structure, and correct shape of
resonance lines. This matrix method will be applied to the problem of ferromagnetic resonance
in a thin film in Subsection 4.2 for a single wave field.
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3. Ferromagnetic resonance in inhomogeneous thin films

3.1. Effect of stochastic magnetic structure on ferromagnetic
resonance

This subsection presents results whose conceptual foundations were formulated by V. A. Ig-
natchenko in a series of papers [40-42]; however, their analysis and further development are
carried out here for inhomogeneous thin magnetic films with perpendicular magnetization ori-
entation under conditions close to magnetic saturation. The key idea is that inhomogeneity in
the orientation of the uniaxial magnetic anisotropy axis 1(x) affects FMR in two ways: directly,
through the action of 1(x) on dynamic variables m(x,t), and indirectly, by generating in the
sample a stochastic magnetic structure (SMS) M(x), also called “magnetization ripple”, which
then affects the dynamic variables (1(x) — M(x) — m(x,t)).

Let us consider the Landau-Lifshitz equation for the magnetization vector M with a phe-
nomenological damping term in Gilbert form:

oM _ £ oM
— =—gMxH |+ = |[M x — 41
g~ I HMO[ xat}’ (1)
where £ is a dimensionless damping parameter, and H€ is the effective magnetic field defined by
. 0*M ()
H* = a—— + fo(nM)n + S(IM)1 + H + H', (42)

where H is the external magnetic field, represented below as H = Hgn + h; here the direction
of the static magnetic field Hy coincides with the anisotropy axis n and is perpendicular to
the film plane, h is the alternating magnetic field in the film plane, H(®) is the magnetodipole
field, and Sy is the homogeneous (induced) uniaxial magnetic anisotropy. For By > 0, the
axis n oriented along the z axis is easy, whereas for 8y < 0 it becomes hard ("easy plane"
anisotropy); see [43] for definitions of "easy axis" and "easy plane". Here (8 is the uniaxial local
magnetic anisotropy constant whose easy axis direction is a random function of coordinates:
1 = I(x). The origin of 5y and the direction of anisotropy unit vector n are determined by
a combination of mechanisms, including surface roughness, thin-film anisotropy formed during
deposition, and overall induced anisotropy of the entire film arising from thermal treatment in a
static magnetic field or mechanical processing, which form a preferred anisotropy axis direction,
among others. We consider waves in a magnetic film unbounded in the xy plane, assuming no
pinning of oscillations at the film surface.

Spatial fluctuations of the anisotropy axis lead to an orientationally inhomogeneous equi-
librium magnetization state: a stochastic magnetic structure (SMS) appears ("magnetization
ripple"). We use a version of SMS theory developed in [42,44] on the basis of methods from the
correlation theory of random functions. In this work, this approach is applied to a perpendicularly
magnetized film.

Let us represent the magnetization vector M(x,t) as

M(x,t) ~ M(x) + m(x, 1), (43)

where the vector M(x) describes SMS, and m(x, t) describes dynamic deviations of M(x,t) from
this structure. Consider magnetic fields Hy close to film saturation (for exchange-noninteracting
crystallites [45]) and directed perpendicular to the film surface:

Hy > Hy, (44)
where

Hy = (47T - 50 + vV D+_/2ﬁ)M0, (45)
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My = |M|, and DT~ = 2/15; this coefficient is obtained for uniaxial anisotropy.

Equation (45) is written for a perpendicularly magnetized inhomogeneous film; in the
homogeneous-medium limit (8 = 0), it reduces to Hq = (47 — Bo) My (see [28,43,46]). Un-
der these conditions, the orientation of all random vectors M(x) is concentrated within a cone
of small polar angles 6 around the z axis. As Hy increases, this cone narrows, and the average
film magnetization (M, (x)) tends to My as Hy — oo. Let us represent the SMS vector M(x) as

M(x) ~ Myn + p(x). (46)

Both vectors p(x) and m(x,t), describing static and dynamic deviations of the vector M(x, t)
from the z axis, are assumed small,

lu| < Mo,  |m[ < My, (47)

but unlike [26], the z projections of these vectors must now be taken into account alongside the
x and y projections. Therefore, the z projection of vectors M(x,t) has the form

M. (x,t) = My + p.(x) + m.(x,1), (48)

where
pz(x) & “ouL (13 (%) + 1y (%)) , (49)
ma(ox,0) = = (1ama G, t) gy (0)m, (x.)). (50)

A schematic view of one stochastic realization of vectors M(x,t), M(x), p(x), m(x,t), and their
projections is shown in Fig. 4. Here expression (48) is obtained from the condition of preserving
the magnetization vector magnitude My = |[M|. Near the field Hy = H4 under the condition
H4 > h, equation (48) is applicable, and SMS M(x), including dynamic projections m;, is not
destroyed (see [27]). In the strong-field limit Hy > Hy4, we have pu, — 0 and p,, — 0 (see below),
hence M, = My; this case was considered in [26].

z

M, (x)
M (x,) |-

X

5
>

M (x) M (x,0)

Fig. 4. A schematic view of the components of the magnetization vector M(x,t) is shown for
azimuthal angle ¢ = 0 in the zz plane

The magnetodipole field H(?) satisfies Maxwell’s equations in the magnetostatic approxima-
tion. For a thin magnetic film, an analytical solution of this problem is given in [40,47]. In
the case of homogeneous magnetization, the demagnetizing field has the form H¢ = —4m M,
whereas for static inhomogeneities p(x), the components of the magnetodipole field in k-space
are written as follows:

A, 00) = —an (1 i) S (), (51)
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Hg(k) = 477Vk//4z(k)7 (Mz < 0)> (52)

1— e—kzd
_ — /2 2

d is the film thickness. For the Fourier harmonic my of dynamic magnetization m(x,w), the
magnetodipole fields h{ (w) (used below) are determined by expressions analogous to (51)-(53)
with substitutions Hf — h{, u, (k) — ms,(k), and p,(k) — —m.(k). Limiting cases of
coefficients Vi and 1 —Vj for small and large values of kd are considered in [26]. For compactness
of notation, where convenient and not contradictory, functions depending on vector k are written
as indices: H4(k) = H{.

where

3.1.1. Stochastic magnetic structure

The equilibrium state of the magnetic system in the form of SMS is described by
[M x H] =0, (54)

which is the solution of a variational minimization problem for the Lagrangian under the con-
straint of preserving the magnitude of the vector M(x) (see, for example, [43,48]).

Substituting equations (42) and (43) into equation (54), we represent the solution in k-space
as a system of equations for projections u, and p, in complex form pt =, £ ifLy, retaining
only first-order terms in 3:

BMo _
[y = AT (axpif +0py) s
55
o, (55)
M = A0 (axpy — kpk)’
k
where pﬂE = Prz T ipyz, =k, + ik, and coefficients aix and bljf are
H, 9
ax = + ak® 4+ 27 (1 — Vi), (56)
My
. ()
by =2m(1 — Vi) PR (57)
and the determinant Aﬂ of the system is
H H
A = [ ak? . k? " 4n(1 - W 58
(a +MO 04—|—MO—|—7T( AR (58)
HT = HO — (47‘[’ - Bo) Mo. (59)

In expression (55), the following dimensionless random coordinate functions are introduced:

pin(x) = LX) (x),  pj(x) =1(x). (60)

indices j # n and j,n run over x,vy, z.
The representation for . in complex form follows from equation (49) in k-space:

1
k)= ———— + . dky. 61
pz (k) 2(27T)TMO/Mk7k1Mk1 1 (61)

The correlation properties of SMS variables 1, (k) depend on the correlators of random func-
tions plf defined by

(P, P, ) = DT Sk, 0(k), (62)
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where the variance DT~ = 2/15 is well known for uniaxial anisotropy [44,49].
Substituting expression (61) into the relation M, (k) = Myd(k) + p.(k), obtained from equa-
tion (48) by eliminating m,, gives

(M) = (Mo + 1) 6(k) = M. (Ho)(K). (63)

where

dk;. (64)

oo DM / S,

2(2m)7 Aﬁl

For magnetic media, the law of approach to saturation M, (Hy) was considered in [44,45,50—
52], while the influence of SMS on the dispersion law w(k) was considered in [40]. Equation (64)
is further studied numerically in the magnetic field range satisfying condition (44). In the region
Hy < Hy, features associated with the nonmonotonicity of function M, (Hy) are possible, as
noted earlier in [45, 50, 51].

3.1.2. Dynamic equations

Based on the Landau-Lifshitz equation in Gilbert form (41), an equation is obtained for the
resonant circular projection m = m, + im, in k-space, represented as [27]

[wo +owp + wﬁ —w(l— zf)] my = gM,(Hp)hd(k) — (Qﬁ)*TﬂwM/Qk_klmkldkl, (65)

where wy and wﬁ describe contributions of exchange and magnetodipole interactions, respectively,
to the frequency spectrum w(k):

wo = gH,, wi=awyk? wi=21(1-Vi)wy. (66)
Let us represent the random function ®x_j, in the integral term of equation (65) as
Pk, = Rk—k, + Qx—x;- (67)

Here Ry, describes the direct influence of local-anisotropy inhomogeneities 1(x) on the dynamic
variable m(x,w), considered earlier in [26], while Qx_x, describes indirect interaction through
SMS M(x). Explicit expressions for functions Rx_k, and Qx_k, are given in [27] and also below.
Let us preliminarily note that in the strong external magnetic field limit Hy > H 4, equation (65)
yields M, (Hy) — My and Q — 0, since Q o utpu~ [27], so only Rk_k, remains. In this case,
the considered equation transforms into equation (28) obtained earlier in [26]. The specificity of
magnetic system excitation in a thin film is that the high-frequency magnetic field h depends, to
good accuracy, only on frequency w, since its wavelength is much larger than the film thickness
d. In the absence of inhomogeneities, dynamic magnetization m(k,w) is excited by this field
synchronously and in phase at all points of the film. In equation (65), this corresponds to
representing the driving field as hd(k).

The methods used to study the influence of inhomogeneities on dynamic variables m(x, w)
require introducing a two-point Green’s function. For a randomly inhomogeneous medium, before
averaging over inhomogeneities, the two-point Green’s function must depend on coordinates x
and x( separately, i.e., it is a function of two variables é(x, Xg). Translational symmetry, in
which the function takes the form G(x — %), is restored on average only after averaging the
Green’s function over inhomogeneities. This is also true for the Green’s function in k-space
related to G(x,xg) by the Fourier transform

Glexa) = (2m) " [ Gr 0% iy, (68)
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Giko = / G(x,xq)eUoxtkoxo) gy gy (69)
The function Gk7k0 is related to the complex amplitude my by

gM.(Ho)h

on)" / Gl o €X0%° dkodxg = M. (70)

Substituting equation (70) into (65), we obtain the stochastic equation for Gi i, :
[wo bt ol —w(l— ig)] Crexy = (27)76(k + ko) — (271) " Bwns / D1, Gre, 1o dk1. (71)

Let us average stochastic equation (71) over the ensemble of random realizations px. For the
Green’s function ék,km we have representation <C~¥k,k0> = (2m)76(k + ko) Gy, with G_x = Gx.

o
Let us represent ®y_j, as a sum of its mean value and centered random part: & = (®) + P,

where (@) = (Q), ® = R, and ® has zero mean. According to equation (44) of [26], (R) = 0.
After averaging equation (71), multiplying by (27)~7, and integrating over ko, we finally obtain

Cr = o 5 NZIT 0 // Ric1e, G, e, ) llr o, (72)

where )

g = [w0+wﬁ+wﬁ+wﬁfw(lfi§)} (73)

is the initial Green’s function renormalized by interaction with SMS, and wj, is the renormaliza-
tion frequency equal to

wie = Pwnr (Qx) (74)
<Qk> _ ?QJ;)? (2ak2 ZIBIQ/Q) Skz dk (75)
Fieg, = o [2(kk) — k3] — 37 [(1 Vi) +2(1— Vk_kQ)] (76)

Thus, accounting for both direct and indirect effects of inhomogeneities of the magnetic
anisotropy axis 1(x) on dynamic variables m(x,t) leads to the following results:

1) The direct action is described by the integral correlator of the Green’s function Gy, i, and
random function Ry, (see [26]).

2) The indirect interaction through SMS is described by the exact analytical expression (71),
which renormalizes the wave spectrum of dynamic variables m(x,t).

The standard form of equation (72) allows one to use all major existing approximations to
calculate the averaged Green’s function Gx. We use the SCA-V approximation. The system
of equations has the form (16)—(17), where the inhomogeneity parameter is defined as 72 =
B2Dgrw?,, with D = 1/5 |26].

The normalized spectral density Sk is related to the normalized correlation function of inhomo-
geneities K(r) by equations (14). For 2D inhomogeneities, we choose the normalized correlation
function K (r) in the form

K(r) = e kelrl, (77)

The spectral density corresponding to this correlation function has the form:

2mk,

Sl = (k2 + k2)%%

(78)
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The high-frequency complex susceptibility x = x’ — ¢x”, measured experimentally and aver-
aged over the sample volume, is defined by [25-27]

X = <m§LX)> _ h(21ﬂ_)7_ /<mk> eikxdk. (79)

Averaging equation (70) and then substituting the result into (79), we obtain

g M.(Hy)

X ey

/ Giee™ ™ x=%0) dx dk. (80)

After integration over dxg and dk, we obtain
X = gM:(Ho) Gl - (81)

Before substituting Green’s function (16) into equation (81), it is necessary to numerically
solve the system of self-consistent equations (16) and (17). The solution is obtained by successive
approximations until convergence is reached. As a result, the sought Green’s function (16) is
determined and then substituted into equation (81). From the resulting expression, the imaginary
part of high-frequency susceptibility x” is extracted; calculation results for it are shown in
Figs. 5-7.

3.1.3. FMR in a thin magnetic film

The problem is considered under application of a static magnetic field Hy > H,a; then
wi — 0 and M.(Hy) — My in equations (72) and (81), with Hy > Ha. At Hy > Ha,
magnetization across the whole sample precesses around Hy, and its direction coincides with
the direction of effective field H®. For large fields Hp, the FMR spectrum is shown in Fig. 5.
As Hy decreases to Hy (45), the role of random anisotropy axis 1(x) increases, which leads to
formation of SMS: the sample remains single-domain, but a small spatial “magnetization ripple”
appears. Random local anisotropy forms an inhomogeneous field H¢, so precession occurs no
longer around a homogeneous external field but in an inhomogeneous effective field H®. This
significantly changes FMR dynamic characteristics (Fig. 7).

The problem is formulated under constraints on anisotropy parameters |3y| < 47 and § < 4,
ensuring positivity of field H,4 in expression (45). Similar constraints on anisotropy parameters
were considered earlier in [28].

Figure 5 presents imaginary parts of susceptibility x” calculated for 2D anisotropy inhomo-
geneities at strong magnetic fields Hy > H 4, with intrinsic damping £ = 0.005, and for various
values of normalized correlation wave number k.d. It is shown that the first perturbation-theory
approximation (Bourret approximation in random-medium theory and Born approximation in
condensed matter physics) is inapplicable in the range 0 < k.d < 0.2 (Fig. 5a—e), i.e., for rel-
atively large inhomogeneities with ratio r./d > 5. The self-consistent approximation for the
Green’s function (SCA-G), defined by equation (19) and obtained under condition (18), satis-
factorily describes resonance-peak height, but is unsatisfactory in reproducing line shape in the
region 0 < k.d < 0.02 (Fig. 5a—c). At larger values of k.d, in the interval 0.02 < k.d < 0.2,
this approximation reproduces line shape acceptably but overestimates its amplitude. Only at
ked > 0.3 does it correctly describe all main parameters of the ferromagnetic resonance line. At
the same time, the self-consistent approximation for the vertex function (SCA-V) provides good
agreement for all parameters of the Green’s function (and, accordingly, the FMR line) over the
entire considered range of k.d.

Let us discuss the origin of FMR peak asymmetry at Hy > H4. In a homogeneous thin
film magnetized perpendicular to the plane, excitation by field h (Jh| < Hy, h L Hy) produces
in-phase precession M(t) at frequency wp, and x”(w) has a Lorentzian peak with width 2w¢
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Fig. 5. Imaginary part of susceptibility x” versus frequency for 2D anisotropy inhomogeneities
at different k.d (indicated in panels). Comparison of approximations: SCA-V (solid), SCA-G
(dashed), Bourret (dotted). Parameters: £ = 0.005, v/was = 0.15
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Fig. 6. Imaginary part of susceptibility x” in the FMR region: (a) section at k =0 (FMR line);
(b) dependence on normalized wave number kd and frequency w/wyy

(€ ~107%-1072). In an inhomogeneous film with fluctuating anisotropy axis 1(x), precession
becomes spatially inhomogeneous, leading to scattering and excitation of spin waves. Therefore,
in equation (81) for FMR, k& = 0 is taken, but integrations over ki, ..., k, in the integrals are
retained; these form asymmetry of x”(w) (Fig. 6); the region k # 0 is not observed experimentally.
Consider resonance near wy: for w < wy, the left branch rises sharply, while for w > wy, the right
branch decays more smoothly, forming a tail due to the spin-wave spectrum along the film plane.
In thin films, this effect is enhanced due to dominant magnetodipole contribution and linear-in-%
dispersion, leading to more pronounced asymmetry [26].

In Fig. 7, columns correspond to different values of homogeneous magnetic anisotropy S
at the same value of normalized correlation wave number k.d = 0.05. Figure 7a—a” presents
results for the easy-axis case of homogeneous anisotropy By = 0.5, Fig. 7b-b” for §y = 0, and
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Fig. 7Tc—¢” for the hard-axis (easy-plane) case Sy = —0.5. Figure 7 shows that as static magnetic
field Hy decreases to values on the order of H 4, the effect of SMS on FMR susceptibility x”
increases substantially, corresponding to an indirect interaction mechanism. This effect appears
even for relatively weak changes in homogeneous magnetic anisotropy 5y and leads to a noticeable
change in the dependence of FMR frequency on static magnetic field Hy. For 5y = 0.5, as field
Hy decreases to H 4, the FMR frequency either decreases linearly or shifts to lower frequencies
as parameter k.d decreases. At the same time, for Sy = 0 and By = —0.5, the FMR frequency
shifts to higher frequencies, and the magnitude of this shift decreases as k.d increases [27]. The
obtained results for a thin magnetic film can be used to determine the sign of homogeneous
magnetic anisotropy (89 > 0 or By < 0) in the parameter range 47 > |5p|.
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Fig. 7. Dependence of magnetization M, and susceptibility x”" on field Hy and frequency w
for different Sy: (a—a”) 0.5, (b-b") 0, (¢—¢”) —0.5. Top row: M,(Hp), middle row: x"(w, Hp),
bottom row: sections x”(w) (green dash-dotted curve) and x”(Hy) (pink dotted curve). Black
dotted curves show positions of maxima (a’—c¢’). Parameters: £ = 0.01; @ and d as in Fig. 5

It should be noted that the use of SCA-V made it possible to calculate susceptibility x with
SMS taken into account in a thin film, confirming the universality of this approach. Below,
another case of ferromagnetic resonance in an inhomogeneous thin film is considered, for which
the matrix form of SCA-V is used.

3.2. Effect of 2D inhomogeneities of magnetic anisotropy magnitude
and tilt angle of field H, on ferromagnetic resonance

In this subsection, the results of [53-56] served as motivation for theoretical investigation.
Works [53, 54] showed that inhomogeneities of anisotropy magnitude and anisotropy axis orien-
tation affect FMR linewidth differently: the former can decrease it, while the latter increase
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it. Under strong magnetic fields Hy, it was established that anisotropy inhomogeneities in thin
films with perpendicular magnetic anisotropy have a characteristic effect on FMR linewidth
(see [55,56]): narrowing of the peak is observed followed by its broadening. To obtain this
feature, a theoretical study was carried out in [28]; we use SCA-V in the calculations.

Let us consider a ferromagnet model in which the quantities of uniaxial magnetic anisotropy
BLy(x), x = {z,z}, are inhomogeneous, with easy axes directed along unit vectors i and j as

shown in Fig. 8a. Let us represent Bmy (x) as

Bm,y (X) = Bw,y + A/Bz,yp(x)> (82)

where (3, , are mean values of anisotropy parameters, and Af, , are their root-mean-square
fluctuations. Representation (82) allows us to consider two separate cases: first, inhomogeneity
of anisotropy magnitude along the y axis (unit vector j) (8, # 0, 8, = 0), and second, along the

z axis (unit vector i) (8, = 0, B, # 0).

V4

(b)

9
8
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2,
whn
J 33
h 2
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..... ol kd

Fig. 8. (a) Coordinate system used to describe magnetization M in a film in external magnetic
field Hy. (b) Spin-wave dispersion laws w(kd) for different field tilt angles ¢ i and equilibrium
angles .

For this medium, the equation of motion is the Landau—Lifshitz equation in Gilbert form for
the magnetization vector M ~ Moe, + mg(x,t)eg + m,(x,t)e,, where e,, ey, and e, are unit
vectors of the spherical coordinate system. Let us write it for projections m, and my in linear
approximation at 6y = 6y = 90°, assuming mg, m.,, h x exp(iwt):

1/9 w L09 Zc’bg 2 — 8
(M;QD ) me, + <M3 + — —aV me DOGP(X)mG he’ ( 3)
U ZOJf LQOQ i = 84
( 50:)20 > av2> mey —+ (]\402 + > me Dlp(ﬂp(x)mSO h§07 ( )

where hg and h, are projections of external alternating magnetic field h, V? = 9% /92 + 02 /022,
Dgg = ABy sin? pg 4+ AB, cos? po, D, = —ApBy cos2¢g + AB, cos 2¢g, and functions Ugg, Uy,
and Uy, = U,p are shown below.

The system of equations (83) and (84) is solved within the self-consistent approxima-
tion SCA-V, by analogy with the case of a single wave field (1) and the system (27) and (28). This
approximation is a system of two coupled self-consistent equations in k-space: an exact equation
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for matrix Green’s function G and an approximate equation for matrix vertex function I'k, x_k,,
of the form

1
~ ~ 1 NS ~
Ge=F|4'—— /Sk—lelerkl,k—ledkl ; (85)
(2m)
| 1
e, xk, ~ E|E— W /Skl—ka‘kQ,kl—kQDéklbék—kﬁkzdkz} ) (86)
iy

where gk = w;jf,; !'is the initial Green’s function, S is the normalized spectral density defined
by equation (78). A similar structure of a system of two coupled self-consistent equations for
matrix functions Gy and I'y, g k, was obtained above in (31) and (32) for studying interaction
of two coupled wave fields. Here Ly and D have the form:

Yo | w8 | gz Uop W

. MO Wpr MO Wpr Deg 0

Ly = , D [O b } (87)
Uy — tw Upp 1w 9 PP

7T y +— +ak
MO Wp MO Wpr
where
Upo = MoHy + 4r M3 (1 — V3,) [sin2 ¥ + sin? ¢y — cos? 1 cos? @0] ) (88)

Upp = MoHy + (47Vi — B,) Mg cos® o — B Mg sin® o+
+ 47ng(1 - Vi) [sin2 o — cos> 1) cos 24,00} , (89)
Ugp = Upp = 47rM§(1 — Vi) sin ¢ cos 4 sin ¢, (90)

Hy = Hycos(po — om) — (4 — By) Mo sin? @ 4 B. Mo cos? @g, cos = kg /k, siny = k. /k, and
Vk is given by equation (53).
High-frequency susceptibility for ferromagnetic resonance is defined by [25, 26]:

K =wuCal (91)
where the elements of matrix x are
. X606  X6p 92
=] e ] (92
=wyG , =wuG ‘ , = —iwpy G ‘ , and =iwy G .
X066 MGk 0 Xy MG pp k 0 X0y MGy k 0 X0 MG o,k 0

To calculate the matrix Green’s function (85) in an inhomogeneous medium, it is first nec-
essary to determine equilibrium angles 6y and ¢g. They are found from the solution of the
magnetostatic problem [28]. The magnetic film is considered in the configuration shown in
Fig. 8a. For this configuration, angles 6y and 6y are equal to 90°, while angle ¢y is varied
from 0° to 90°. For angles vy = 0° and ¢y = 90°, values ¢y = 0° and ¢y = 90° are obtained,
respectively [28]; for other values of ¢, angle g is determined by

B —B?+42A?

5 A (93)

Yo ~ pg +
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where A = My [4n — By + Bz]sin (2¢n) , B = Ho+ My [47 — By + Bz] cos (2¢p) . Expression (93)
is valid under a strong external magnetic field condition Hy > |H§|,

H§ = (47 — By + ABy + Bo + ABy) Mo. (94)

At field values Hj exceeding (94), the film is characterized by a single-domain state, whereas at
Hy < |H§| a domain magnetic structure may form. In this work, the critical magnetic field value
was fixed in all figures as |H§| < Hy = 6 kOe. Fluctuations of anisotropy magnitude Af, , must
satisfy AfB,, << 4m, under which spatial variations do not lead to formation of an inhomoge-
neous magnetization state. For analysis of high-frequency susceptibility, value AB, , /47 = 0.125
was considered. Additional information on characteristic fluctuation magnitudes can be found
in [17,26].

We consider waves in a magnetic film unbounded in the zz plane (Fig. 8a¢) with no pinning of
oscillations at its surface. It is also assumed that all considered quantities—magnetic anisotropy
inhomogeneities, magnetic inhomogeneities, and oscillations—are uniform across the film thickness.
When an external magnetic field Hy (Hy > |H§|) is applied to a thin inhomogeneous magnetic
film, magnetization vector M tends toward the field direction but does not coincide with it, so
angles 0 and g are defined. Then, by means of small alternating magnetic fields hg, h, << Hy
oriented along unit vectors eg and e,, magnetization oscillations are excited throughout the
film. The excited oscillations represent a superposition of the FMR mode at £ = 0 and spin
(magnetostatic) waves at k # 0 propagating in the plane of the inhomogeneous film (see Fig. 8b).
In the long-wavelength region of the spectrum, magnetodipolar interaction dominates [57, 58|,
whereas in the short-wavelength region the exchange interaction is dominant. In what follows,
these spin waves are taken into account within the SCA-V framework.

Next, we numerically calculate elements of the high-frequency susceptibility matrix (92). For
this purpose, the system of self-consistent equations (85) and (86) is used, solved numerically by
successive approximations until convergence is reached. The main result of [28], computed for
the imaginary part of one susceptibility element, xj,, is shown in Fig. 9.

In Fig. 9a, the imaginary part of susceptibility xj, is shown as a function of normalized
frequency w/g when the field tilt angle ¢ changes from perpendicular to in-plane direction: for
anisotropy inhomogeneities along easy axis y (Af, # 0, AS, = 0, thick curves) and without
inhomogeneities (AB, = 0, AB, = 0, thin curves). At pg = 90°, ¢y = 90°, the low-frequency
peak is maximal in width and asymmetric (steeper decay on the left); as ¢ decreases, width and
asymmetry decrease, the peak becomes narrow and symmetric, and its width coincides with the
narrow resonance (thin curve) at o ~ 46°, po = 30°; then the peak broadens again and a weak
asymmetry of opposite sign appears. In Fig. 9b, for inhomogeneities along easy axis z (Af, = 0,
AB, # 0, thick curves), the same scenario is observed: at oy = 90°, po = 90°, the peak is
narrower than in Fig. 9a but also asymmetric; as ¢ decreases, it narrows until coinciding with
the narrow resonance at ¢y =~ 76°, ¢y = 60°, after which it broadens again with asymmetry
of opposite sign and at ¢y = 0°, 9 = 0° becomes the broadest. The case with contributions
of anisotropies 8, # 0 and 3, # 0 is considered in [28]. Similar linewidth changes are observed
experimentally [54-56].

Analysis of the angular dependence of FMR linewidth allows identification of the type of
fluctuating anisotropic component. If at angle ¢ = 90° the FMR line has increased linewidth,
while at angle ¢y = 0° it is narrower, then parameter AS, is subject to fluctuations. In the
opposite case, fluctuations of parameter A, dominate.

In the case of 2D inhomogeneities of magnetic anisotropy magnitude, an additional control
parameter is the tilt angle of the external static magnetic field relative to the film plane. Varying
this angle changes FMR linewidth and asymmetry.
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Fig. 9. Imaginary part of susceptibility xj, versus normalized frequency w/g for different angles
pm and corresponding equilibrium angles ¢q (indicated in panels). Thick colored curves corre-
spond to anisotropy inhomogeneities: (a) AB, = 0.57, AB, = 0; (b) ABy, = 0, AB, = 0.57.
Thin black curves correspond to the homogeneous case. Parameters: k.d = 0.2, & = 0.005,
Hy =6k0e, 47 My = 3.7kOe

Conclusion

This review article systematically presents a unified theoretical framework integrating a series
of papers devoted to development and application of the self-consistent approximation for analyz-
ing resonance phenomena in stochastically inhomogeneous media. The key result is construction
of a self-consistent approach based on self-consistency with respect to the vertex function.

It is shown that the self-consistent approximation for the Green’s function (SCA-G), despite
its wide applicability, has fundamental limitations due to exclusion of diagrams with intersect-
ing correlation lines. These limitations distort spectral characteristics and become especially
significant in media characterized by long-wavelength inhomogeneities.

The developed self-consistent approximation for the vertex function (SCA-V) removes these
shortcomings and provides correct limiting transitions to the Bourret/Born and SCA-G approx-
imations. The key methodological element is introducing self-consistency simultaneously for the
Green’s function and the vertex function. This leads to a system of coupled nonlinear integral
equations and allows one to account for an essential class of diagrams with intersecting correlation
lines that are inaccessible within SCA-G.

The proposed approach is generalized to systems of coupled wave fields in continuous media,
in particular to magnetoelastic waves. For such systems, a matrix representation of the SCA-V
approximation is obtained for both the Green’s function and the vertex function. It is shown
that within this approach, effects of broadening and mutual convergence of magnetoelastic reso-
nance peaks are reproduced correctly. As the distance between resonance peaks decreases in the
crossing-resonance region, a spectral fine structure is formed, including resonance-antiresonance
features caused by stochastic fluctuations of interaction parameters.

To describe ferromagnetic resonance in inhomogeneous thin films, the SCA-V approximation
was used in both scalar and matrix forms when calculating high-frequency susceptibility for
various physical situations. The efficiency of this approach is demonstrated for analysis of real
systems with spatial inhomogeneities of magnetic anisotropy, taking into account contributions
of magnetodipole fields.

It is established that key parameters determining resonance characteristics are the correla-
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tion radius of inhomogeneities, the amplitude of their fluctuations, the orientation of the external
static magnetic field relative to the film plane, and film thickness, which sets the ratio of exchange-
and magnetostatic-wave contributions. It is shown that in thin films, magnetodipole (magneto-
static) waves significantly affect FMR line shape, leading in particular to different asymmetry
of the resonance peak. Within SCA-V, propagation of such waves along the film is accounted
for correctly, which is reflected in the shape of the high-frequency susceptibility peak. Thus, the
SCA-V approximation provides a unified and physically consistent approach to describing the
set, of effects listed above.

From a methodological viewpoint, the presented cycle of papers demonstrates a consistent
transition from scalar problems to matrix systems, from idealized models to realistic geometries,
and from qualitative analysis of linewidth broadening to a quantitative theory of resonance peak
shape and asymmetry. This makes it possible to regard the self-consistent approximation for
the vertex function as a universal analytical tool for studying wave processes in stochastically
inhomogeneous media.

Prospects for further research are primarily related to expanding the application domain of
the developed approach. Of considerable interest is also tighter integration of the analytical
self-consistent approach with numerical simulation and experimental studies, which opens pos-
sibilities for direct determination of statistical characteristics of inhomogeneities from measured
spectra of resonance responses.

The work was carried within the framework of the scientific theme of the state assignment of
the Kirensky Institute of Physics of SB RAS.
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CamMocoryiacoBaHHOe ITPUOJIN2KEHNE JIJi BEPIIMHHOIM

dbyHKIIII 1 ero npuMeHeHe K BOJTHAM B HEOTHOPOTHBIX
cpeaax

Amvurpnmit C. Iomyxun

Henuc C. IMukanos

Mucturyr dusukn nm. JI. B. Kupenckoro

Denepanbublil uccaenopareabeknii nenrp KHIL CO PAH
Kpacnosipck, Poccuiickas Pejreparimst

Awnnoranusi. B pabore npezacrasiieH 0630p €JHMHOIO TEOPETUIECKOTO IOAXOA JJIsl aHAJIN3a PE30HAHC-
HBIX SIBJIGHHIl B CTOXaCTMYECKU HEOTHOPOIHBIX CPEJIaX Ha OCHOBE CaMOCOIVIACOBAHHOTO HPHUOJIMIKEHUS
s BepumuHoit dyakuun (SCA-V). IlokasaHo, 9TO JAHHBIA MOAXOJ YCTPAHSIET OIPAHUYEHHs TPaAJHU-
IMOHHOTO CaMOCOIVIACOBAHHOIO npubimkenus: st GyHkuun I'puna (SCA-G), n3BeCTHOro TakxkKe Kak
npubsmkenne Murnana, Kpeitunana min camocoriacoBanHoe OOpPHOBCKOe mpubsmkenne. Metom 0606-
IIEH Ha CHCTEMBI CBA3AHHBIX BOJIHOBBIX IOJIEH, BKI/IIOYasi MAarHUTOYIIPYI'He BOJIHBI, U IIPUMEHEH K OIIHU-
caHuio GepPOMArHUTHOIO PE30HAHCA B HEOJHOPOJHBIX TOHKHX IUIEHKaX. Ilojxoj obecniednBaer mociie-
JIOBATEIBHOE OIMCAHUE YIIUPEHUs PE30HAHCHBIX [TUKOB, (DOPMUPOBAHUS TOHKOW CTPYKTYDBI B 0OJIaCTH
KPOCCHHI-pe30HaHCOB 1 acumMerpun jguanit @PMP, 06ycioBIeHHON MAarHUTOCTATHYECKHUME BOITHAMH. B
nesiom npubsmxenne SCA-V npezcrasisier co60if yHUBEPCAJIbHBIN aHAJINTHYECKUI HHCTPYMEHT JJIsl UC-
CJIETOBAHMS BOJHOBBIX IIPOIECCOB B CTOXACTUYECKU HEOJHOPOIHBIX CPEax.

KiroueBsle citoBa: heppoMarHUTHBII Pe30HAHC, MATHUTHBIE TIJIEHKH, HEOJHOPOIHOCTH MarHUTHOM aHU-
3orponuy, GyHKIWE ['prHa, CIIMHOBBIE BOJIHBI, MATHUTOIUIIOIBLHOE I0JI€, CAMOCOIJIACOBAHHOE ITPUOJIMKe-
HHE.
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Introduction

In classical potential theory, formulas are well known that express the boundary values of
the potentials of a simple and double layer from various densities and derivatives of them of any
order in terms of the potentials of the derivatives of these densities (see, for example, [1,2]). It
follows that for infinitely differentiable densities, the boundary values of the potentials from these
densities on the boundary of the domain are also infinitely differentiable up to the boundary of
the domain.

In this paper, we consider potentials from real-analytic densities and study their boundary
behavior. In addition, we obtain estimates for the continuation of these potentials in the complex
domain. This makes it possible to apply them to various multidimensional integral representa-
tions for holomorphic functions in a multidimensional complex space.

The conditions for the real analyticity of functions on the boundary of a ball are considered
in S.L. Sobolev’s fundamental monograph [3, ch. 11]. These conditions for the real analyticity
of a function are related to the growth of spherical harmonics, according to which this function
decomposes. We extend these statements to arbitrary bounded domains with a real-analytic
boundary. In addition, we obtain estimates for the holomorphic continuation of these functions
into a multidimensional complex space.

1. Preliminary information

Consider the n-dimensional real space R™, n > 1. The variables in it are the vectors x =
(x1,...,%n), where z; are real numbers for all j = 1,...,n. We introduce the vector module
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lz| = \/]z1]> + ... + |2, [* and differential forms dz = dz1 A ... A dz,, as well as dz[k] = dzy A
oo Ndxg—1 ANdxgy1 A ... Adx,. The topology in R™ is defined by the metric |z — yl, 2,y € R™.
Let D be a bounded domain in R™ with a real-analytic connected boundary 0D = I". The
orientation of the boundary I' is induced by the orientation of the domain D. The domain is
defined as follows D = {z € R™ : p(z) < 0}, where p is a real-valued real-analytic function in
some neighborhood of the closure of the domain D and gradp # 0 on I'.
Recall that the infinitely differentiable function ¢ is real-analytic at the point

¥ = (29,...,2%) e D,

if the Taylor series at point zy converges to ¢ in the neighborhood of this point, that is

o0

Sp(x) = . Z Cityeiryin (xl - x?)“ to (xn - x%)ln (1)

The connectivity of the boundary is necessary in the future for the possibility of solving the
Dirichlet problem for harmonic functions (see, for example, [2, ch. 2]).
The coefficients of the series (1) are derivatives of a certain order from the function ¢, i.e.

14 Ain (10

PSR S N ssiaar b

Ciyyerryin — 1 . e\ i N i1 in )
il i) il O]t Oy

where multiindex J = (i1, ..., ).

So it is not difficult to understand (using Stirling’s formula) that the convergence of this
series in the neighborhood of the point z° is equivalent to fulfilling the following condition for
the growth of derivatives

it i)
[070(@)| < © (1R+—+) (2)

for some positive constants C, R. The constant C' is the maximum value of the function || in
the neighborhood of the point z°. This inequality is given in [3] (inequality X1.4.15).
Using (1), (2), we obtain the following estimate for the function ¢(x)

o0

lp@) < D Jeirial -z =2 fan =2l <

i1,0yin=0

o0 . .
(i1 + ...+ in)! 1
< C_ Z il ip! | Ratotin

a1 — 2§ Jan — 2f | <

11,...,’in:0

<C i |~”l”1—90(1J|1L +|$n—$%| I
< Stk :

l711=0

where ||J|| =41 + ...+ in. The last expression in the previous formula is the sum of a geometric
progression that converges at
|20 — @y

0
Tr, —
‘1 1|++ n

<1
R R

and it does not depend on the type of the function ¢(z), but depends only on the maximum
value of |p(z)] in the neighborhood of the point .
If we give z complex values of w, then we get the following statement.
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Lemma 1. For a real-analytic function ¢(x), the series(1) converges in some homogeneous
polydisc U(z%,r) C C" of the form

U@, r)={weC": |Jwy — a3 <r,... |w, — 22| <r}.

The radius v of the polydisc does not depend on the type of the function ¢, but depends on the
constant C' in the inequality (2), determined by the mazimum value of the function |p(x)| in the
neighborhood of the point x°.

Thus, the function ¢(x) continues as a holomorphic function from n complex variables w =
(w1, ..., wy) to some neighborhood U of the closure of the domain D in C".
Using Stirling’s formula, the condition (2) can be written more expressively by entering the

value
71l 81%p|8‘7<p|
Y4 = 1 _
() jpm \/ S (3)

where is J! =4;!---4,!. The condition (2) then means that ¢(¢) is finite.
We denote the guiding cosines of the function p

1 dp
= — k=1,...,n. 4
Pk |gradp|8xk’ ) ) TV ( )
Note that this refers to the usual gradient
ity (2000
sracdr = Ory’ 0wy )
From here
lpr] <1 in a neighborhood U, k=1,...,n. (5)

Consider the space A(I") of real-analytic functions on the boundary of the domain I'. For
further discussion, we will use the definition of the space A(T') from Schapira’s monograph
[4, Ch.1]: the space A(T") is an inductive limit of the spaces of functions O(U) holomorphic in
the neighborhood U of the set I' in C™ (each in its neighborhood U), that is

A(T) = limind O(U).

Tt is also noted that every bounded set of A(T") is contained and bounded in some space O(U). So
we get that every function f € A(T') is a restriction to I" of some function A that is holomorphic
in the neighborhood of the manifold I' in C™.

Let ¢ € C>°(T"). Define £(¢) by the formula (3).

Lemma 2. A function ¢ € A(T) if and only if ¢ € C=(T) and £(p) < oo.

Proof. Tt immediately follows from the possible decomposition of the function ¢ into a multiple
power series of the form (1) into I" and the convergence conditions (2) of this series. O

The expression 1/£(¢) is nothing more than the radius of a homogeneous polydisc U (z°,7) C
C" centered at 2° € T" and radius r into which ¢ holomorphically extends. The union of all such
polydiscs U(x°,7) by 2° € T gives a complex neighborhood U C C" into which the function ¢
holomorphically extends.

Proposition 1. The sequence of functions ¢ € A(L') converges to the function ¢ € A(I") as
k — oo if and only if ¢y, converges uniformly with all derivatives to ¢ on I' and all numbers
L(pr) are uniformly bounded.
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This means exactly that all functions ) holomorphically extend into one open set U C C™
and on this set they converge uniformly to ¢ (due to the topology of the inductive limit).

Consider the space H(D) of functions f that are harmonic in the domain of D. In him it
introduces the topology of uniform convergence on compact subsets from D. Using H(D), we
denote the space of functions f that are harmonic in some neighborhood of the closure of the
domain D (each function f is harmonious in its neighborhood). The topology on H (D) is defined
as follows. Let

D.={z: p(z)<e}, e>0.

Then the space -
H(D) = limind H(D.).
e—+40
Lemma 3. The spaces H(D) and A(T') are topologically isomorphic.

Proof. Due to the connectivity of the boundary, each function f € A(T") is continued harmonically
in D to the function F'. Let us apply to this continuation the statement from [5, Ch.1].

Theorem 1. Let a doubly continuously differentiable surface ¥ be defined in the neighborhood
of point 2°, and let on one side of X in the neighborhood of x° (i.e., in some component w of the
set B(z%,r) N (R \ X) for a sufficiently small r), a harmonic function u be defined, and having
at each point y of boundaries ¥ N B(x%,r) limit

lim u(z) = U(y),
moreover, the function U(y) is doubly continuously differentiable. Then grad u has a finite limit
at each point of the boundary ¥ N B(x°,7) and can be continuously extended on ¥ N B(x°,7).

Therefore, by the theorem 1, the function F is infinitely differentiable up to I' and since it is
real-analytic on I', we get that I € H(D). The maximum modulus theorem then shows that the
topologies of the spaces A(T") and H(D) coincide. O

The same arguments apply to the spaces A(I") and H(C™\ D) (in the latter space, harmonic
functions in C™ \ D should be placed, tending to zero at infinity).

2. The simple layer potential

In this section, we will consider the case of the space R™, n > 2. Thus, we include the classical
three-dimensional case.

For n = 2 on the R? plane, harmonic functions are closely related with holomorphic functions
of one complex variable (see any textbook on complex analysis, for example, [6]). Therefore, our
approach here does not provide anything new.

The Laplace operator A has the form

A= .
Pt o3

Let g(z,y) be the fundamental solution of the Laplace equation (see, for example, |3, ch. XI],
[2, ch. 2]), that is

1 1 T(n/2-1) 1
oY) = — =— , > 1,
A A P P e o e e T A
n/2
here s, = m is the surface area of the unit sphere in R", and I'(+) is the I'-Euler function.
n
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For the function f € £1(T'), we introduce the integral (integral operator) of a simple layer

ﬂmw:—ﬁj@mwdewzléf@*“” v g,

(n = 2)sn ly — "2

where do is the surface Lebesgue measure on I'. Obviously, ®[f](x) is a harmonic function
outside the boundary of the domain D. The function ®[f](z) tends to zero as || — co.

The boundary properties of the potential of a simple layer for continuous and smooth functions
are well studied (see, for example, [1,7]). The boundary behavior of this potential and its
derivatives of various orders is investigated. Thus, it is shown that ®[f] is a function of the class
C up to the boundary of the domain inside and outside for the functions f € C>(T).

The main result of this section is the following statement.

Theorem 2. Let the bounded domain D have a real-analytic boundary. Then for the function
f € A, the potential of the simple layer ®[f] belongs to the space H(D). And if £(f) < 1/r
and £(p) < 1/r, then L(®[f]) < 1/r. Moreover, if |f| < C in some neighborhood U C C"™ of
the manifold T, then |®[f]| < C in U. The same properties are valid in the complement of the
closure of the domain.

The first part of this theorem was proved earlier in [8, Theorem 5|. Here we give another proof

of it, and also prove the boundedness of extending this potential into the complex neighborhood
of .

Proof. Spherical polynomials are homogeneous harmonic polynomials Y; of n variables of some
degree k of the form

Yi(z) = Z bax®,

llall=k

where a = (ay, . .., @) are multi-indexes, ® = z{* - -- %" are monomials, and ||a| = a1 +...+
Q.

The theory of homogeneous harmonic polynomials is described in detail in S.L.Sobolev’s
monograph [3, Chapter XI|. Here we will provide the information we need.

Spherical polynomials of degree k form a linear space Ly in the space of all polynomials. As
shown in [3, chapter XI], its dimension is finite and equal to

(n+2k—2)(k+n—3)!
El(n —2)!

o(k) =
Thus, o(k) is a polynomial of degree n — 2 in k.

The set of all harmonic polynomials is dense in £1(S), as well as in £2(S) (see, for example, |3,
ch. X1, Sec. 3|), so |JL is dense in £2(S). Recall that the scalar product of two functions
k

fyh € L£2(S) in the space £2(S) is the integral

(ﬂm:LﬂwﬁuMdm

where do(x) is a Lebesgue measure on S.
Moreover, scalar products

(Yi,Y,,) = /sYk(z) Y, (x)do(x) =0,

if £ #% m. Therefore, we can always choose an orthogonal basis from the spherical polynomials
Y}, in the space £2(S) (see [3, ch. XI]).
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The restriction Y onto the sphere S is called the spherical harmonic of order k.
We also recall that the Poisson kernel in the ball B has the form (see, for example, [2, Sec. 2.8])

11—z

yesS, zeB.

The statement is true.

Lemma 4. The potential of a simple layer from spherical harmonics Yy of order k is calculated
by the formula
1

QY] (x) = nt2k—2)

Yk(l‘)

Proof. We have

/Yk Ddoly) = o [ i) o doty) =

where < x,y >= Z T Ym-
m=1
To calculate this integral, we need to harmoniously extend the functions y,,, Yy from the sphere
S into the ball B. It is easy to verify that the harmonic continuation of y,,Y) is given by the
function
L—[yl* oY,
n+2k—2 Oym

F@) = ymYr(y) +

Applying this formula, we obtain that

2(1— \x| ol
n+2k—2 Z m@m:l:| B
= G (L ) ~ 0P =
= T

O

Thus, we have found the eigenvalues and eigenfunctions of the operator of the simple layer
®[f] in the ball B. All these eigenvalues turned out to be less than 1.

Next, we will need a theorem on the real analyticity of functions on the boundary of the ball
B from the monograph by S.L. Sobolev [3] (Theorem XI.3).

Theorem 3. Let the function p(x) be a real-analytic function on the sphere S and for it on the
sphere S a series expansion in spherical harmonics of the form

z) =Y Yi(x) (6)
k=0
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is valid, then |Y| decrease exponentially, i.e. there are constants K > 0 and n > 0 such that
inequalities
V3| < Ke ™ (7)

are valid everywhere on the sphere S.

Conwversely, if the function ¢ is summable on the sphere S and the functions Y} decrease
exponentially (i.e. the condition (7) is fulfilled), then @ is real-analytical on the sphere S. The
series (6) will converge uniformly and absolutely in a ball of radius em.

So if £(¢) < r, then the lemma 4 and the equality (3) show that £(®[p]) < 7.
Moreover, from the Theorem 3 and the Lemma 4, we obtain that if

el <Y il <c
k=0

in some complex neighborhood U of the set I' C C™, then |®[p]| is bounded by the same constant
C' in the complex neighborhood U. Therefore, the Theorem 2 is fully proved in the case of a
ball.

In the future, we will need a local version of the Theorem 3. Let’s formulate it.

Theorem 4. Let the function ¢(x) € L2(S) and is real-analytic in some neighborhood W C S
of the point 2° € S, then the terms of its expansion (6) according to the system of spherical
functions Yy, decrease exponentially in W, i.e. there are constants K > 0 and n > 0 such that
the condition (7) is satisfied everywhere on W.

Conversely, if the function ¢ is summable on the sphere S and the functions Y}, decrease
exponentially on W (i.e. the condition (7) is fulfilled), then ¢ is real-analytical on W. Moreover,
this series will uniformly and absolutely converge in the neighborhood U C C™ of the set W C S.

Proof. The proof follows the scheme of the proof of Theorem XI.3 from [3]. It is based on Lemma
X1.2 from [3].

Lemma 5. Let u(z) and by (), ||a| < m be real-analytic in the neighborhood of the origin in
R™ and let the differential operator L have the form

L= Z bo ()0,

el <m

and
filx) = L'u(z),
then there are constants A and K that depend on L and u such that
fi(@)] < KA™ (mi)!.
Hence we get a corollary from [3, ch. XI|. Let us formulate it in a local form (formula
(XI1.4.20)).

Corollary 1. For any real-analytic function p(0) in the neighborhood W C S, there is an

estimate
|Abp(0)] < KA (21)!, (8)

here 0 is the usual angular coordinates on the sphere S, and Ay is the Laplace operator in these
angular coordinates (see, for example, [3, ch. XI, Sec. 1]).

The proof goes on as in Theorem XI1.3 of [3], you just need to make sure that instead of the
sphere S, the set W is considered. O
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Note also that by virtue of the condition (7), the series (6) will uniformly converge on the set
Wy={re:xeW, 1<r<e}

Let’s return to the domain D in a general way. Consider a sufficiently small neighborhood
U(e) = U of the point 2° € T. There is a real-analytic diffeomorphism z = z(y) that maps
an open set V to U, and such that a part of the unit sphere S NV translates to a part of the
hypersurface ' N U.

Consider the potential of a simple layer on this part of the surface

x)do(z
vulrlw) =c [ 195,
unr

Let’s replace the variables = z(y) in it and substitute u = 2(v). Then we get

g f*(y)do*(y)
O [fl(z(v) = @L[f*](v) =c | T~ s
VZS (y) — z(v)

|z x(v)|r—2’

where f*(y) = f(z(y)), and do*(y) = do(z(y)). It is clear that do*(y) = 7(y) do(y), where 7(y)
is a positive real-analytic function on the sphere S, and do(y) is the Lebesgue measure on a
sphere.

It is not difficult to get the inequality

2(y) — 2> <Tly—v =T> (g —w)’, yveV.
k=1

So
|z(y) — 2(v)[?
k;(yk — )2

Applying an analogue of Riemann’s theorem on the elimination of singularities of bounded
holomorphic functions (see, for example, [9, clause 2.1.4]), we obtain

<T, yveV. (9)

|‘§7§y) — ,’E(U)|2 _ w(y’v%
kgl(yk — vy)?

where 1 (y, v) is a real analytical function in V' that does not vanish.
We could not go into the complex space, but apply the results of chapter VI from [10].
Therefore, the potential of a simple layer will take the form

[ (y)T(y) do(y)

(I)E[f ](U) =c i W‘*l(y7v)|y _ U|2nf2'

vn

By choosing a sufficiently small neighborhood U and using the inequalities (5), we can assume
that

7(y)
P A— .
‘Tﬂ"_l(yyv) <1 g w,veVns (10)

Let’s continue the function f* by zero for the rest of the sphere S. We get

B[ (v) = C/s f*(y) do™(y)

Yy, v)ly — o
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In fact, this is the potential of a simple layer on a sphere, where the density depends on the
parameter v.

Consider an orthonormal basis in the space £2(S), consisting of spherical harmonics Yy .
Let’s denote it B = {Y;;, 0 < k < oo, 1 <1 < o(k)}. Then any function h € £3(S) can be
decomposed into a series according to the basis B of the form

= Z b1 Y1 (y)
k,l
converging to it in £2(.S), here
b = / h(y) i do(y).
5

Sry)T(y)
YrL(y,v)

Zbkl )Yea(y

Decompose the function F(y,v) = in a series on the basis B by y, then

where

bes(v) = /S F(y,0)Yii(y) do(y).

It is clear that the functions by ;(v) are real-analytic in the neighborhood of the set V'N S.
Then, using the lemma 4, we get

[f](0) = 3 gy bra(0)Via (0).

Since the function F' is bounded on S, ie. |F(y,v)] < C for y,v € S or even from the
neighborhood of S, then

|bre,i (v C/\Ykl ) do(y \// Vi1 (y)Pdo(y) =

Hence, it is clear that if the conditions of the theorem 4 are fulfilled for the function F(y,v),
then they will be fulfilled for the function ®*[f].

Let us now consider the remaining part of the potential of a simple layer over the set T'\ U,
i.e. the integral

@) = [ o.2)f0)do).
n\U
For him, we have
‘aa@l(xO)

al

< me%&ﬂw@g

T\U(z%,r)

(lef[ +n—2)t 1
alln—2)1 a2’ (11)

Applying Stirling’s formula, we get that £(®[f]) < £(f).

Moreover, the holomorphic extension of the potential ® into the complex neighborhood T'
will be limited by a constant determined by the same type of constants for the function F'(u,v)
and ultimately by constants determined by the functions f, 7, .

Thus, the Theorem 2 proven. O

<chax|f|
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3. Integral representations of Bochner-Martinelli and
Cauchy-Fantappie

In this section, we will apply the results of the previous paragraph to the study of the
boundary behavior of the Bochner—-Martinelli and Cauchy—Fantappié integrals of a certain type
from real-analytic functions.

The method of integral representations is one of the main constructive methods in the study
of holomorphic functions of many complex variables. The Bochner—Martinelli integral represen-
tation plays a particularly important role in multidimensional complex analysis (see, for example,
the monographs [6,11-13]). Its kernel is universal (independent of the type of domain) and quite
simple (it consists of derivatives of the fundamental solution of the Laplace equation). This
kernel has many properties of the Cauchy kernel on the complex plane, with the exception of
holomorphicity. The Bochner-Martinelli integral is considered in detail in the monograph [14].
This integral is also closely related to classical potential theory. It is shown in [14, Ch. 1] that
it is an analog of the double layer potential. The Bochner-Martinelli integral plays a particu-
larly important role in the analytical continuation of functions of various classes of smoothness
(see [14,15]).

Consider the n-dimensional complex space C™, n > 1, of variables z = (21,...,2y), 2; =
ZTj +1Tptj, J = 1,...,n, x; are real numbers. Thus, we identify the space C" with the space
R?",

We introduce the module of the vector |z| = \/|z1]2+ ... + |z,|2 and the differential forms
dz=dzxn N...Ndzp,dzZ=dz N\...NdZ,, and also dz[k] =dz1 A ... Adzg—1 ANdzgr1 A ... Adzy,.

Consider the Bochner-Martinelli kernel — an external differential form U ((, ) of type (n,n—1)
of the form (see, for example, [14, Ch. 1], [15, Ch.1])

U(c.z) = B DI Cpemn S B e g

(i) 2~ ¢ —2pn

It is a closed differential form with harmonic coefficients. On the complex plane C!, it coincides
with the Cauchy kernel.
The fundamental solution of the Laplace equation ¢g((, z) in C™ can be written as

(n—2)! 1
(27.‘-7;)n |C _ 2‘2"_2’

g(Cv'z) =

n>1,

then

n

06,9 = > (-0 5 dclh] A d.
k=1

For the function f € £!(I'), we introduce an integral (integral operator) Bochner-Martinelli

Aﬂﬂ@%=£f@ﬂ%@@7 ¢,

It is clear that M| fl is a harmonic function outside of I'; in particular, it belongs to the spaces
H(D) and H(C™\ D).

Theorem 5. Let the bounded domain D have a real-analytic boundary. Then for the function
f € A(T) we have that M[f] belong to the space H(D). Moreover, if £(f) < 1/r, £(p) < 1/r, then
L(M[f]) < 1/r. The same property holds true in the complement of the closure of the domain.
In addition, if |f| < C in the neighborhood U C C*" of the boundary T, then |M|[f]| is bounded
in U by the same constant C.
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The first part of the Theorem refines the proof of Theorem? 7 from [8§].

Proof. Consider the integral M f. If the domain D is a unit ball B centered at zero, then the
homogeneous harmonic polynomials P, ; of degree homogeneity s with respect to z and ¢ with
respect to z are eigenfunctions of M f (see [14, Sec. 5]) and

-1
M[Ps,] = LPS . forall s,t.
' n+s+t—1 "7
n+s—1 '
So that 0 < T < 1. Therefore, we can completely repeat the reasoning for the
n+s —

potential of a simple layer in a sphere taking the fuctions P,; with p + s = k as systems of
spherical functions Y}, and obtain the required result.

For an arbitrary bounded domain D with a real-analytic boundary, we represent the Bochner-
Martinelli kernel on I' in the following form (see, for example, [14, Ch. 1])

9
U, 2)p=3Y. aTgk mdo(C), (€T, (12)
k=1

where 7, are "complex" guiding cosines

1 Op
T = P —
k | grad p| 0z’

=1,...,n.

In this case, we mean the "complex" gradient

0 0
grad p = <82pl”8zp>

It is clear that £( f) does not change during differentiation. And when multiplying the function
f by pg, i.e. when counsidering ¢(fpz), this expression cannot decrease due to the conditions of
the theorem and inequalities (5).

We see that the integral M f consists of derivatives of the potential of a simple layer. To
evaluate them in C?”, we can use Cauchy inequalities for holomorphic functions and obtain the
same inequality for M f as for f, reducing (if necessary) the radius of the homogeneous polydisc
into which this function extends (see §1 of the article).

O

Consider the differential forms dz[k,[], which are obtained from the differential form dz by
throwing out the differentials dz; and dz;.

Let’s introduce the functions ay,; — some smooth functions on I', k,l =1,...,n.

We will also introduce the kernel

W(¢2) = dlari(Q)g(C, 2)) AdC[L k] AdC.

k>l

Then we obtain that for holomorphic functions f in the domain D and continuous in the closure
of the domain D, the integral representation

ﬂ@=£ﬂow&@+Wm@%zeD (13)

holds.
Let’s denote the integral operator M + G by @

Qmwzzjmwm@+wma»z¢n (14)
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The integral Q[f](z) is a harmonic function outside of T.

The integral representation (13) is a special case of the Cauchy—Fantappie integral represen-
tation, so named by J. Leray [16].

Its kernel consists of derivatives of the fundamental Laplace equation, just like the Bochner—
Martinelli kernel.

The statement is true.

Theorem 6. Let the bounded domain D have a real-analytic boundary. Then for the function
f € A) and the functions ar; € AT), k,l =1,...,n, we get that Q[f] belongs to the space
H(D). Moreover, if £(f) < 1/r, €(p) < 1/r, llag,;) < 1r, l=1,...n, then {Q[f]) < 1/r. The
same property holds true in the complement of the closure of the domain. In addition, if |f| < C
in the neighborhood U C C?™ of the boundary T, then |Q[f]| is bounded in U by the same constant
C.

Proof. For the operator (O, we obtain that the integral contains the derivatives of the fundamental
solution of the Laplace equation ¢g({,z). When differentiating this solution, ¢ does not change.
For the product of functions with ¢ < r, the value ¢ also does not change.

To evaluate the integrals themselves Q[ f], we must restrict the kernel W((, z) to the boundary
of the domain D, then we can assume that the obtained real-analytical functions standing before
the derivatives of the potential of a simple layer are bounded by 1.

Applying the Theorem 2, we obtain the necessary statement. O

The work was supported by the Russian Science Foundation, the Government of the Krasno-
yarsk Region and the Krasnoyarsk Regional Science Foundation (Project No. 26-11-20004).
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O rpaHMYHOM TOBEJEHUN MOTEHIINAJJIOB OT BEMIECTBEHHO
aHAJUTUIECKNX (PYyHKITIi

Anekcanap M. KeiTmMmaHOB

Cumomna I'. MbiciiuBers
Cubupckuii demepasbHbIii YHUBEPCUTET
Kpacnosipck, Poccuiickass @eneparus

Awnnoranusi. B ganmroit pabore MBI pacCMaTpUBaeM MOTEHITHABI OT BEIIECTBEHHO AHAIUTUIECKUX TLIIOT-
HOCTE U M3y4YaeM UX IpaHnvHoe mnoBeneHue. [losydaem ONEHKHM Ha MPOJOJIKEHUS STUX IIOTEHIUAJIOB
B KOMILJIEKCHYIO 00JIACTb. DTO TO3BOJISIET UX MPUMEHUTH K Pa3JIUIHBIM MHOTOMEDHBIM WHTEIPAJIBHBIM
npeacrasieanaM (Boxuepa-Maprunesm, Komm-®anranmube) fy1s1 rosoMopdHBIX QYHKIMIA B MHOTOMED-
HOM KOMILJIEKCHOM IIPOCTPAHCTBE.

KuaroueBbie ciioBa: moTeHIHAJ MPOCTOrO CJIosi, WHTerpaa boxaepa-Maprunesnnu, waTerpan Komm-
DanHTaNIbEe, BEIECTBEHHO AHAJATHIECKUE (DYHKITAN.
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Abstract. The paper considers the matrix ball in the space of rectangular matrices and studies the
group of holomorphic automorphisms: explicit formulas are obtained for fractional-linear transformations
preserving the ball, and their general structure is proved. Special attention is paid to the construction
of an automorphism mapping a given interior point of the ball to the origin. The results generalize the
classical theory of automorphisms of the unit ball in C™ and the ball of square matrices to the case of
rectangular matrices.
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1. Introduction and preliminaries

The study of holomorphic automorphisms of domains in multidimensional complex space
occupies an important place in modern complex analysis and its applications ([1-6]). Holomor-
phic automorphisms, i.e., biholomorphic mappings of a domain onto itself, not only describe
its internal symmetry but also serve as a powerful analytical tool. Explicit knowledge of the
automorphism group allows one to:

construct holomorphic continuations of functions defined on a part of the boundary into the
interior of the domain ([7-9]);

derive explicit forms of kernels for integral representations of the Bergman, Cauchy—Szego
type, and the Poisson formula that are invariant under the group action. These formulas form
the basis for studying spaces of holomorphic functions and solving boundary value problems
([10-13));

the automorphism group naturally defines invariant metrics (such as the Caratheodory,
Kobayashi, and Bergman metrics). Domains with a transitive automorphism group, among
which the classical Cartan domains stand out, have a particularly rich structure. The matrix
ball is an example of such a domain.

The explicit form of automorphisms for the matrix ball in the space of square matrices was
investigated in detail in the works of G.Khudaiberganov and S.Kosbergenov ([9,12]). Their
results formed the basis for the development of analysis in this classical Cartan domain.

The main goal of the present work is to generalize these results to the case of the space of sets
of rectangular matrices. We consider a matrix ball defined for a vector composed of rectangular

*bukharbay@inbox.ru
(© Siberian Federal University. All rights reserved
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matrices. In this paper, we obtain explicit formulas for fractional-linear transformations that
preserve such a ball, prove the transitivity of the automorphism group action, and construct an
explicit form of the automorphism that maps any interior point to the origin.

The classical theory of automorphisms of the unit disk D = {z € C : |z| < 1} is well known:
every holomorphic mapping of the disk onto itself has the form

eie zZ—a

a € D. (1.1)

w = —
1—az

In matrix notation, this transformation is represented as a fractional linear

_az+b
cz+d’

b
where the matrix (a d) belongs to the group SU(1,1), i.e. satisfies the condition
c

ol )6 =62 12)

In this paper, we generalize this construction to the case where the variable z is a tuple of
rectangular matrices.

2. Matrix ball in the space of rectangular matrices

The term matrix ball was first introduced by G. Khudaiberganov ([14]), who posed several
fundamental problems of complex analysis for it: finding the transitive group of automorphisms
of the matrix ball, calculating the Bergman and Cauchy-Szego kernels for this domain, and
deriving a Carleman formula to recover the values of a holomorphic function within the matrix
ball from its values on certain boundary sets of uniqueness. A series of works by S. Kosbergenov,
A. Kytmanov, and others ([15-17]) have been devoted to solving these problems.

Let Z = (Za,. .., Zy) be a vector composed of rectangular matrices Z; of size p X ¢ over the
field of complex numbers C. Such a set can be identified with an element of the space CP9". We
introduce the matrix "scalar" product on this set:

(Z,W) = Zn:Zjo*, (2.1)

where W is the Hermitian conjugate matrix (of size ¢ x p). Note that the result (Z,W) is a
square matrix of size p X p.

Lemma 2.1. The product introduced has the following properties:
1.{Z,Z) =2 0, where (Z,Z) = 0 if and only if Z = 0.
2. (Z,W) = (W, Z)*.
3. (2 + 22, W = (ZV, W) + (22, W).
4. (ANZ, W) = XZ, W) for any square matriz A of size p X p.
5. If (W, W) > 0, then the inequality holds

(Z,Z) = (Z,W)(W, W)~ (W, Z).
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Proof. Properties 14 follow directly from the definition of the matrix "scalar" product.
Let’s prove 5. Consider the expression (Z + AW, Z + A\W), where X is an arbitrary square
matrix of order p. By Property 1, this expression is nonnegative:

0 < (Z 4+ AW, Z + A\W).

Expanding according to the definition of the matrix scalar product and using the linearity
properties 3) and 4), we obtain:

(Z+ MW, Z+XW)=(Z,Z) + XW,Z) + {(Z, W)X + XW, W)\*. (2.2)
Let’s choose A in a special way:
A= —(Z,WYW, W)L,

Such a matrix exists because (W, W) > 0 and is therefore invertible.
Substitute this A into (2.2). Let’s calculate each term:
L AW, Z) = —(2, W) (W, W)~ (W, 2).
” (Z W)X = (Z,W) (=(Z, W)W, W) )" = —~(Z, W)W, W)~ (W, Z),
since (W, W)~1 is Hermitian and (Z, W)* = (W, Z).
§ MW, W)X = (—(Z, W)W, W)~ ) (W, W) (—(Z, W)W, W)~")" =
= (Z,W)(W, W)~ (W, Z).
Substituting these expressions into (2.2), we obtain:
0<(2,2) —(Z, W)W, W)™ "W, Z) = (Z,W)(W, W)~ (W, Z)+
HZ W)W, W)~ YW, Z).
After reducing similar terms:
0<(2,2) = (Z, W)W, W)~ (W, Z).
From here we arrive at the desired inequality:
(2,2) > (2, W)W, W)~ (W, 2).
Definition 2.1. A matriz ball is a domain

Rpqn = {Z €C" 10 —(7,7) > 0},

where IP) is the identity matriz of order p, and the sign > 0 denotes the positive definiteness of
the Hermitian matrix.

For p = q =1, we obtain the classical ball in C": Y |zj|* < 1. Forn=1 — a ball from one
matriz Z € Cp x q] with the condition I'P) — ZZ* > 0.

Lemma 2.2. The matriz ball %, 4., has the following properties:

1. Boundedness: There exists a constant C' > 0 such that ||Z;|| < C for all Z € Ry 4 n,
j=1,...,n.

2. Complete circular domain: If Z € R, ;. and |o| < 1, then aZ € Ry gn.

3. Invariance under unitary transformations: For any unitary matrices U € U(p), V; € U(q),
the transformation Z; — UZ;V; maps Rp g n to itself.

4. Convexity: If ZZW € Ry, g and t € [0,1], then tZ + (1 —t)W € Ry, g.n-
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Proof. All properties are proved by direct calculations using Definition 2.1 and the properties of
Hermitian matrices. We prove property 4. Let Z, W € R, ; . This means that

IV (7 7y >0, I® —(W,W)>0.

For an arbitrary nonzero vector £ € CP, consider the quadratic form
Q) = ¢ (IV = (tZ + (1 -OWtZ + (1 - )W) &
We calculate (tZ + (1 —t)W,tZ + (1 —t)W):
tZ+ (1 —tOWtZ + 1 —t)W) =tXZ,2Z) +t(1 —t)(Z, W) +t(1 —t)(W, Z) + (1 — t)2(W, W).
Hence,
Q(E) = [[6l2 = £26*(2, Z)¢ — H(1 — D" (Z, W)€ — t(1 = )" (W, Z)€ — (1 — 1)E" (W, W)e.
Let’s introduce the following notation:
a=VE(Z,2)E, b= EWWE
From the condition that Z and W belong to a ball, we have:
a® < Jlel*, v* < el

We estimate the mixed terms using the Cauchy-Bunyakovsky inequality for the matrix scalar
product. Property 5 of Lemma 2.1 implies:

E(Z,W)E| < VEH(Z,2)€ - /& (W, W)E = ab.

Similarly for £*(W, Z)&.
Thus,

Q(O) > [I€]1” — £2a® = 2(1 — )b — (1 = 1)*” = [¢]* = (ta + (1 = 1)b)*.
Since a < [|€]| and b < ||€]|, we have:
ta+ (1 —t)b < tllgll+ (1 =)l = [1€]]-

Therefore,
(ta+ (1 - 6)b)* < [i€]1%,

and hence Q(§) > 0 for any nonzero &.
The positivity of the quadratic form for all £ # 0 means that the matrix is positive definite,
ie.
IV — (4 Z 4+ (1 =W, tZ + (1 — )W) > 0,

which completes the proof. O
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3. Holomorphic automorphisms of the matrix ball

The main idea of the work in studying automorphisms of the matrix ball is to introduce
homogeneous coordinates. Consider a tuple of matrices

C = (CO)Cl?"')Cn)v

where (o € C[p x p] is an invertible square matrix, and (; € Clp x ¢] for j =1,...,n.

The relationship with the original variables is defined by the relations
Zi=¢", j=1,...,n (3.1)

We introduce a matrix of size (p + ng) x (p + nq):

1@ 0 0 e 0
0 —J@ 0 e 0
H=1| o 0 —1l@ ... 0 : (3.2)
0 0 0 coo 1@

where I(?) and I(9) are the identity matrices of order p and ¢, respectively.
The condition for a point Z to belong to the matrix ball R, ,, in terms of homogeneous
coordinates takes the form

CHC >0, (3.3)

where ( is regarded as a row matrix of size p X (p + ng), and the sign > 0 denotes the positive
definiteness of a p X p matrix.

Consider a square matrix A of size (p + ng) x (p + ng) with the following block structure:

Agg Aot Aoz - Aon
A An A - A,

A=|A20 An Ap - Ay || (3.4)
AnO Anl An2 T Ann

where: Agg € C[p x p] is a square matrix,
Ao €Clpx gl for k=1,...,n,
AjoeClgxp|forj=1,...,n,
Aj, € Clg x gl for j,k=1,...,n.

Definition 3.1. We say that a matrix A defines an admissible transformation for the matrix
ball Ry, 4 » if the equality holds.

AHA* = H. (3.5)

This condition is a direct matrix generalization of condition (1.2) for the classical case.
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Expanding condition (3.5) component by component, we obtain the system of relations:

n
(1) AooAgy — ZAOSASS = I(p),

s=1

(2) Ajodsy =Y Aj A, =—19 j=1,...n,
s=1

(3) AOOA;O = Z AOSA;sv j=1...,n,

s=1

(4) AjoApg =Y Aj A, j#k j k=1, n
s=1

These relations are matrix analogues of the conditions for elements of the group SU(1,n) in
the scalar case.
We consider a linear transformation via homogeneous coordinates:

w= (A, (3.7)

where w = (wo, w1, . . ., wy) With wy € CP*P, w; € CP*9,
In coordinates:

wo = CoAoo + Y _ GiAjo,

j=1

Wk :§0A0k+ZCjAjka k=1,...,n. (38)

j=1

Using the relation (; = (¢Z;, we obtain:

wo = Co | Aoo + Z ZjAjo |
=1

wr =Co | Aox + Z ZjAjk . (39)

j=1
Defining new variables W}, = wy Lwi, we arrive at the main result:

Theorem 3.1 (on the form of automorphisms). Every holomorphic automorphism of the matriz
ball Rp, 4 » has the form

-1
Wk = A00+ZZjAjO AOk+ZZjAjk s k= 1,...,n, (310)

Jj=1 Jj=1

where the coefficients A;j satisfy conditions (3.6). Conversely, any transformation of the form
(3.10) with coefficients satisfying (3.6) is an automorphism of the ball Ry q.1,.

Proof. Necessity follows from the requirement that condition (3.3) be preserved under transfor-
mation (3.7), which leads to condition (3.5), equivalent to (3.6). Sufficiency is verified by direct
substitution: if conditions (3.6) are satisfied, then transformation (3.10) biholomorphically maps
the ball onto itself. a
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4. Automorphism that maps a given point to the origin

Theorem 4.1 (on transitivity). The automorphism group of the matriz ball R, 4, acts transi-
tively. For any point B = (B1,...,By) € Ry q.n, there exists an automorphism ¢ mapping B
to 0.

Proof. We explicitly construct such an automorphism. Consider a matrix A with the following
blocks:

AOO :R7
Aj():*B;R, jil,...,n7
Ajk:ijv jak:17"'an7 (41)
AOk:_ZBSst» k:]-,"'an,
s=1

where the matrices R € CP*P and Q = (Qjx) € Cra)x(n9) are determined by the conditions
R* (I<P> — (B, B>) R=1", @ (I(”Q) - B*B) Q=10 (4.2)

Here B*B is a block matrix with entries B’ By.
Substituting into formula (3.10) yields

Wy = R~ 1w — Z ZjB; Z(Zs = Bs)Qsk, (4.3)
j=1

which exactly maps B to 0. O
Definition 4.1. A transformation of the form
Wi :zn:ZjUjk, k=1,...,n, (4.4)
j=1
where the block matriz U = (Ujk)} —_; of size (qn) X (qn) satisfies
Ut =19, yur = 1m,
is called a generalized unitary transformation.

Note that (4.4) is a special case of (3.10) with Agy = IP), Ag, = 0, Ajo =0, Aji = Ujp.
Conditions (3.6) are then satisfied.
We denote by W = ¢p(Z) the automorphism mapping B to 0.

Theorem 4.2. Let ¢ be an arbitrary automorphism of the matriz ball R and let B = (0).
Then there exists a generalized unitary transformation 1, such that 1 = 1, o gogl.

Proof. The mapping ¢p o ¥ is an automorphism that fixes the origin 0, since pp(¥(0)) =
wp(B) = 0. Automorphisms that fix the origin in circular domains are linear, i.e., generalized
unitary transformations 1,,. Consequently, pp o1 = 1, whence ¢ = @gl 0y = Py 0 cpgl (by
the invertibility of ¢p). |
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Corollary 4.1. The following identities hold:
1™ —(pp(Z),pp(W)) = R I™ —(Z,B))" I —(Z,W))I"™ — (B,W))"'R*, (4.5)

_ det(I™ — (B, B)) det(I™ — (Z,W))
~ det(Im) —(Z, B)) det(I(m) — (B, W))’

det (1™ — (op(Z),05(W))) (4.6)

Proof of (4.5). Consider the homogeneous coordinates ¢ = ((o, 1, ..., () and ¢ = (Co, Ciy -+ Cn)
corresponding to the points Z and W:

=1V, ¢G=2;, (=1IV, =W,
Then
CHC =1V —(2,7), CHC =1W) — (W, W), C(HC =1% —(Z,W).
From the condition AHA* = H for the automorphism g, we have:
(CAYH(CA)" = CHC". (4.7)

Let us write (4.7) in block form. Let w = (A, @ = CA. Then (4.7) takes the form:
wody — Y wid; = Colg — Y GG = 1P — (Z,W).
j=1 j=1
The left-hand side can be rewritten as:

wo (I " - Z(wolwn(wole)*) @5 = wo (17 = (pB(2), 0B(W)) G-

Jj=1

Thus,
wo (10 = (p5(2), s (W))) @ = IV — (2,W). (48)

Let’s find expressions for wy and @p. From (4.1) and (3.8) for the automorphism ¢p we have:

n n
j=1

Jj=1

- (I<P> - i: ZjB;) R= (I(p) —(z, B>) R.
j=1

Likewise,
&0 = (I@) (W, B>) R.

Note that (W, B)* = (B,W), so
&t = R* (I<P> (B, W>) .
Substituting the found expressions for wy and @g into (4.8), we obtain:

(I(”) ¢z B)) R <I<P> —pn(2), @B(W)>> R* (I<P> — (B, W>) =1 (7. W).
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Multiply on the left by (I(p) —(Z, B))i1 and on the right by (I(p) — (B, W))ilz

R(10 —{op(2).05W)) B = (10 —(2.8)) " (19— (z.w)) (1 — (B.W)) .

Finally, multiply on the left by R~! and on the right by R*~!:

10— (o(2), o5 (W) = R (10 —(2,3)) " (19— z,w)) (19 — (B, W) R,

The second identity (4.6) is a direct consequence of the first, obtained by taking determinants

of both sides and using the relation R*(I™ — (B, B))R = I™, which implies |det R|? =

det(I™ — (B, B))~. |
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06 aBTOMOpPdU3IMaAX MATPUIHOTO IMapa B MPOCTPAHCTBE
NPSIMOYTOJIbHBIX MaTPWUIL

Byxapb6aii T. Kypbanos
KapaxkaJsimakckuii rocy1apCTBEHHbBIN YHUBEPCUTET
Hyxyc, ¥Y36exkucran

AnHoTausa. B pabore paccmaTpuBaeTrcss MATPUYHBIN IIap B IMPOCTPAHCTBE MPSIMOYTOJBLHBIX MaTPHIL,
M3ydJaeTcsl TPYIIna TOJIOMOPMHBIX aBTOMOP(MU3MOB: MOJyYeHbI SIBHBIE (DOPMYJIBI JIJIsT JTPOOHO-JIMHEHHBIX
peobpa30BaHmii, COXPAHAIOMNX IIap, W JOKa3aHa uxX obOmias crpykrypa. Ocoboe BHUMaHWE YIIETIEHO
[IOCTPOEHUIO ABTOMOPGU3MA, [IEPEBOJISIIEr0 3aJaHHYI0 BHY TPEHHIOIO TOYKY IIapa B HAYAJIO KOOD/IUHAT.
Pesynbrarsl 0600IIAIOT KJIACCHYECKYIO TEOPHUIO aBTOMOp(dU3MOB eawHnvyHOro mapa B C" u mapa wu3
KBaIPATHBIX MATPHUI] Ha CJIydail TPAMOYTOJIHHBIX MATPHIIL.

KiroueBsblie ciioBa: eMHUYHBIA KPYT, MATPUYIHOE CKAJSIPHOE IIPOU3BEJIEHUE, MATPUYHBIN IIap, aBTO-
Mopdusm.
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Abstract. We study nets and net subgroups that define the structure of subgroups of the general linear
group G = GL(3,Q) of degree 3 over the field of rational numbers Q, containing a non-split maximal
torus T = T(d) associated with a radical (cyclic) extension Q(%/d) of degree 3 of the field of rational
numbers Q. The calculation of the normalizer N (o) is given of the elementary net subgroup E(o) in the
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1. Introduction and preliminaries

This paper continues the work of Z.I. Borevich and the author [1-3] and is devoted to the
study of subgroups of the general linear group G = GL(3,Q) that contain a non-split maximal
torus T' = T'(d) associated with a radical (cyclic) extension K = Q(¥/d) of degree 3 of the field of
rational numbers Q. This paper is devoted to the study of net subgroups and their normalizers
in the group G, which determine the structure of subgroups containing a non-split maximal torus
T =T(d).

The elements of the torus matrices T' = T'(d) generate some subring R(d) of the field Q. Let
R — be an intermediate subring, R(d) C R C Q. For a triple of (fractional) ideals A;, As, A3 of
the ring R, related by the relation dA3 C A; C Ay C Aj, we consider the net

A1 dAs dA,
o=0(A1,42,43)= A A dAs|,
As Ay Ay

which is called the net associated with the torus T. The net group G(o) is normalized by the
torus T', and therefore the product T'G(o) is an intermediate subgroup of the group G = GL(3,Q)
containing the torus 7' (Proposition 3). When studying the structure of intermediate subgroups
of the group G containing the torus 7', the main role is played by the net 0 = o(A;, Aa, A3)
for the case A; = dAs. Thus, these net o = o(dAs, Aa, A3) are defined by an intermediate ring
R, R(d) C R C k and a pair of fractional ideals Ay, A3 of the ring R satisfying the condition
dAs C Ay C Ajz. In Section 3 we study nets and net subgroups associated with the torus
T =T(d).

*koibaev-K1@yandex.ru https://orcid.org/0000-0002-5142-2612
(© Siberian Federal University. All rights reserved
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Let us formulate the main result of the work, announced in [4]. Let d € Z be an integer not
divisible by a cube of any prime, where d # +1. Consider the net o = o(dAs, A2, A3) and the
elementary net subgroup E(o) generated by transvections from the net group G(o). Let N (o)
be the normalizer of the subgroup E(c) in the group G. Let, further, g=gecd(b, ¢), where ¢ and

1
b are determined from the equalities: d = be, (A : A3) = cR, (dAs : As) =bR. Let B = gR

and consider the net

R dB dR
Q=R R dB
B R R

Theorem. Let Ay = dAs, 0 = o(A1, As, A3) be the net associated with the torus T. The
normalizer N(o) of an elementary net subgroup E (o) in the general linear group G = GL(3,Q)
coincides with the product of the torus T and the net group G(Q): N(o) =TG(Q).

Note that in [5] the normalizer N(o) is calculated for the special case when Ay and Aj are
integral ideals of the ring R, and Ay = As.

The following notations are used in this work:

d € Z is an integer free of 3 powers (that is, a product of distinct primes with powers < 2);
k = Q — the field of rational numbers; 23 — d is an irreducible polynomial over Q; e — the
identity matrix of order n; e;; — the matrix in which at position (4, ) there is 1 € k, and at
the remaining places there are zeros; ¢;;(§) = e + £e;; — elementary transvection & € k*, i # j;

n
transvection is a matrix of the form (d;; + «;8;), where a;, 8; € k, 3 a;8; = 0 (0;; — Kronecker

i=1
symbol). Let a = (a;;), a=' = (aj;). Then the formu}a holds: (at,s(&)a™")i; = dij + airfaly;
(8)i; denotes the element s;; of the matrix S = (s;5); s;; are the elements of the inverse matrix

S™1 = (s)-

Let ije aring, Z C R C Q. Recall that an R-module A, A C Q, is called a fractional ideal
of the ring R if yA C R for some v € Q. For (fractional) ideals A, B of aring R, Z C R C Q,
(A : B) denotes the (fractional) ideal (A: B) ={A € Q: AB C A}.

For a ring R, Z C R C QQ, and nonzero integers a,b € Z, we have

aRNbR =mR, 1ROERZER,
a b q

b
where g=gcd(a, b), m = a—:lcm(a, b).
q
Let us also recall that the table of additive subgroups ¢ = (0;;) of the ring R is called a
net [6, 7| if the inclusions 0;,0,; C oy; hold for all ¢,7,j. For the net o = (0y;), M(0) = {a =
(aij); aij € 05} denotes the matrix ring.
2. Cyclic torus and ring associated with a cyclic torus
Consider the radical (cyclic) extension of degree 3 K = Q(+v/d) of the field Q. There is a
regular embedding of the multiplicative group K* of the field K into the group GLg(K) =
Autg(K) of all Q-linear invertible mappings of the field K
K* — Autg(K), o--»a,

where a(z) = ax, © € K. The image of K* under this embedding is denoted by T'= T'(K') and
is called the non-split maximal torus, corresponding to the extension Q(+/d)/Q. Let § = v/d and
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fix a basis 1, 6, 62 of the field K = Q(C/&) over Q. Each element oo = z1 + 220 + 236° € K in
the chosen basis (with the specified embedding) corresponds to a matrix

X1 d$3 dZL‘Q
C(.Z‘) =|T2 X1 d.’L’g , T = (l‘l,l‘g,l‘g) € le
I3 To I

Thus, in the chosen basis, the torus T'= T'(d) = T(K) is defined as the matrix group

T =T(d) = {C(x): 2 € Q*\0}.

Each matrix C = C(z) = (c¢;;) has an associated inverse matrix C~! = C(y) = (cij), vy =

(y1,92,y3) € k™, where y; = C’C;1i)|’ and C4; is the algebraic complement of element c¢1; of
x

matrix C' = C(z). In this paper, we consider the unital subring Ry = R(d) [1-3,8] of Q,

generated by 1 and the elements x;y;, dz,y,

Ro = R(d) = (1, z1y1, T1y2, T1y3, Toy1, T2y, daoys, dasys, dasys : x € Q°\0).

The ring Ry = R(d) defined in this way is called the ring associated with the cyclic torus
T = T(d). Throughout this article, R is an intermediate subring, Ry C R C Q. Recall that the
ring R is a principal ideal domain, and every fractional ideal of R is its principal fractional ideal.

3. Net and net group associated with the torus

Let R be an intermediate subring, Ry C R C Q. Further, let Ay, A5, A3 be fractional ideals
of R, and
dAs C A1 C Ay C As. (1)

By ¢ = (0ij) = 0(A1, A2, A3) we denote a table that has the form

A1 dAs dA,
g = O'(Al, Ag, A3) = A2 Al dAg . (2)
As Ay A

Proposition 1. If the table o = o(A1, Aa, A3) of form (2) of fractional ideals Ay, A, A3 of the
ring R, Ry C R C Q satisfying condition (1) is a net, then the ideals Ay, Aa,dAs are integral
ideals of the ring R. More precisely, the inclusion dAs C A; C As C R. holds.

Proof. By virtue of (1), it is sufficient to prove the inclusion A2 C R. Let «, 8 € Ay = 091 = 032.
Then o?,af € 032091 C 031 = Az, hence da?, daf € 015 = 023 = dA3. That’s why

dOéQdOéﬂ = d20436 € 012093 C 013 = dAs —> dQOégﬁ C dAs,.

Thus, da® Ay C Aj, so (here we take into account that A, is a principal fractional ideal, Ay = tR,
t € Q) we have the inclusion da® € R, whence (d is free of 3 powers ) o € R. O

Definition. A net 0 = o(A1, Az, A3) of the form (2), defined by a set of fractional ideals
Ay, As, As (where Ay, Ao C R are integer ideals) of an intermediate ring R, Rg C R C Q, with
condition (1), is called a net associated with the torus T = T(d), and the net group G(o) we
call the net group associated with the torus T = T(d) . The subgroup E(c) generated by all
(common) transvections of the net group G(o) is called the elementary net subgroup associated
with the torus T
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In [6,7] the nets o = (0y;) of additive subgroups o;; of a commutative ring R are defined
and, in the special case when all o;; are ideals of a commutative ring R, a formula for the net
group G(o) is given. Namely, it is proved that G(o) = (e + M (0)) NGL(n, R) [6]. The following
proposition presents a net group formula for nets of additive subgroups.

Proposition 2. Let R be a subring with 1 of the commutative ring A, R C A. Let, further,
o = (0i;) be a net of additive subgroups of order n over the ring A, where o;; are R-modules and
0 CR,i=1,...,n, G(o) is a net group over the ring A. Then

G(o)={b€e+ M(o): det b€ R*}.

The last proposition covers all nets considered in this paper, namely, when A = Q is the field
of fractions of R and o = (0;;) is the net of fractional ideals o;; of Q of order n, with ¢;; C R.
The following proposition follows from [8, Theorem 2.7.7].

Proposition 3. If o = (0y;) is the net associated with the torus T, then

(1) the torus T normalizes the net group G(c). Therefore, TG(c) is an intermediate subgroup
containing the torus T';

(2) the torus T normalizes the elementary net group E(c). Therefore, TE(o) is an interme-
diate subgroup containing the torus T'.

Remark 1. It can be shown that the group TE(o) is generated by the torus T and the root
subgroups t;;(0i;), 1 <i#j<3.

To study the structure of intermediate subgroups of the group G containing the torus T, the
networks o = o(A41, Az, A3) play an important role for the case A; = dAs.

The following lemma is easily verified given that the integer d € Z is free of 3 powers.

Lemma 1. Let Ay, A3 be fractional ideals of the ring R, Z C R C Q, and let dA3 C Ay C As.
Let, further, (Ay : As) = cR, (dAs : As) = bR (b,c € Z), gq=gcd (b,c), b = biq, ¢ = c1q.
Then d = be, and q is either equal to 1 or is a product of distinct primes. Next, gcd (by,c1)=gcd
(b1,q)=gcd (c1,q) = 1.

3. Normalizer of the elementary net subgroup F(c) in the
group GL(3,Q)

This section is devoted to the proof of a theorem that gives a calculation of the normalizer
N(o) = Ng(E(0)) of the elementary network group E(o) in the group G = GL(3,Q) for the
network o = o(dAs, Aa, A3) associated with the torus T.

Recall that R is an intermediate subring, Ry C R C Q, Ay, A3 are fractional ideals of R (with
Ao, A3, dAs being integral ideals of R), related by the relation

dAs C Ay C As. (3)

Remark 2. By Lemma 1, throughout the article we assume that d = be, (Ay : As) = cR,
(dAs : A2) = bR, gq=gcd (b,c), b= bigq, c = c1q, ged (b1, c1)=ged (b1, q)=ged (c1,q9) = 1, and
either ¢ =1 or q is a product of distinct primes.

Recall that the net o has the form

dAs dAs dAs
g = O’(dAg, AQ, Ag) = A2 dAg dAg . (4)
A; Ay, dAs
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1
Let B= -R (where ¢g=gcd (b,c)), and define the net

q
R dB dR R YR dR
Q=(Q;)=|R R dB|=|R R %R
B R R IR R R

Lemma 2. For any i,7,j, the following inclusions are true:
oirSlrj C 045, Qirory C 045
In particular, the matriz ring M (o) is a two-sided ideal of the matriz ring M(Q).

Proof. Let us prove the first inclusion (the second is proved similarly)
oirSlj C 0ij. (5)

Note (see (4)) that the columns of the net o = o(dAs, As, A3) increase from right to left by
virtue of (3), that is
o3 C o2 C o, 1=1,2,3. (6)

Let us prove inclusion (5). Let us consider the possibilities for pairs (r, j).
If (r,j) € {(11),(2,2),(3,3),(2,1), (3,2)}, then Q,; = R and inclusion (5) is obvious by virtue
of (6). If (r,5) = (1, 3), then ;3 = dR, inclusion (6) takes the form do;; C 043, which is obvious

(see (4) and (3)). If (r,5) = (3,1), then Q31 = B = éR, inclusion (5) takes the form ;3 C go;1,
which is obvious from (4), from the fact that Ay = cA3 and ¢ divides ¢, ¢ divides d, gc divides d.
If (r,5) = (1,2), then Q12 = dB = SR inclusion (5) takes the form do;; C go;o, which is obvious
from (4), from the fact that Ay = cAj and ¢ divides ¢, gc divides d. If (r,j) = (2,3), then
Qo3 = dB = éR, inclusion (5) takes the form do;s C o3, which is obvious from (4), since
Ao = cAs and q divides d, q divides ¢, gc divides d. O

Proposition 4. The net group G(Q) is contained in the normalizer of the net subgroup G(o) in
the group G, G(2) < Ng(G(0)). In particular, G(2) < N(o).

Proof. Let g=e+h € G(Q), he€ M(Q), b=e+a € G(o), a € M(0). Then according to
Proposition 2 for the network group G(f2) we have g~ = e + hy, hy € M (). From here, from
Lemma 2, we have

gbg P =e+gagt =e+ (e+h)ale+ hy) = e+ a+ ha+ ahy + hah.
Therefore, from Lemma 2 we have gbg~! € e + M (o). O

Proposition 5. The net group G() is normalized by the torus T = T(d), and therefore the
product TG(Q) is a group. Furthermore,

TG(9) < Na(G(0)), TG(Q) < N(o),
where N (o) is the normalizer of the subgroup E(o) in the group G = GL(3,Q).

Proof. By definition, the net €2 is a net associated with the torus T'. Therefore, according to
Proposition 3, the torus 7' normalizes the net group G(2), and therefore the product TG(2)
is a group and for the same reason T < Ng(G(o)) and T < N(o). It remains to refer to
Proposition 4. O

To prove the theorem according to Proposition 5, we need to prove the inverse inclusion
N(o) CTG(S). This is the subject of the rest of the article.
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Lemma 3. Let g = (g;;) € G = GL(3,Q). Then for some matrices C(x),C(y) € T, we have
(9C(x))i1 = 0i1, (C(y)g)1i = 01iy i=1,2,3.

Proof. Let g7 = (923) To prove the proposition, it is sufficient to take as C'(z) a matrix whose

first column coincides with the first column of the inverse matrix g=!, and to take as C(y) a

matrix whose first row coincides with the first row of the matrix g~!:

911 d9§1 dgy, 19’11 912 933
!
C(z) = 9,21 gél dg/él , Cly) = ¥9/13 1911 912
!
931 921 911 agiz 4913 911

O

Throughout the rest of this section, we assume that a = (a;;) € N(o). According to Propo-
sition 5, the normalizer N (o) contains the torus T' = T'(d), and therefore, by virtue of Lemma 3,
we can assume that

/ !
1 ai12 ai13 ) 1 a12 a13
a= (0 ag as], a7 =10 aby ah |, A=deta. (7)
/ I
0 a3z ass 0 a3 aj3

We will show (Proposition 10) that a € G(Q).

Proposition 6. The following inclusions are valid
aso,a33 € R, ao3 € cR, azs € %R, aip € bR, a3 € dR, A€ R. (8)
o, a3 € R, dhs € cR  ahy € %R, ajy €bR, dj3 €dR, A™'€R. (9)

Proof. Let a € 031 = Az = cR. Then t91(a) € E(0), and therefore ate;(a)a™t € G(o). Because

(ator(@)a )11 — 1 = aara, (atar(@)a™ o = aass, (atai(a)a™t)s = aass,

then aaio € 011 = dAsz, aasy € 091 = Az, aazs € 031 = Asz. From here

a1z € (dAs: As) = bR, ags € (As: A3) =R, azs € (A3 : Ay) = %R.
Let B € 031 = A3 = R. Then t3,(8) € E(0), and therefore atz,(8)a~! € G(o). Because

(atz1(B)a™" )11 — 1 = Bars, (atsi(B)a™")a1 = Bags, (atsi(B)a™")s1 = Pass,
then Bai3 € 011 = dAs, aass € 091 = Ao, aazsz € 031 = As. From here
a13 € (dAs : A3) =dR, ag3 € (As: A3) =cR, as3 € (A3 : A3) = R.
Thus inclusions (8) are proved. Considering similarly the matrices a~'t9; (a)a and a=t31(8)a,

we obtain inclusions (9).
Finally, from (8) and (9) follow the inclusions A, A~! € R. O

Lemma 4. The following inclusions are valid
! ! ! ]' /
a12a39 € R, a12a33 € cR, aszasy € ZR’ asaass € R, (10)

a23a/22 € bR, a23a§3 € bR. (11)
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Proof. Let us prove formulas (10). Let a € dAs. Then to3(a) € E(c). Therefore atoz(a)a™! €
G(o), from here

(atgg(a)a71)12 = Oéa12ag)’2 € o192 = dAg, (at23(04)a71)13 = aalgaf% € 012 = dAQ
Therefore
auagQ S (dAg : dAg) = R, a12a§3 € (dA2 : dAg) =cR.
Next,
(atgg(a)a71)32 = aaggagﬂ S 032 = A27 (atgg(a)a71)33 — 1 = aa32a§3 S 033 = dAg

Therefore

1
a32aio)2 S (A2 : dAg) = 5R7 a32a:’33 € (dA3 : dAg) = R.

Let us prove formulas (11). Let 8 € As. Then t33(8) € E(0), therefore atza(8)a™t € G(o),
from here

(atza(B)a )2z — 1 = Bassahy, € gon = dAs, (ats2(B)a™")as = Bassaby € o3 = dAs,
therefore
agga,22 S (dAg : AQ) = bR, CL23aI23 S (dA3 : AQ) = bR. O
b
Proposition 7. The following inclusion is valid a12 € Q19 = ER = ;CR.
Proof. From (10) a12a%5 € cR; a12a%, € R. Next from (9) we have aby € R, als € cR. Therefore

120550y € CR;  a12a35a54 € cR.
Therefore (according to (8) and (9) A € R*),

—1 / / ! /
a12A7 = a12(as3a59 — G55a53) € cR = a1 € cR.

b d
Next, from (8) we have ai2 € bR. Therefore a;o € bRNcR = “Rr=C°R (recall that g=gcd(b, ¢)).
q q O
Proposition 8. The following inclusion is valid ass,asy € R.

Proof. Let us prove the inclusion ass € R (the inclusion a}, € R is proved symmetrically).
According to (8) u (9)

1 1
!/ /!
aso, a32 S ER — a32a32 € 02 R

1
On the other hand, from (10) we have agza}, € ZR' Therefore

1

1
bRO ?R.

/
a32a32 S

c 1
Next, from (9) we have ab; € cR. Therefore azza},ah3 € BR N —R. It is not difficult to see that
c

C

1 1 @
b

1
RN-R=—[*RNbR] = — R} —SRCR
c be bel| q q
(according to Remark 2 we have ged(c?, b)=q). Therefore azsa},abs € R.
On the other hand, it follows from (9) that ab, € R, and from (10) we have the inclusion

1
as204s € R. Therefore agaassahy € R. From here (a’22ag3 — ajsyah3 = Z)’

1
!/ !/ !/ /
—@32035093 + A32055033 = A32 - — € R = a3z € R. O

A
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b
Proposition 9. The following inclusion is valid as3z € oz = —CR.
q

Proof. Let’s show the inclusion ag3 € bR. According to proposition 8 we have ass, a5y € R.
Further according to (11)
ag3ahs € bR => aszahsah, € bR.

Further according to (11) (and considering that according to (9) we have a%; € R)
a23ahy € DR => aszabh,abs € bR.

Therefore

1
U230y 0k — (23054059 € DR = ag3 - X € bR = a3 € bR.

So, we have shown that ass € bR. On the other hand, according to (8) we have as3 € cR.
Therefore

b
a3 € RN CR = ECR'
The following Proposition follows from Propositions 5-8.
Proposition 10. If a = (a;;) € N(o) is a matriz of the form (7), then a € G(Q).

Proof of the theorem. The inclusion N(o) O TG(Q) follows from Proposition 5. Let us prove
the reverse inclusion. Let g € N(o). Then according to Lemma 3 for some matrix C(z) € T' we
have (gC(x));1 = d;1. Let a = gC(x). Since T C N(o), then a € N (o), and the matrix a has the
form (7). But then according to Proposition 10 we have a € G(2). Hence a = gC(x) € G().
Therefore, g = aC~(z) € G(Q)T = TG(Q) (recall that according to Proposition 5, the torus T
normalizes the group G(Q2)). Thus, g € TG(£2). The theorem is proved. O

This work was supported by the Ministry of Science and Higher Education of the Russian
Federation (Agreement no. 075-02-2026-1324).
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Ceresbie noarpymnnbl rpymnnbl GL(3,Q), onpenessiiomniue
CTPYKTYPY HaArpynn NUKJINIECKOTro TOpa

Baaaumup A. KoiibaeB

Cesepo-Ocernnckuit rocynapcrsenssiii yuusepcurer uM. K. JI Xeraryposa
Brnanukaska3s, Poccuiickast ®enepanust

FOxkmubrit MmaTemarudeckuii macruryT BHIT PAH

Brnanukaeka3z, Poccuiickast ®enepanust

Awnnoranms. Vccienyorcs ceTu U CeTeBble MOATPYIIIBI, ONPEEIISIONe CTPYKTYPY HOATPYIII HOTHON
sHeiHoN rpymmbl G = GL(3,Q) crenenu 3 HaJ moJjieM palMoOHAIBHBIX "uces Q, cofepKammx Hepaciie-
MBIt MakcuMaTpabiii Top T = T'(d), cBasanmbii paguka bueM (muKmaecknm) pacmupennem Q(V/d)
creneHn 3 moss panuoHaabHbIX dncen Q. Jaercs Bbrumcienue Hopmasm3aTopa N (o) seMeHTapHOl ce-
tepoit moarpynmusl F(o) B rpynme G.

KuroueBrble cjoBa: JuHEHbIE TPYIIIBI, CETEBbIE MOATPYIIIbI, HEPACIIETUMbII MAKCUMAJIbHBIN TOP.
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Abstract. Properties of generalized solutions of parabolic heat conduction equation in nondivergent
form with double nonlinear source terms are studied in this paper. The model incorporates nonlinear
diffusion with variable density and nonlinear source functions. For cases where classical solutions do not
exist the concept of generalized solutions in the sense of integral identities is employed. By applying an
appropriate change of variables and the method of self-similar solutions the original nonlinear parabolic
equation is reduced to an ordinary differential equation. In the slow diffusion regime, the global ex-
istence of solutions is established using the comparison principle. The Fujita-type critical exponent is
determined. The obtained results have significant theoretical importance for the numerical analysis of
nonlinear models arising in heat transfer, chemical processes, and biological systems.

Keywords: global solution, nondivergent equation, diffusion, asymptotic solution.
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Introduction

Nonlinear parabolic equations, in particular doubly nonlinear diffusion equations in both
divergent and nondivergent forms, are actively studied in recent years. Fundamental problems
such as blow-up phenomena, global existence, and asymptotic behavior of solutions of nonlinear
parabolic equations were systematically studied [1,2]. It provides solid theoretical foundation for
subsequent studies.

Issues related to the computational modeling of nonlinear diffusion processes were examined,
and correspondence between theoretical results and numerical experiments was demonstrated
[2]. Furthermore, the Cauchy problem for doubly nonlinear parabolic equations with variable
density was studied in detail, including the existence and qualitative properties of generalized
solutions [3]. These studies make a significant contribution to the development of the theory of
generalized solutions for equations in nondivergent form [1-4].

The problem of Fujita-type critical exponents for divergent parabolic equations was inves-
tigated by Andreucci and Tedeev [5], where threshold conditions separating global existence
from blow-up behavior were established. The asymptotic behavior of solutions to doubly non-
linear parabolic equations in nondivergent form was analyzed by Jin and Yin [7]. Zhou and
co-authors [8] studied boundary value problems for nondivergent diffusion equations with gradi-
ent terms and obtained estimates and qualitative properties of solutions.

*zhabbarov.or@Qqgarshidu.uz
© Siberian Federal University. All rights reserved
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The Cauchy problem for nondivergent diffusion equations, including strong and weak solutions
as well as doubly nonlinear equations with source terms were thoroughly studied [?]. The existing
literature indicates that the study of global solutions, their estimates, and critical exponents for
doubly nonlinear parabolic equations in nondivergent and divergent form remains an open and
relevant problem. The present paper continues this line of studies and contributes new theoretical
results to this field.

1. Problem statement

Consider in Q@ = {(,t): z € RN, t >0} the following Cauchy problem

ou 0 oulP~? ou
a1 — B ag, m—1 a1, q
1 at ~ " oz <|$| “ Ox 830) 1™ ()
u(x,t)],_y =uo(x) >0, z € R. (2)

Here parameters of this equation satisfy the following inequalities § < 1, m > 1,p >
max {2, as —a1},q > 1, a1 < 0, ay < 0. Initial function wug (z) is assumed to be continu-
ous, nonnegative and bounded. It is well known that equation (1) is degenerate, and classical
solutions may fail to exist in the cases w(x,t) = 0 or |u,| = 0. Therefore, solutions of the
Cauchy problem (1)—(2) are understood in the sense of generalized solutions defined via integral
identities. In particular, it is required that

p—2
% € C(R x (t, +00))

Ju
ox

0<u, |z)*um?

and equation (1) is satisfied in the integral sense. Depending on the values of parameters, prob-
lem (1)—(2) arises in the mathematical modeling of heat transfer, nonlinear diffusion, chemical
reactions, and biological processes. [?].
2. Research methodology
First, the following transformation in equation (1) is introduced
y=ul"". (3)

Under this transformation the Cauchy problem (1)—(2) can be rewritten in the form

9 oy "o
_ _ .1 o, Y az, e —1 y'-° gy - o
(1-B)L(y) =y ﬂlm e m('“f' T ax)m 8) lel'y B]—o (4)
with the initial condition

Yli—o = o (2) = [uo (2)]' ", z € R. (5)

It is known that if condition 8 (1 — 3) > 0 holds then the function is trivial solution of equation
(4). In this study, we focus on the existence and qualitative properties of nontrivial solutions. For
this purpose, the method of nonlinear separation of variables is employed. Solutions of problem
(4)—(5) are sought in the self-similar form

yw ) =1 (), =10, ©

- 647 -



Oybek R. Djabbarov ... Qualitative Properties of Solutions to a Parabolic Heat . ..

1= _pta—(F+m+2)
— N2 = -
—1 (¢—1)(p— a2+ o)
Substituting representation (6) into equation (4), the original nonlinear parabolic equation is
reduced to the following ordinary differential equation

(na2g'nli¥/3ﬁ1 (gﬁ)/

For the resulting self-similar equation (7), nonnegative, nontrivial solutions are sought that are
physically meaningful. These solutions are required to satisfy the following boundary conditions

where n; =

p—2 !
9=8
gl> +nan' g + ™ g + (1= B)n™ gt = 0. (7)

9'(0)=g(d)=0, deR,. (8)

3. Main results

Assume that condition

m4p—2
1-p
is satisfied. This case is interpreted as the slow diffusion regime. Under this assumption, the
global existence of generalized solutions of equation (1) is established by means of the compar-
ison principle. Since problem (4)—(5) is equivalent to the original Cauchy problem (1)—(2) all
subsequent analysis can be carried out for problem (4)—(5). As a consequence of the compari-
son principle, an upper comparison solution to problem (4)—(5) is constructed in the following
self-similar form

1>0

Yy (,t) =t "G (n), (9)
where
g =A(—n")}. (10)
_ 1 (1=
Here, v, = ]#—;al, Yo = %, a > 0, and constant A is defined as
1 o—p|1/(P—1) 72
A=||n2 <1ﬂ) [(ny2)| s #0, 72 #0. (11)

The obtained self-similar upper solution plays a key role in obtaining global existence results and
qualitative estimates for generalized solutions in the slow diffusion regime.

Theorem 3.1. Suppose that at least one of the following conditions holds
ap < —1, py > po, yokiay = —1, py > 1,

and assume that inequality
y(x, t) <y+(x7 t)a ZEER,

is satisfied. Then Cauchy problem (4)—(5) admits a global generalized solution in domain Q and
this solution satisfies the following estimate

y(z, t) <yt (z, t)=t""g(n). (12)
Here,
_q—p _ m+p—2 p—axta
ul_il—,ﬁ’ M2 = 1-3 a1+ 1
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and o is referred to as the Fujita-type critical exponent.

Proof. Comparison function is defined by equation (10). Substituting this function into equation
(4), one can obtain the following estimate
1— Qo — . _ -2,/ a1 —
(1-B)Ly = 7yf_/( B)[(n 2g12s 1|(g1/(1 5))/|p g') e -
g+ (1= BAy™gh ] <o.

Taking into account that function y4 (z, t) is nonnegative and that function g (n) satisfies equa-

tion
p—2

(nazgm/(l—ﬂ)’(gl/(l—ﬂ))' gl)' + n2n1+a1§/ + g (al + 1) 7701? =0
inequality (13) can be reduced to the following form
n“'yg - [nl —ng(ag+1)+(1— 5)?’“71} > 0. (14)

Since functions n** and § are nonnegative and condition S < 1 holds inequality (14) is
satisfied provided that
ni 2712(041—}—1).

If 1 +1 =0 then
1

o —1
and the above inequality is automatically fulfilled. The derived inequalities are consistent with
the assumptions of the theorem. Hence,

y(x, t) < Y+ (‘Ta t)

and the theorem is proved. O

0<n1

4. Asymptotic behavior of solutions

In this section, we state a theorem describing the asymptotic properties of solutions obtained
for problems (7)—(8) and provide its proof.
Theorem 4.1. Assume that conditions v2 > 0 and py > 1 — 1/7v2 are satisfied. Then the

solutions of problem (7)-(8) with compact support admit the following asymptotic representation
1
asmn—a’t

gm) =cA(a—n")F (1 +o(1)). (15)

Here, ¢y is a constant determined as a solution of the corresponding nonlinear algebraic equation.

Proof. To study the asymptotic behavior of compactly supported solutions of problem (7)—(8),
solution of self-similar equation (7) is sought in the following form

g =gmwE), £&=—In(a—n"). (16)

Here g(n) = A(a—n"), a = const >0, and w ({) is an auxiliary function to be determined.
1

It is clear that as 7 — a”* then & — +oo. Substituting (16) into equation (7), one can obtain
the following differential equation for function w (§)

d%(K_w) + (al,):— 1a0 () - ’Yz) K_w+ay (&) (oéw - ’72w> +

+ a2 (§)w+as (§w" =0

(17)
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Here, coefficient functions are defined as

e _ 1 \*? 1-(mipis)
a (§) = ————¢ a1 (§) =namb, szlp(l_ﬁ) AT, a2 (§) = nabag (§)
(r2(1=p1)=1)¢ mtsp-1-1 | d P=2 ra
€ +B8(p—1)—1 w w
az (§) = (1-B) bAq_lﬁ7 Kiw=w""1-7 dfgiww <d§i’72w) .

This transformation reduces the asymptotic analysis of the original nonlinear equation to the
study of the qualitative behavior of solutions of equation (17) as £ — +o0o0. This completes the
proof setup.

Assume that n € [ng, 1), where 0 < 19 < m,and n; = a3. Then function &(n) has the
following properties

nemn,n), &m >0 &=~¢m), Jim £(n) = +oo

Let us introduce the following notation

m4B(p—1)—1 p—2
0() = K- (w) =™ T | Bl (). (18)
Then equation (17) can be written in the following form
d
VO = (" © ) v©-a(© (G -ww) @ ©u-a@©on. )

Now, consider the following function

ar+1)a dw .
z(§) =-— ((1730(5) - 72) A—ay (§) (d - 72111) —az (§w — a3 (§) w". (20)
where A € R.

Let us assume that inequality v, > 0 is satisfied, and assume that £ — oo . Then

lim ag (§) = lim a2 (€), ghjgo ai (§) = namb,

E—o0 £—o0

0, 72 (1 - iu’l) >1
(103 = ghm asz (§) =10, Yo (l—p1) <1
—00
(8 — 1) bAT (=211 gy (1= ) = 1

Taking these limits into account, it follows that for any fixed value of parameter A function z (£)
defined by (20) has finite value as £ — 4o00. Consequently, there exists an interval [¢, +00) C
[€0, +00) such that function z (§) preserves its sign in this interval:

z(§) >0 or z(§) <O. (21)

Assume that function z (£) has a finite nonzero limit as £ — 4o00. If inequalities (21) hold for
sufficiently large values of ¢ then the following situations may arise. Since function z (§) oscillates
around the straight line Z = X then the function must intersect this straight line infinitely many
times in the interval [€, co). However, this is impossible. Therefore, inequality (21) must be
satisfied as £ — +oo . As a result, according to equation (20), function z (£) can intersect the
straight line Z = X in the interval [§;, 00), (¢ = 1, 2) at only one point. Thus, it is necessary that
z (&) = 0 as £ — +o00 . Now, consider function z (§) defined by (20). If the limit 2z (§) — 0 exists
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then the limit of its derivative w’ (§) also exists, and this limit is equal to zero.
Thus, as £ — 400 we have

mipe-n-1|d P2 d mipo2
0 () =T d%} — Yow <dj;) - 72w> =% w7 +o(1),
wo = lim w(§). (22)
£—o0

Taking the limit in (19), it follows that derivative of function v (§) has a limit as & — +oo, and
this limit is equal to zero. From equations (17)—(22), one can obtain the following result

mAp-2 0 _
w1 — ngbyiye +aswl ™ =0, (23)
The theorem is proved. O
. ..om+p—2 . .
Result. If inequality ﬁ — 1 > 0 holds then the generalized solution of problem

(1)—(2) admits the following asymptotic behavior as |z| — a

(p=1)(A=5)

p—agtaj mEfp—2
ua (3, 1) = (e A)Fm 0= (a—(x|t"2) ) TP (L4o(1).

Here c¢; is the solution of algebraic equation (23).
If
m+p—2
1-p
then this case is referred to as the fast diffusion regime. Assume that equation (7) satisfies the
following condition

1<0

9" (0) =g (c0) =0. (24)
For the fast diffusion regime, consider function
y—(z, t) =t""h(n), h(n)=D(d+n")"
where D, d > 0 and n, 71 72 are constants defined above.

Theorem 4.2. Let

m+p—271 P
D i-5 1/
o > =1, p1 > e, and a 5)L712'Y2| =ny, N> max{(A}/l'h _ d) 1, 0}

Assume also that initial condition
y(2,0) 2y (z,0), z€R,

is satisfied. Then problem (4)—(5) admits a global solution in domain Q. Moreover, the following
estimate holds for this solution

Yy ($7 t) 2 Y- ($7 t) =t"""h(n). (25)

(1=8)(p —1)(p—ay+ay) D!
(1 +1) (1 — p2) '

The proof of this theorem is carried out by the method used in the proof of Theorem 1.

Here, A, =
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Theorem 4.3. If y5 < 0 then the decreasing solutions of problems (7),(24) admit the following
asymptotic representation

9(n) = c2D(d+n")" (1+0(1)) (26)
as n — oo. Here ¢y is a constant determined by the solution of the corresponding nonlinear
algebraic equation.

Proof. In order to analyze the asymptotic behavior of solutions of problems (7), (24), consider
decreasing solution of equation (7) as 7 — oo in the following form

g =hm) -2, E=n(a+nm), (27)

Here h(n) = D(d+n")", d > 0, and z () is function to be determined.
Substituting representation (27) into equation (7), one can obtain the following equation for
function z (n)

d% (Kyz)+ (

(1 +1)
Ba!

du©+vgfaz+dmo( -+w04wb@v+du@zM=o.@&

%
d¢

1 _ 1 2-p _m—(p—2)
Here, do(§) = ————%, di(§) = mnaomidy, dy = 71;)(7) D'" T, da(§) =

1—de ¢’ 1-5
nidydo (§) ,
o1 e (n P=2 1
ds (&) = (1 —p)dsD T det dif + Y22 (dif —|—'ygz>. Based on these
considerations, Theorem 4 is proved in the same manner as Theorem 2. Then, the following
equation is obtained

dz

1=1)¢ mAB(p—1)-1
K iz=2z 15

m4p—2

_ 10 _
(2 + (1 +1) /)% 2 7 Hds 2l T+ (01 +memiy2) da = 0. (29)

Here,
00, Yo(py — 1) > 0,
dy = Jim ds(6) = {0, I —1) <0,
(1—-8)dysD97 L ~o(uy —1) =0.
O
m-+p—

Result. If inequality — 1 < 0 holds then the generalized solution of problem

(1)—(2) admits the following asymptotic behavior

m4p—2

poagtay \ P~DA=8)/ (T -1)
ug (z, t) & (CQD)I_Bt_nl(l_B) <d+ (|lotm2) 7 )

(14+0(1))

as n = |z|t™™ — oco. Here, ca— is the solution of algebraic equation (29).

5. Ciritical case

m+p—2

1-p
generalized solutions of equation (4) in this situation. Using the comparison principle, solution
Yk (x,t) is sought in the form

The case —1 = 0is called the critical case. Let us establish the global existence of

Yk ('rv t) =t"K (77) ) (30)

n2

m /m (31)

K (n) =Coexp(—Ain), Co >0, Ay = ‘
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m+p—2

1-p
a1 < —N, p1 > ps orag =—N, up >1 and

Theorem 5.1. Let — 1 = 0. Assume that one of the following conditions holds:

y(z,0) <wyr(z,0), ze€RM.
Then problem (19), (20) admits a global solution in domain @ , and the following estimate holds
y(@, t) Syele, t) =t K (), z€RY,

The proof of the theorem is similar to the proof of Theorem 1.

Conclusion

The Cauchy problem for heat conduction equation in nondivergent parabolic form with double
nonlinear source terms is studied in this paper. In the absence of classical solutions, the notion of
generalized solution is introduced, and the problem is studied in the sense of integral identities.
By applying appropriate transformations of variable and the method of self-similar solutions, the
problem is reduced to a simpler form. This allows the detailed analysis of qualitative properties
of the equation. In the slow diffusion regime, the global existence of solutions is established
using the comparison principle. Moreover, the Fujita-type critical exponent is identified which
determines the threshold conditions that separate global-in-time existence from blow-up behavior.
The obtained results contribute to the theory of nonlinear parabolic equations of nondivergent
type and provide a theoretical basis for applications in heat transfer, chemical processes, and
biological modeling.
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KadgecTBeHHBIE CBOICTBA pelieHnil IIapabdoImIecKoro
ypaBHEHNsI TeILJIOHPOBOIHOCTH B HEAMBEPreHTHOU ¢opme c
JABYyMsI HEJIMHEMHBIMU MCTOYHUKAMU

Oiiocek P. /I>xab6apos
Maxb6y6a H. Camangosa
My3zaddap M. Kapumosn

Kapmunckuit rocy1apcTBeHHBIA YHUBEPCUTET
Kapmu, Y36ekucran

AnHoTaiua. B manaoit paboTe UCCIeyIoT sl CBOMCTBa 000DIIEHHBIX PEIeHnH TapaboInIeCKOro ypaB-
HEHWs TEIJIONPOBOIHOCTU B HEJIUBEPIrEeHTHOM (hpopMe C JBOWHBIMYM HEJTMHEHHBIMYU MCTOYHUKAMU. Mojennb
BKJIIOYAET HEJMHEWHYI0 MuddY3Uio ¢ TEPEMEHHON MJIOTHOCTHIO M HEJTUHEHHBIMU (DYHKITUSIMUA UCTOTHI-
KOB, & J|JIsl CJIy4YaeB, KOI/ia KJIACCUYECKHE PEIeHNs He CYIIECTBYIOT, UCIIOIb3YeTC s KOHIENIHs 0600IeH-
HBIX PEIIEHUil B CMBIC/IE MHTErPAJBHBIX TOXKIeCTB. C MOMOIIBIO COOTBETCTBYIOIIEH 3aMeHbI IepeMeH-
HBIX U METOJA AaBTOMOJIEJIbHBIX PEIIEeHUN MCXOMHOE HeJIMHEHHOe Mapabo/IMdecKoe ypaBHEHUE CBOJIUTCS
K OOBIKHOBEHHOMY udpepeHImaaibHOMy ypaBHeHuio. B pexxume menjienHoi auddysun rimobdbaibHOE
CYIIIECTBOBAHUE PEIIEHUI YCTAHABIMUBAETCS C UCIIOJIH30BAHMEM IMPUHITUIA CPABHEHUS, U OIPEJIEJISIeTCs
KpuTHYecKnii mokasaresb tuna Pymas3utsl. [losyueHnHble pe3ysibTaThl KMEIOT BayKHOE TEOPETUIECKOE 3HA~
YeHHUe JJIsl YMCJIEHHOIO aHaJIM3a HEJMHEHHBIX MOJeJiell, BOSHUKAIOIMX B TeIUIonepeaade, XUMUIECKUX
rporeccax u 6MOJIOrMIeCKUX CUCTEMAX.

KuroueBrbie ciioBa: riiobagbHOE PEIeHre, HeJUBEPreHTHOe ypaBHeHne, nuddy3us, aCHMITOTHIECKOE
pelienue.
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Abstract. We develop an operator approach to the integration of linear differential equations based
on intertwining relations between differential operators. Conditions for the existence of intertwining
operators are obtained, and it is shown that, in low-order cases, the problem reduces to Riccati-type
equations. The method is applied to linear partial differential equations, which makes it possible to
construct their solutions. The linear Klein—Gordon equation is presented as an illustrative example.
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Introduction

Linear differential equations with variable coefficients arise in many problems of mathemati-
cal physics, including wave theory, quantum mechanics, spectral theory, and vibration theory. Of
particular interest are constructive methods that establish connections between different differ-
ential operators, thereby allowing one to derive new equations and their solutions from already
known ones. Such methods include group analysis [1], factorization of differential operators [2,3],
Darboux transformations [4], as well as various operator and algebraic approaches that are widely
used, in particular, in supersymmetric quantum mechanics and in the theory of exactly solvable
models [5,6].

In the present paper, we employ an operator approach in which a linear differential equation
is identified with the action of a differential operator. The central object of the approach is the
intertwining relation MT = TL,

which connects two operators L and M by means of a differential operator 1. This relation
defines a map from solutions of the equation Lu = 0 to solutions of the equation Mv = 0,
and thus induces a natural equivalence relation on the set of linear differential operators. We
show that the problem of constructing first-order intertwining operators leads to Riccati-type
equations, which can be reduced to linear differential equations by a standard substitution.

The operator approach also proves to be effective for linear partial differential equations. The
use of commuting operators makes it possible to transfer results obtained for ordinary differential
operators to the Klein—-Gordon equation

Upt = Ugq + V(2)u,
and to construct equations with new potentials together with their solutions. Such constructions

arise naturally in problems of mathematical physics related to wave processes [6-8]. It should
be noted that Euler was the first to propose such an approach and to apply it to problems

*kaptsov@ict.nsc.ru
© Siberian Federal University. All rights reserved
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in acoustics [9]. At present, this approach is commonly referred to as the Darboux method.
Mention should also be made of the largely forgotten article by Moutard on the transformation
and integration of linear ordinary differential equations [10].

1. Intertwining operators

Let F be a commutative ring equipped with a derivation 9 : F — F. We denote by F[J] the
ring of differential operators of the form

L:zn:aiai, a; € F.

=0

If a,, # 0, then the integer n is called the order of the operator L. Multiplication in the ring of
operators is defined by the rule

of =f'+rfo,  f=0a(f).

The ring F[0] is neither commutative nor a unique factorization domain.
We recall the notion of an intertwining operator. An operator T' € F[d] is said to intertwine
an operator L with an operator M if
MT =TL. (1.1)

The operator T is called an intertwining operator, and equality (1.1) is called the intertwining
condition.
From now on, let F be the ring of germs of infinitely differentiable functions at a point 2y € R.

Lemma 1. Let L be an operator of the form
L=a, 0"+ 4+ a0+ ag.

Then there exist an operator T = 0 + s, where s € F, and an operator M of order n such that
the intertwining condition (1.1) is satisfied.

Proof. Let us represent the operator M in the form
M =b,0" +b,_ 10" L+ + by, b, € F,

where b, (29) # 0. We expand the left-hand and right-hand sides of the intertwining condition.
The left-hand side of (1.1) can be written as

(b, 0" + -+ bo) (D + 5) = b, 0" + ¢, 0" + -+ + co,
where . .
Cm = bm_1+ ,;mbk (m) slk=m) m > 0.
The coeflicient ¢ is given by
co = bps™ +bp_1sY 4o s
The right-hand side of (1.1) has the form
an0" Tt + (al, + 8a,)0" + -+ - + (@} + sa1)0 + af + sag.

By comparing the coefficients, we obtain

bn = Gn,
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and the remaining coefficients b, _1,..., by are determined uniquely.
For s, we obtain an ordinary differential equation

ans(") + b7l—15(n71) +-- bOS = 0’6 + sao.

Given n initial conditions, the solution of this equation depends smoothly on these data.
Let us consider two examples. Suppose that L and M are second-order operators:

L = a20* + 410 + ao, M = b39% 4 b10 + by.
From the intertwining condition (1.1), as described in Lemma 1, we find the coefficients
by = as, by = ab + aq, by = ag + a} — sah — 2ass’.
The differential equation for s takes the form
aps” — 2ss'aly — ahs® + s'aly + s'ay + sa) —afy = 0.
Integrating this equation, we obtain a Riccati equation
as (s’ — 5%) +ays —ag = A, A ER.
The substitution s = —(Inh)’ reduces it to the linear equation
azh” 4+ a1h' + (ag + A\)h = 0. (1.2)
Now consider a pair of third-order operators:
L = a30° + a20? + 410 + ao, M = b30% 4 020 + b10 + by.
The intertwining condition yields the coefficients
bs = as, by = as + aj,
b1 = a1 + ay — sas — 3azs’,
bo = ag + a + 3s'sas + aésQ — 25’(1{3 — 2say — 3azs’ — abs,

and leads to a third-order differential equation for s. This equation admits a first integral and
can be reduced to a second-order equation

az(s" + s%) — 3ass's” — ays® + s'ay + sa; —ag = A, A ER.
The substitution s = —(In k)’ reduces it to the linear equation
azh"” + ash” + a1h’ + (ag + N\)h = 0.
Thus, the equation for s can be regarded as a second-order Riccati-type equation. a
Lemma 2. Let there be given a linear differential equation of order n
L(u) = apu'™ + - 4 a1u’ + agu = 0, a; € F, (1.3)
and let h € F satisfy the equation

Lh=Mh,  A€eR, (1.4)
with h(zg) # 0. Then the transformation
w=u'— Elu
h

maps solutions of equation (1.3) to solutions of some linear differential equation of order n for
the function w.
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Proof. By assumption, h € F satisfies equation (1.4). Let u = hv, where v € F. Then v satisfies
the equation

anhv™ + (nayh’ + ap_1h) o™ 4. 4 (anh(") +talh + aoh) v=0.
Using (1.4), this equation can be rewritten in the form
anv™ 4o 4 Ao = 0.
Differentiating this equation and setting ¢ = v’, we obtain an nth-order equation
ang™ 4+ an_1¢™ Y 4 a9 =0, @ € F.

Evidently, this equation is satisfied by the function

U/

1=(3)
Thus, the function w = gh = v’ — (Inh)’u also satisfies a linear differential equation of order n.
Let us briefly consider the factorization of a second-order operator
L=F&+Go+H, F.G,HeF.

We seek to represent L in the form
L=1LsLq, (1.5)

where L; = 0 + s, Ly = FO + p, and s,p € F. By comparing the coefficients, we obtain two
relations:
p=G — sF, H = Fs' + sp.

Thus, L factorizes if
Ly =F0+ (G —sF) (1.6)

and s satisfies the Riccati equation
F(s' — %) +sG — H=0.
The substitution s = —(In h)’ reduces this equation to the linear equation
Fn" +Gh' + Hh = 0. (1.7)

We observe that equation (1.7) is obtained from (1.2) for A = 0. Factorization is used to construct
operator intertwinings and transformations of differential equations [6].

As shown above, the operator T' = 0 + s intertwines the operators
L=F0’+Go+H, M = Fd? + G0 + Hy,
ifGi=G+F',H =H+G —sF'—2s'F, and s satisfies the equation
F(s' —s%) +Gs — H =), AeR. (1.8)
A direct calculation shows that the operator
T¢=F0+ (G —sF)

intertwines M with L. Formally, T coincides with (1.6). However, in the present case s satisfies
(1.8), whereas in the factorization case s satisfies this equation only for A = 0. O

We say that two operators L and M are equivalent if they are intertwined. It is easy to see
that intertwining defines an equivalence relation on the set of operators. This leads to a broader
notion of equivalence for differential equations than the one usually adopted [11].

- 659 —



Oleg V. Kaptsov Application of Intertwining Operators to Integrating. ..

2. Linear partial differential equations

Let us now consider the ring F5 of germs of smooth functions of two variables at a point
(wo,y0) € R%. Let F, and F, denote the rings of germs of smooth functions at the points o and
Yo, respectively. Two derivations, d, and 0y, act on F5. The corresponding ring of differential
operators is denoted by F5[0;, 0y]. The intertwining of operators L, M € F5[0;, 0,] is defined by
formula (1.1), where T’ € F5[0,, 0y).

If Ly € F,[0;] and Ly € F,[0,], then these operators commute. Suppose that L is intertwined
with M € F,[0,] by means of an operator T' € F,[0,], that is,

MT =TL,.
Since LoT = T Lo, it follows that
(M 4 Lo)T =T(Ly + La).
Consequently, if u € F satisfies the equation
(L1 + Lo)u =0,

then v = T'u is a solution of the equation (M + Lo)v = 0.
Consider the Klein-Gordon equation

Uy = Ugg + V(2)u, V(z) € F,. (2.9)

It corresponds to the operator 97 — 92 — V(x). As shown above, the operator Ly = 82 + V (z) is
intertwined with the operator M = 92 + V(x) + 2(Inh)” by means of T' = 9, — (Inh)’, provided
that h satisfies the equation

"+ (V(z) 4+ A)h =0. (2.10)

Thus, the operator 97 — 92 — V() is intertwined with 92 — 82 — (V(x) + 2(Inh)”). This allows
us to construct solutions of the equation

Vit = Uz + (V(2) + 2(Inh)" ), (2.11)

provided that solutions of equations (2.9) and (2.10) are known.
Let us present several examples. Consider the wave equation

Utt = Ugy,

which has the general solution vy = X (t+z)+Y (x —t), where X and Y are arbitrary functions.
Since V() = 0 in this case, equation (2.10) takes the form

' 4+ Ah = 0. (2.12)
For A\ = 0, equation (2.12) has the solution
h=cy+ iz, cop,c1 € R.

In this case, equation (2.11) becomes

2 Co
= xx T T 5 U, b = —. 2.13
v =Y (x +b)?2 v 1 (2.13)
Accordingly, a solution is given by
Uo
=0, — .
v (ug) o
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If A = —k2, then a solution of equation (2.12) is
h = cosinh(kz) + ¢1 cosh(kx), co,c1 € R.
The corresponding equation (2.11) takes the form

WE-d)
[co sinh(kx) + ¢; cosh(kx)]2

Vit = VUgq +

and a solution is given by

¢ cosh(kz) + ¢ sinh(kx)

v = s (uo) - kco sinh(kx) + ¢; cosh(kx)

up-

For A = k2, the corresponding equation for v and its solution are obtained from the above
formulas by replacing hyperbolic functions with trigonometric ones.
Let us now consider equation (2.13) together with the equation for h:

}W+<A—@;%V>h=& (2.14)

If A =0, then a solution of equation (2.14) is

C2

_ 2
h=ci(x+Db) —I—T_’_b,

C1,Co € R.

For A < 0, we obtain the solution

h=ce™ (m2 - xnj b) + coe™™ <m2 + xnj b) ,
2 _

where m* = —\. This allows us to construct solutions of the equation

o 1 "
Wt = Way — 2 ((x ) (Inh) ) w.

The equation
2

sinh® x

Vit = Ugx —

and the corresponding equation for h,

Iﬂ—(,; +Aﬁh:q AER
Sin X

can be treated in a similar manner. For A = 2, a solution of the latter equation is

sinh(2z)(cosh(2z) — 2)
cosh(2z) — 1 ’

c1(cosh(2x) — 1) + ¢ c1,c2 € R

For an arbitrary A > 0, the explicit solution formula becomes rather cumbersome.

Remark. This procedure can be continued as long as equation (2.10) can be solved. Using Crum’s
formula, one can construct solutions of equations for h from known solutions of equation (2.12)
corresponding to different values Aq1,..., A,.
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Separation of variables combined with the operator approach can also be used to construct
solutions of equation (2.9). As an example, consider the equation

2

Uyt = Upy + <x4 + k> u, ke R. (2.15)

We seek a solution in the form u = T'(¢) X (). The functions T" and X satisfy the equations

2
T" £ AT = 0, X”+<k—/\—Z)X_O.

The equation for X is usually referred to as the Weber equation, and its solutions are well
known [13]. In particular, if K — XA =n+ %, where n is a nonnegative integer, one of its solutions
has the form

X = ( 1)nﬁd" (_ﬁ)
= (— ed4 — | e 2 .
dxm™
Subsequently, one can apply the operator approach to equation (2.15) using this known solution
of the Weber equation or directly employ Crum’s determinant formula.
The equation
Uy = Ugy — (K +n(n+1)p(x))u

can be investigated in a similar manner, where p is the Weierstrass elliptic function, n is a
positive integer, and k € R. After separation of variables, we arrive at the Lamé equation, whose
solutions can be found in the classical literature [13].

Conclusion

In this paper, we developed an operator approach to linear differential equations based on the
intertwining relation MT = T L. We showed that the construction of a first-order intertwining
operator of the form T' = 0+ s is essentially reduced to the solution of a Riccati-type equation for
the coefficient s. This observation provides a unifying and structurally transparent framework
for Darboux-type transformations.

From an algebraic perspective, the obtained results clarify the structure of factorizations and
intertwinings in the ring F[0]. From a constructive viewpoint, they provide an effective tool
for generating new exactly solvable operators and potentials arising in mathematical physics.
Possible directions for further research include the extension of the present approach to higher-
order intertwining operators and the investigation of its applications to integrable systems and
nonlinear partial differential equations. This approach carries over to the case of many variables.

The research was carried out within the state assignment of Ministry of Science and Higher
Education of the Russian Federation for Federal Research Center for Information and Compu-
tational Technologies.

This work is supported by the Krasnoyarsk Mathematical Center and financed by the Ministry
of Science and Higher Education of the Russian Federation in the framework of the establishment
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IIpumeneHue crieTalOIUX OIIEPATOPOB K MHTErPUPOBAHUIO
anddpepeHnnaJIbHbIX ypaBHEHUA

OJer B. Kanmnos
DeepaabHbIil HAY THO-UCCIIE0BATEIbCKAN [EHTP NH(MOPMAIMOHHBIX U BBIUUCIUTEIbHBIX TEXHOJIOTUI
Hosocubupck, Poccuiickas Peneparrus

Amnnoranus. PazpabarsiBaeTcst onepaToOpHBIN II0X0/] K MHTEIPUPOBAHUIO JINHEHHBIX nuddepennpanb-
HBIX YPABHEHUI, OCHOBAHHBII HA CILIETAIONTAX COOTHOIIEHISX MEXK Y ArddepEeHITNaTbHBIMA OTIePATOPA-
mu. Iloydens! yCa0BHS CyIIIECTBOBAHUS OIIEPATOPOB CIJIETEHU, U IIOKA3aHO, YTO T4 33/a9a CBOJIUTCS
K ypaBHeHHMsM Tuna Pukkatn. Meron npumMensiercss K JuHEHHBbIM auddepeHnaIbHbBIM yPABHEHNAIM B
YaCTHBIX TPOU3BOIHBIX, YTO TO3BOJISIET IOCTPOUTH UX peIeHusi. B KaduecTBe NLTIOCTPATHBHOTO IPUMEPA
IIpesicTaB/IeHO JIuHeiiHOe ypaBHeHue Kieitna—T'opnona.

KuroueBblie cJioBa: CIjIETAOININE OMEPATOPHI, (pakTopu3anus, uddepeHnnaabHble YPaBHEHNUS B 9aCT-
HBIX ITPOU3BOIHLIX, ODIIME PEIeHusI.
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Abstract. In this paper we study the solvability of inverse problems for an elliptic equation of the form
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Introduction

In this paper, the authors call the identification problem the problem of determining, along
with the solution of the corresponding differential equation, some unknown coefficient that de-
termines the right-hand side (free term) of the equation. Such problems are also called linear
inverse coefficient problems in the literature.

In this paper we will study inverse problems in the following formulation: we need to find
a solution u(zx,t) to the elliptic equation and an unknown multiplier ¢(¢) defining the free term
F(z,t) of the form F(z,t) = f(x,t) + q(t)h(x,t) with known functions f(z,t) and h(z,t). Usu-
ally in such problems additional conditions (called overdetermined conditions) have to be given
together with the boundary conditions which are natural to the class of elliptic equations. In
this paper we will use boundary overdetermination conditions, i.e. conditions that set additional
boundary data compared to the natural ones.

Free-term identification problems, or linear inverse problems, for elliptic equations have of
course been studied before — in [1-4]. But they were studied in different formulations and in
different function spaces compared to the present work. Let us note an essential difference of the
present paper from the works of its predecessors — all constructions and reasoning in it will be
based on the transition from the studied inverse problem to a nonlocal problem of the type of
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the Samarski-Ionkin problem, and on the use of recent results on the solvability of this nonlocal
problem (see [5,6]). This was not previously observed in the work of the predecessors.

The essence of the approach used in this paper and the results obtained are presented for
model equations with the Laplace operator in the upper part. For more general equations, for
problems with different boundary conditions than those used below, the results obtained in this
paper are easily transferable - this is discussed at the end of the paper.

Let us specify that the aim of the paper is to prove the existence and uniqueness of regu-
lar solutions of both the direct nonlocal boundary value problems arising in the course of the
proof and the original inverse problems (regular solutions are solutions in which all S. L. Sobolev
generalised derivatives are included in the corresponding equation).

The necessary information on the properties of functions with generalised derivatives can be
found in the monographs [7-9].

1. Statement of the problems

Let @ be a cylinder (0,1) x (0,T) of finite height T of the plane of variables x,¢, f(x,t),
h(z,t) are functions defined in @, the function p(t) is on the segment [0,7]. We consider two
inverse problems.

Inverse Problem I: Find functions u(x,t) and q(t) connected in the cylinder Q by the equation

Ut + Uge + p(t)u = f(z,1) + q(t)h(z, 1), (1)

provided that u(x,t) satisfies the conditions
u(z,0) =u(z,T) =0, z€(0,1), (2)
uw(0,t) = u(l,t) = uy(1,¢) =0, te(0,7T). (3)

Inverse Problem II: Find functions u(x,t) and q(t) connected in the cylinder @Q by the equa-
tion (1), provided that u(z,t) satisfies (2) and also the condition

uz(0,1) + au(0,t) = u(l,t) = u.(1,¢t) =0, te€(0,T), (= const). (4)

In the inverse problems I and II, one of the conditions at x = 1 can be treated as a condition of
the direct (ordinary) problem for the elliptic equation (1) with a known free term, the remaining
condition is the boundary overdetermination condition.

2. Auxiliary problems and their solvability

Let us perform some formal constructions. We assume that

h(z,t) € C(Q), haz(z,t) € CQ), f(z,t) € La(Q), fou(w,t) € La2(Q); (5)

and
h(1,t) #£0 at tel0,T]. (6)

Setting « = 1 in equation (1) and using the condition u(1,¢) = 0 and (6), we find the function

q(t):
g (1,8) — f(1,%)
h(1,t) '

q(t) = (7)
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Let’s introduce the notations

h1($,t): F1(x,t)zf(x,t)—f(l,t)hl(x,t)

Let us substitute into the equation (1) the function ¢(¢) calculated by the formula (7). Then
we differentiate the equation twice with respect to the variable z. Assuming v(z,t) = uz.(z,1),
we obtain that the function v(z,t) in the rectangle Q satisfies the equation

Vit + Vg + (00 = Flae(2,t) + hige (z,t)v(1,8). (8)

Let us write out the boundary conditions for the function v(z,t).
If we set * = 0 in equation (1) and use the condition u(0,t) = 0, we get the boundary
condition
v(0,t) = F1(0,t) + h1(0,t)v(1,¢), te (0,T). 9)

Differentiating equation (1) with respect to x, setting z = 1, and taking into account the bound-
ary condition u,(1,t) = 0, we have the boundary condition

vp(1,8) = F1,(1,t) + ha(1,t)v(1,t), t€(0,T). (10)
Finally, it is obvious that the function v(z,t) satisfies the condition
v(z,0) =v(z,T) =0, =ze€(0,1). (11)

The equation and boundary conditions obtained for the function v(z,¢) mean that this func-
tion can be treated as a solution of the boundary value problem (8)—(11).

The boundary value problem (8)—(11) is the first auxiliary problem. The solution v(z,t) of
the problem (8)—(11) is used to find the solution u(x,t), ¢(t) to Inverse Problem I.

Let us construct another auxiliary problem, which can also be used to find the solution of
the inverse problem I.

Let the condition (6) be fulfilled instead of the condition (6)

he(L,t) A0  at te[0,7]. (12)

Differentiating equation (1) with respect to x, setting = 1, and taking into account the

)
boundary condition u,(1,t) = 0, we can represent function ¢(t) as

t) = . . 1
alt) i (13
Let’s introduce the notations
_ h(x,t) B
ho(x,t) = Pl 1) Fy(z,t) = f(x,t) — ha(z, t) f2(1,1).

Let us substitute into the equation (1) the function ¢(¢) calculated by the formula (13). Differ-
entiating the equation (1) twice with respect to = and denoting v(x,t) = u,.(x,t), we see that
v(x,t) satsfies the equation

Vet + Vg + 1(8)0 = Fozg(2,1) + hoze(z,t)v.(1,8), (¢, 2) € Q. (14)
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Using the equality u(0,t) = u(1,t) = 0 and (2 ) it is easy to show that the function v(x,t)
satisfies the boundary conditions

v(0,t) = F2(0,t) + ha(0,t)v,(1,¢), t€(0,T), (15)
v(1,t) = Fa(1,t) + ho(1, t)vy(1,t), ¢ € (0,T). (16)
v(z,0) =v(z,T) =0, z€(0,1). (17)

Hence, the function v(x,t) can be treated as a solution of the boundary value problem
(14)—(17).

Using the technique described above we can construct auxiliary problems for the inverse
problem II. If the overdetermination condition (6) is fulfilled, the inverse problem II can be
reduced to the direct problem

Utt + Vg + M(t)’U = Fl‘l/l(x7t) + hlww(x7t)v(17t)a (Iat) € Qa (18)

v2(0,1) + av(0,t) = F1,(0,t) + aF1(0,t) + (h12(0,t) + ah1(0,8))v(1,t), te€ (0,T7), (19)
vz (1,8) = Fip(1,t) + hao (1, t)v(1,t), te (0,7). (20)
v(z,0) =v(z,T)=0, =ze€ (0,1). (21)

If the overdetermination condition (12) is fulfilled, the inverse problem II can be reduced to the
direct problem

Ut + Uy + /,L(t)U = Fme(x; t) + h2wac($7 t)U:E(L t)7 ($, t) S Q7 (22)

v(0,t) + av(0,t) = Fo,(0,t) + aF5(0,t) + (hez(0,t) + aha(0,t))v.(1,t), t€ (0,T), (23)
v(1,t) = Fo(1,t) + ha(1, t)v.(1,8), te€ (0,T). (24)
v(z,0) =v(z,T)=0, ze€ (0,1). (25)

In the next paragraph it will be shown that by solving v(x,t) of the boundary value problems
(8)—(11) or (14)—(17) we can find the solution of the inverse problem I, and that by solving v(z, t)
of the boundary value problems (18)—(21) or (22)—(25) a solution of the inverse problem II can
be found.

Note that, in the authors’ opinion, these problems have an independent value. Indeed, each
of the constructed problems is a nonlocal boundary value problem for a loaded [10,11] elliptic
equation. Such problems have not been studied before.

Note also the following. All the boundary value problems presented above for the function
v(x,t) are nonlocal. In the first of these problems, the nonlocal condition (9) is a generalised
condition of Tonkin [12,13] or the Samarskii-Ionkin condition [14]. In the fourth problem, the
condition (23) can also be called a generalised Ionkin condition, but for the derivative v, (z,t).
The nonlocal conditions (15) and (19) for the function v(z,¢) in the second and third problems
are not generalised Ionkin conditions, but still belong to the class of general nonlocal conditions
of Samarskii [14].

As mentioned above, the existence of regular solutions of the nonlocal problems (8)—(11),
(14)—(17), (18)—(21) and (22)—(25) guarantees the existence of regular solutions of the original
inverse problems I and II.
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We prove the solvability of the above nonlocal problems under some simplifying assumptions
that do not affect the essence of the results, but allow us to avoid cumbersome calculations and

conditions.

1 2
We consider the function ¢(t) = 3~ W — h1.(1,t). Let’s represent it as p(t) = @4 () —

¢—(t), where ¢, (t) = max{p(t),0}, o_(t) = ¢+ (t) — »(?).
Let po = - max u(t), po > 0.

3

We assume that
(p,(t) <M1; te [OvT]v ‘hlwm($7t)| <M2a (tw%') eaa
where My, My are constants.

Theorem 1. Assume that h(z,t) € C?(Q), f(x,t) € La(Q), feu(w,t) € L2(Q), u(t) € C([0,T))
and (6) be satisfied. Let the condition

Fl(ovt):Flz(]-vt):O, te [O7T]7 (26)
7 2 1,00
MO>Z+3M1+M1 +§M2 (27)
holds. Then the problem (8)-(11) has a solution in the space W3(Q) and it is unique.

Proof. In order to prove the solvability of the problem (8)—(11), we use the method of continuation
on the parameter [15] and the regularisation method. Consider the boundary value problem

Vit + Vg + ()0 — EVtze = Flae(2,1) + MNige (2, t)v(1,t), (2,1) € Q, (28)
v(0,t) = hy(0,t)v(1,¢), te (0,T), (29)

v:(1,t) = hi(1,t)v(1,¢), te€(0,T), (30)

v(z,0) =v(z,T) =0, ze€(0,1), (31)

where A is an arbitrary number from the segment [0;1], ¢ — an arbitrary sufficiently small
number.

Let us define a Banach space: V = {v(x,t) : v(x,t) € W2(Q), vz € L2(Q), vitaz € La2(Q)}

. 3
with the norm ||’U||V = (||UHW22(Q) + ||Uttx”L2(Q) + HvttxxHLz(Q)) .
The solvability of problem (28)—(31) for A = 0 and fixed ¢ is easily proven using the methods
of [16,17]. Next, we show that the estimate

[[v[lv < Rol|Fizz|| L, ) (32)

holds for all possible solutions of problem (28)-(31). In (32) the constant Ry is determined by
the functions u(t), h(z,t), ¢(t) and the domain Q.
When obtaining further estimates, we will use the inequality ([6])

1 1
¥3(1) < 52/0 () dx + <2+ 512> /O xp?(z) de, (33)
where ¢ (z) € W3([0,1]),  is an arbitrary positive number.

- 668 —



Alexander I. Kozhanov, Tatyana N. Shipina Problems of Identification of the Unknown. ..

We multiply the equation (28) by the function —zv(z,t) and integrate over the domain Q.
Using the integration by parts formula, taking into account the introduced notation and boundary
conditions (29)—(31), we obtain the equality

T
/xvfdxdt—i—/ xvidmdt—/ ﬂxUdedt—i—g/ xvitd:ﬂdt—&—/ o4 (H)v2(1,t) dt +
Q Q Q Q 0

T T T
+€/ ~(t) dt + E/ (t)vi(1,t)dt = / o_(Hv*(1,t) dt — / (Fraz + Ahigv(1, )z dadt,
0 0 0 Q

where (t) = —(h1ze(1,t) + 2h1(0,8)h14(0,8)) v(1, ) v (1, 1) — A3, (1, )0 (1,1).
Taking into account condition (27) and the possibility of choosing e sufficiently small, and
using Young’s inequalities along with (33), we arrive at the following estimate

/xv?dmdt—i—/ :widxdt—i—/ CC’UQd.’Edt—‘rE/ xv?, dadt +
Q Q Q Q

T (34)
+/ o+ (1) (V3 (1,t) + evP(1,t) dt < C’l/ F? _ dxdt.
0 Q
Here and below Cj, j = 1,2,..., are constants independent of ¢, A. Cj, j = 1,2,..., are
determined by the functions p(t), h(z,t) and the domain Q.
Inequality (34) guarantees that the following estimate
/ vide < Cy / F} _ dxdt, (35)
Q Q

holds.

We multiply the equation (28) by the function zwvy(z,t) and integrate over the domain Q.
Using the estimate (34) and the technique of its derivation, we obtain that the solution v(z,t)
of the boundary value problem (28)—(31) satisfies the inequality

/Q:cvftdxdtJr/Qo:vfxdxdt+s/vaittdxdt+ < Cg/QFfm dzdt. (36)

To derive the third a priori estimate, we multiply equation (28) by —zvi..(x,t) and integrate
over (). Taking into account the estimates (34) and (36), we obtain the inequality

/vafmdxdt—l—/Qatvfmdxdt%—e/Qwvfmdxdt—&— < C4/QF12M dxdt. (37)

Multiply equation (28) by v,.(z,t), integrate over @, and then use the integration by parts
formula on the left-hand side of the resulting equality. The result of the integration is as follows:

T

T
/vfxdxdt—&—/ (vtt(l,t)vw(Lt)—vtt(O,t)vw(OJ))dt—l—/ () (L, s (1,1) —
Q 0 0
fv(O,t)vx(O,t))dt+/

vix dxdt — / ;w?cd:z:dt + {—:/ vixtdxdt =
Q Q Q

= / (Fize + Aipav(1, 1)) vgs dadt. (38)
Q

To obtain an estimate from equality (38), we use the inequality

T
/ v2(0,t) dt < 5/ v2, dxdt + C(é)/ v? dadt,
0 Q Q

- 669 —



Alexander I. Kozhanov, Tatyana N. Shipina Problems of Identification of the Unknown. ..

where 0 > 0 is an arbitrary constant that can be taken small enough, and C(J) is a constant
that depends on § > 0 and the size of Q.

Using Young’s inequality for (38) and taking into account the estimate (36), we find that the
solution v(z,t) of the boundary value problem (28)—(31) satisfies the inequality

/ v dadt + / v dadt + / videdt + ¢ / v, drdt < Cs / FZ,. dxdt. (39)
Q Q Q Q Q
Using the estimate (39), it is easy to get the estimate

/vftdxdt—&—/ vidadt < Cﬁ/ F}, . dxdt. (40)
Q Q Q

The following estimate

€ /Q vZ, drdt < Cy /Q F?  dxdt. (41)

is guaranteed by the inequalities (39)—(40).

From inequalities (39), (40), (41) follows the estimate (32). This means that for any fixed ¢
the boundary value problem (28)—(31) is solvable in the space V for all A € [0, 1].

Estimates (39), (40), (41) are sufficient to carry out the limit in problem (28)—(31) for ¢ — 0.
Let {em}5°_1 be a sequence of positive numbers such that €, — 0 as m — oo.

Denote by vy, (z,t) € W3(Q) the solution to the boundary value problem (28)—(31) for A =1
and € = g,,, m = 1,2,.... W3(Q) is the reflexivity of a Hilbert space. Then from the functional
sequence {vp,(z,t)}5_; one can extract a subsequence {vy,, (z,t)}32, that converges weakly in
W2(Q) to some function v(z,t) € W(Q). The convergence &,,, Vze — 0 as k — oo weakly in
L2(Q) holds. The limit function v(z,t) belongs to the space € W3 (Q) and it is a solution to the
boundary value problems (8)—(11).

The estimates (39),(40) allow us to state that the solution to the problem (8)—(11) in space

WZ(Q) is unique. The theorem is proved. O
Let’s proceed to the study of the solvability of the problem (14)—(17).
1 h3(0,¢ 1
Consider the function ¢(t) = 5~ 2;%(:)1”2) Tl ha(1,t) # 0. Represent it as ¢(t) =

Ve(t) = V-(8), where ¥(1) = max (5(1).0), V- (1) = V(1) — v(0)

‘We assume that
() < My, te[0.T], \

where M3, M, are positive constants.

Theorem 2. Assume that h(z,t) € C*(Q), f(z,t) € L2(Q), fuz(x,t) € Lo(Q), p(t) €
C([0,T)) and (12) be satisfied. Let the condition

ho(1,8) £0,  Fy(0,t) = Fy(1,¢) =0,  te][0,7], (42)

7 1
po > 7 +3M;z + M2+ §Mf (43)

holds. Then the problem (14)—(17) has a solution in the space W3(Q) and it is unique.
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Proof. Taking into account the conditions (42), we transform the boundary conditions (15), (16)
to the form
v(0,t) = ha(0,t)hy (1, )v(1,t), v.(1,t) = hy *(1,t)v(1,1). (44)
The obtained conditions (44) are similar to the conditions of the boundary value problem, the
solvability of which is established in Theorem 1.
We replace the multiplier v, (1,¢) with the expression hy *(1,#)v(1,t) on the right-hand side
of equation (14). As a result, equation (14) takes the form

Vet + Vg + 1(t)v = Fopp(z,t) + h;l(l, t)hoze (z, t)v(1,1). (45)

Thus, problem (14)—(17) is reduced to problem (45), (44), (17). The proof of the solvability of
problem (45), (44), (17) repeats the proof of the solvability of problem (8)—(11).
The theorem is proved. O

Next, we investigate the solvability of the boundary value problem (22)—(25).

Theorem 3. Assume that h(z,t) € C%(Q), f(x,t) € La(Q), fex(x,t) € La(Q), u(t) € C([0,T)).
Let the conditon (6) and

Fi.(0,t) + aF1(0,t) =0, Fi.(1,t) =0, te]0,T], (46)
1
Lo > 3 a<0, hy(1,t)<0, te]l0;T], (47)
2M3 (h12(0,t) + ahy(0,1))?
_ 1 4
o < = hus(1,1) (48)

hold. Then the problem (18)—(21) has a solution v(z,t) in the space W3(Q) and it is unique.

Proof. In order to prove the solvability of the problem (18)—(21), we use the method of continua-
tion on the parameter [15]. Taking into account conditions (46), we write the problem (18)—(21)
with parameter A, A € [0;1].

Vet + Vg + (6)0 = Flpe(2,8) + Mg (2, t)v(1,t), (x,t) € Q, (49)
0:(0,1) + av(0,t) = (h14(0,t) + ahy (0,t))v(1,t), te€ (0,T), (50)
vz (1,t) = hi (1, t)v(1,t), te€ (0,T). (51)

v(z,0) =v(z, T)=0, ze€(0,1). (52)

The solvability of problem (49)—(52) for A = 0 is easy to prove using the methods of [6]. Next,
we will show that for all possible solutions of problem (49)—(52), the following estimate holds:

ollwze) < BillFias||L, ) (53)

where the constant R; is determined by the functions pu(t), h(z,t) and the domain Q.

We multiply equation (49) by —v(z,t) and integrate over the domain (. Applying the
integration by parts formula, the Cauchy-Bunyakovsky inequality, and Young’s inequality, we
arrive at the inequality

/Q(vf(x,t) +v2(z,t)) dedt + (Mo - % - ggi) /Qvg(x,t) dxdt +
+ /T(—az;?(o,t) + (h12(0,t) + ahy (0,1)) v(1,) v(0,t) — (h12(1,t) + 20%)v*(1,1))dt <
0

1
< 7/ FZ, (x,t) dxdt.
2Jq
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2
Conditions (47), (48) guarantee the existence of §2 such that the inequality o — % - ]2\{722 >0

is satisfied, and the quadratic form —av?(0,t) + (h12(0,t) + ah1(0,¢)) v(1,¢) v(0,t) — (h1(1,t) +
26%)v?(1,t) with respect to v(0,t), v(1,t) is positive definite. Then the last inequality yields the
estimate

/Q (03 (2, 1) + 02 (2, £) + 13 (2, £)) dadt < Cs|Fraal 2, 0. (54)

We multiply equation (49) by v,.(z,t) and integrate over the domain Q). Using the integration
by parts formula, Young’s inequality, and taking into account the estimate (49), we get the
inequality

0220 1) 4t ) dt < Coll i o (55)

From equation (49), based on inequalities (55) and (54), we obtain an estimate for vy (z,t)
/ "U?t({ﬂ, t) dxdt < ClO' |F11I| |2L2(Q)
Q

Thus, estimates (55), (54), and the last inequality guarantee that for any solution v(x,t) of
problem (49)—(52), estimate (53) holds, i.e., the conditions of the theorem of the continuation
method with respect to parameter [15] are satisfied. And problem (49)—(52) has a solution
v(z,t) € W2(Q) for all values of A € [0,1]. For A = 1, problem (49)—(52) coincides with problem
(18)—(21). The uniqueness of the solution to the problem (8)—(11) in space W (Q) follows from
the inequality (53).

The theorem is proved. O

Next, we investigate the solvability of the boundary value problem (22)-(25).

We will study this problem under the assumption that ho(1,t) # 0. We assume that

‘ hZ:L’:E (xv t)

hg(l,t) ‘ < MB; (xut) S Q

Theorem 4. Assume that h(z,t) € C%(Q), f(z,t) € L2(Q), fez(m,t) € L2(Q), u(t) € C([0,T)).
Let the condition (12) and

Fou(0,8) + aFy(0,t) =0, Fy(1,t) =0, te[0,T], (56)
1
Ho > ia Oé<0, h?(l?t) <07 le [07T]a (57)
2M? haw(0,) + aho(0,1))?
5 ( 2 ( ’ )—'2_04 2( ) )) —h;l(l,t) (58)
210 — 1 dah2(1,t)

hold.
Then the problem (22)-(25) has a solution v(x,t) in the space W3(Q) and it is unique.

Proof. Taking into account (56), we transform the boundary conditions (23), (24) to the form
02(0,1) + av(0,t) = (hoy (0,1) + aho(0,1)hy ' (1, 1) v(1,t), ve(1,t) = hy ' (1,t)v(1,t).  (59)

The obtained conditions (59) are similar to the conditions of the boundary value problem, the
solvability of which is established in Theorem 3. Substituting the expression hy*(1,t)v(1,t)
instead of the multiplier v, (1,¢) into the right-hand side of equation (22), we write the equation

Vit + Vaz + ()0 = Fogy(x,1) + hy (1, 1) hogs (x, t)v(1, 1). (60)
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Thus, problem (22)—(25) is reduced to problem (18)—(21), the proof of solvability of which is
given in Theorem 3.
The theorem is proved. O

2. Solvability of the inverse problems

Let us investigate the solvability of the inverse problem I (1)-(3) in the case where the
overdetermination condition is u(1,t) = 0.

Theorem 5. Suppose the fulfillment of the condition

h(0,t) _ he(1,t)
h(l,t) =0, fz(l,t)—f(l,t) h(l, )

and also conditons (5), (6) and (27). Then Inverse Problem (1)—(3) has a solution {u(z,t),q(t)}
such that u(x,t) € W2(Q), q(t) € Lo(0;T).

f(O,t) - f(l,t)

0,

Proof. Let us define the function u(z,t) as a solution to the problem

Uz (x,t) = v(2,t), (2,t) €Q,
u(0,t) = u,(1,t) =0, te€][0,T],

where v(x,t) is the solutuin of the problem (8)—(11). We define the function ¢(t):

. v(1,1) —f(l,t).

To demonstrate that the function u(x,t) meets the overdetermination condition u(1,t) = 0,
we substitute the function ¢(t), defined by formula (61), into equation (1), and set x = 1.
Let B(t) = u(1,t). Then §(t) satisfies the equation 8" + a8 = 0 and the boundary conditions
B(0) = B(1) = 0. Evidently, 8(¢t) = 0. Consequently, it has been proven that the pair of functions
u(z,t),q(t) is a solution to the inverse problem I (1)—(3).

The theorem is proved. O

Let us investigate the solvability of the inverse problem I (1)—(3) in the case where the
overdetermination condition is u,(1,t) = 0.

Theorem 6. Suppose the fulfillment of the conditions

h(0,1)
ha(L,2)

h(1,t)
ha(L,2)

f(()?t)_fz(lvt) EO, f(Lt)_fx(lﬂt) an

and also conditons (5), (12) and (43). Then Inverse Problem (1)-(3) has a solution {u(x,t),q(t)}
such that u(x,t) € W3(Q), q(t) € L2(0;T).

Proof. Let us define the function u(z,t) as a solution to the problem

Uge (2, 8) = v(2,t), (z,t) € Q,
uw(0,t) =u(l,t) =0, te]l0,T],
where v(z, t) is the solution of the problem (14)—(17). The function ¢(¢) is defined by the formula

Cw(1,t) — £o(1,0)

(62)
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Obviously, u(z,t) € W3(Q), q(t) € La(0;T), and the functions u(x,t), ¢(t) satisfy equation (1) in
Q. In order to show that the overdetermination condition u,(1,¢) = 0 is satisfied for the function
u(x,t), we substitute the function ¢(t) defined by formula (62) into equation (1), differentiate it
with respect to the variable z and fix + = 1. Let y(t) = u,(1,t). Then y(¢) satisfies the equation
y” + ay = 0 and the boundary conditions y(0) = y(1) = 0. Obviously, y(¢t) = 0. Thus, it is
proved that the pair of functions {u(z,t),q(t)} is a solution to the inverse problem I (1)—(3).
The theorem is proved. g

Let us return to Inverse Problem II (1), (2), (4) in the case where the overdetermination
condition is u(1,t) = 0. The solution to this inverse problem will be determined by the function
v(x,t), which satisfies the auxiliary problem (18)—(21). The solvability of the problem (18)—(21)
is established in Theorem 3. Consider a pair of functions {u(z,t),q(t)}, where u(z,t) is the
solution to the problem

Uy (2, 1) = v(x,t), (x,t) € Q,
ug(0,1) + au(0,t) = u,(1,£) =0, te€ [0,T],

and the function ¢(¢) is defined by the formula ¢(t) = % The following theorem

holds
Theorem 7. Suppose the fulfillment of the condition

hae(0,1)
h(L,?)

h(0,t) haz(1,t)

fa;(oat) _f(l’t) h(l t)) = 07 f(lvt) _fw(Lt) h(l t)

+ a(f(O,t) - f(lat)

=0,

and also conditons (5), (6), (47) and (48). Then Inverse Problem II (1), (2), (4) has a solution
{u(z,t),q(t)} such that u(x,t) € W2(Q), q(t) € La(0;T).

Next, we formulate a theorem on the existence of a solution to the inverse problem II in
the case where the overdetermination condition is u,(1,¢) = 0. In this case, the solution to the
inverse problem {u(z,t),q(t)} will be determined through the solution to the auxiliary problem
(22)—(23). Specifically, the function u(z,t) is the solution to the problem

U (2, 1) = v(z,t), (x,t) €Q,
uz(0,) + au(0,t) = u(1,¢) =0, tel0,T].

1,t) — 1.t
And the unknown coefficient ¢(t) is determined by the formula ¢(t) = W
Theorem 8. Suppose the fulfillment of the conditions

h(0,1)
hy(1,1)

h(0, 1)
he(1,1)

fx(oat)_.fx(Lt) +Ot(f(0,t)—fx(1,t) ) O’ f(Lt)_.fx(l’t)
and also conditons (5), (12), (57) and (58) . Then Inverse Problem II (1), (2), (4) has a solution

{u(z,1),q(t)} such that u(x,t) € W2(Q), q(t) € La(0;T).

This work was completed within the framework of a state assignment from the Ministry of
Science and Higher Education of the Russian Federation (topic "Analytical and numerical study
of inverse problems of determining the parameters of atmospheric or water pollution sources and
(or) environmental parameters,”" code FENG-2023-0004).
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3agaun naeHTndUKAINN HeN3BEeCTHOrO Ko3ad duimeHTa
B 3JIJIMIITUYECKOM yPaBHEHUN

Anekcanap . KoxxaHoB
HoBocubupckuii rocyapcTBEHHbBI YHUBEPCUTET

Hosocubupck, Poccuiickass @enepariust

Tarbana H. [TTununa
Cubupckuii dhemepasbHblil YHUBEPCUTET

Kpacnosipck, Poccuiickass @eneparnys

AnHoTanusa. B pabore uccienyercss pa3pemmuMoCcTh 0OpATHBIX 33034 JIJIs SJJIMITUIECKOTO YPaBHEHUS
BUIA
Utt + Uz + M(t)u = f(l', t) + q(t)h(l‘, t)7

B KOTOPOM Hem3BecTeH Ko duuuent ¢(t). JoKa3plBaIOTCs TEOPEMbI CYIIECTBOBAHUS U €IUHCTBEHHOCTH
perynspHbIX pereHuil. MeTonp! nccieqoBanns OCHOBAaHBI Ha IIEPEXOE OT MUCXOIHON O0OpaTHON 3a1adu K
HEJIOKAJIBHON 3ajia4e ¢ yciaoBusamu Tuna yciaosuit Camapckoro—Monkuna. B kadecTBe HOMOIHATEIBHBIX
YCIIOBHiA, HEOOXOAMMOCTD KOTOPBIX O0YC/IOBJIEHA HAJIMYIAEM HEM3BECTHOMH BEJMYIHMHBI (1), MCIOIB3yIOTCS
YCJIOBUsI TPAHUYHOTO TIEPEOTIPE IC/IEHNUSI.

KuaroueBrbie ciioBa: 3/UTHIITHYECKUE YDPABHEHWsI, HEM3BECTHBIN KOd(DUIIMET, CyNIeCTBOBAHUE, €JIMH-

CTBEHHOCTBH perenusd, yciaoBus Camapckoro—lonkuna.
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Abstract. This paper proposes an algorithm for constructing isospectral and partially isospectral Dirac
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systems of hyperbolic partial differential equations with variable coefficients.
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1. Introduction and preliminaries

The system of differential equations of the form

Ld d 1 ()
—— =<B—+0 =A = 1
{nntah o) 4 o) o= {2+ 0 by = o= (200 m
is referred to as Dirac system in canonical form.
Here,

a= (G o) =0 L) m=(0 ) 5= (5 0) = () 1),

where o1, 09,03 are Pauli matrices, p(z),q(z) are given scalar functions, y(x) is the unknown
function, and A is the spectral parameter.

The Dirac operator defined by differential expression (1) is widely used in various fields of
mathematics and physics. However, the one-dimensional Dirac operator plays an important role
as it arises in the study of simple physical models that admit separation of variables. Furthermore,
the one-dimensional Dirac operator is of great importance in the theory of integrable systems as
it plays a fundamental role in the integration of the nonlinear Schrodinger equation (NLS) and
the modified Korteweg-de Vries equation (mKdV) by means of the inverse spectral method.

The physical properties of equation (1) are described in more detail in [30].

*olim-mirzaev@mail.ru https://orcid.org/0000-0002-3193-8363
fxasanovgafurjan@gmail.com https://orcid.org/0009-0007-7357-4557
(© Siberian Federal University. All rights reserved
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Definition 1. Boundary value problems for systems of Dirac equations

Dy=By =Xy, 0<z<m, y=(y(x), ()", (2)
y2(0) =0, y2(m) =0 (3)
and
D(p(z),q(z), o, By = By + Qz)y = Ny, 0<z<m, y=(yi(x), y2(a)), (4)
y1(0) cosa + y2(0)sinav = 0, y1(m)cos B+ ya(m)sinf =0, o, € R (5)

are called isospectral if they have the same eigenvalues, that is, o(D(p(x),q(x),a, 8) = o(DY) =
{n,n € Z}.

Definition 2. Boundary value problems (2)—(3) and (4)—(5) are called partially isospectral if
eigenvalues satisfy conditions Ao # A); A\, = A2 for n € Z\{0}.

T () e ( )

and also p(z), q(x) € C[0,7] are real continuously differentiable functions, \ is a complex
parameter, \) = n,n € Z are eigenvalues of boundary value problem (2)—(3).

This work is devoted to the inverse spectral problems that describe all boundary value prob-
lems of a system of Dirac differential equations on a finite interval with the same spectrum.
Such boundary value problems are called isospectral and were studied in [1-5]. It was shown
that Dirac operator on a finite interval is uniquely determined by its eigenvalues and sequence
of normalizing constants [6]. It was also obtained necessary and sufficient conditions for the re-
construction of boundary value problems. M. G. Gasymov and B. M. Levitan (see [7]) established
necessary and sufficient conditions for the reconstruction of the Dirac operator on the half-line
from spectral functions. In constructing isospectral Dirac operators on a finite interval with a
prescribed spectrum o(D(p(x), q(z), @, 5)) = {An,n € Z} the Gasymov-Levitan method is used
(see [7]). This method is based on the reconstruction of coefficients of the Dirac operator from
spectral data by means of a Fredholm integral equation of the second kind with a parameter.

In this paper, an algorithm for constructing isospectral and partially isospectral one-
dimensional Dirac operators on a finite interval is proposed. This algorithm is used to construct
solutions of mixed problems for systems of partial differential equations of hyperbolic type with
variable coefficients.

It should be noted that isospectral Sturm-Liouville and Dirac operators on a finite interval
were studied in [8-17]. Partially isospectral Sturm-Liouville and Dirac operators on a finite
interval were studied in [18—-22]|. The theory of inverse spectral problems for the Sturm—Liouville
operator and their applications is presented in more detail in [23-29].

The main result of this work is an algorithm for reconstructing a family of Dirac operators
D = D(p(x),q(z), o, 5) and D = D(a) on a finite interval. Spectra of these operators satisfy the
following conditions

J(D(p(I),q(I),Oz,ﬂ)) = {An =n,nec Z}
and

o(D(a)) ={ Ao =ua, |a] <1, A\, =n,ne Z\{0}}.
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2. On the inverse problem for the Dirac operator on a finite
interval
Let us denote the solution of equation (4) that satisfies initial conditions
©1(0,A) =sina, ¢2(0,A) = —cosa. (6)

by p(x, \) = (01(x, ), p2(x, A))T It is known that solution ¢(z, A) of problem (4) with conditions
(6) exists [25]. It is unique, and for each fixed = € [0, 7] is an entire vector-function with respect
to A. In addition, the following integral representation holds

la, A) = < —S(I:Icii)\;mtra ) / K(z.t) ( siroléz\)t\;Jrao)z) )dt’ Q
where matrix function K(z,t) = |[Kj;(z,?)|; ;_, , is a solution of problems
BK (z,t) + K;(z,t)B = —Q(z)K (z, ), (8)
BK(z,z) — K(z,z)B = —Q(x), (9)
Ki2(z,0) = Kaa(z,0) = 0. (10)

It is obvious that vector function p(x, \) = (p1(x, \), pa(x, A))T satisfies the boundary condi-
tion ¢1(0,A) = sina for any A. Therefore, eigenvalues A\, n € Z of problem (4) with conditions
(5) are the roots of the following equation

A(X) = y1(m) cos f + ya(m) sin = 0. (11)

Then, p(z, \,) = (p1(2, M), p2(x, A\n))T, n € Z is an eigenvector function of problem (4), (5).
Let us define .
an = [l ) + B Ao, € 2 (12)
0
Numbers a;,, n € Z are called the normalization numbers of boundary value problem (4)—(5).

The set of numbers {A,, o, }52 _  are called the spectral data of problem (4)—(5).
Theorem 1 ([6]). If p(z) and q(x) have derivatives of order k in L?[0,7] then the following

equalities hold
\ = B— 51 Br-1 . Brn
" m

T+ + = (13)

an:7r+—+~~+ (14)
n n
for the spectral data {\n, an}52 _ . of problem (4)-(5), where series

oo

o0
1Brm| < o0, |ckn|” < 00
>

converge.
It should be noted that eigenvector functions p(x, \,) = (p1(x, An), p2(x, An))T, n € Z of

problem (4)—(5) are orthogonal in the Hilbert space of square-summable two-component vector
functions L2(0, 7). For arbitrary vector functions f(x) = (f1(x), f2(z))T € L3[0, 7] one can write

oo

fle)y=">" w(w,kn){aln/OﬁcpT(t,/\n)f(t)dt}.

n=—oo

- 679 -



Olim E. Mirzaev, Gafurdjan A.Khasanov Isospectral and Partially Isospectral Dirac Operators. ..

From here it follows symbolic equality

oo

1
Z a—ap(w, M)t (t, An) = I8(x — 1), (15)
where I is identity matrix, 6(z) is delta function. In particular, if p(z) = 0, ¢(z) =0, a = g,
8= g then
. 1/ cosnz
— t,sinnt) = 15(x — t). 16
nzz_ooﬂ' ( sinne )(cosn,smn) (x—1) (16)

Theorem 2 ([6]). Coefficients p(z) and q(x) of boundary value problem (4)—(5) are determined
uniquely from the spectral data { A, o, }o2

Lemma 1. The following equality holds
— 1
Z a—(p(m, An)(sin(Ant + @), —cos(M\pt+ ) =0, 0 <t <z <. (17)

Theorem 3 ([6]). Kernel K(x,t) = || K;j(x,t)]
the linear integral equation

ij=12 0f transformation operator (7) satisfies

K(z,t) + F(x,t) —l—/wK(x,s)F(s,t)ds =0, 0<t<z<m), (18)
0

e sin ( A,z + T )
F(z,t) = n;m ain B cos(()\ngc +2727>) (sm (/\nt + g) , — COS ()\nt + g)) —

1 ( cos n )(cosnt,sinnt)}. (19)

T \ sinnz

Theorem 4 ([6]). In order for sequence of real numbers {A,, an}S>_, an >0, n € Z to be
spectral data of boundary value problem of form (4)—(5) with a matriz function of the form

0w - () 0,

it is necessary and sufficient that asymptotic formulas (13) and (14) are satisfied for \,, n € Z
and oy, n € Z, where p(z) and q(z) have derivatives of order k in L*(0, ).

Thus, let {A\,, an}32 o, an > 0, n € Z satisfy conditions (13) and (14). Let us construct
matrix function F(x,t) using formula (19) and consider integral equation (18) with respect to

K(z,t) = [[Kij(z,t)|l; j—; o- Then the following theorem holds.

Theorem 5 ([6]). Integral equation (18) has a unique solution K(x,t) = ||Kj(z,t)|; ;_; 5 for
each fized x € (0, 7).

Now, solving integral equation (18), one can find matrix function K(z,t) = [|Ki;(z, 1)[|; ;—; o-
Next, let us define vector function ¢(z,\) = (¢1(z, \), p2(z,A))T using formula (7). Then it is
easy to prove that vector function ¢(z,\) = (¢1(z, ), p2(z, A))T satisfies the following equation
(see [6])

By +Q(x)p =Ny, Q(z)= K(z,7)B — BK(x,z)

and initial conditions ¢1(0, ) = sina, ©2(0,\) = — cosa.
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3. Algorithm for recovering isospectral and partially isospec-
tral boundary value problems

Theorem 6. Let a pair of sequences of real numbers { A, an}22 _ , o, >0, n € Z satisfy the
following conditions

oo

1 1 Tn Tn
An=n, ne€Z, — == , <00, Tn>0, neZ 20
n, n o 7r+n2+1 :Z_oo”2+1 00, v n (20)

Then this pair is the spectral data of the boundary value problem for the Dirac operator of the form
D(p(:r7 "'7’)/_7743 "'5707 "'77”7«7 "‘)7q(x7 "'77—77«7 "‘770’ ""7’”7 "')7 a? 6) = D("'?’)/—"l) "'7’}/07 "'77’”7 "')‘

Proof. 1t is easy to see that sequence {/\man}zo:,oo» an > 0, n € Z defined by formulas (20)

satisfies conditions (13)—(14) for a = g,ﬁ = g Therefore, there exists a Dirac operator of

the form D(...,Y—n,-ss70, -+, Vn,---). Now, by applying the inverse spectral method, one can
determine the coefficients of the Dirac operator.
To do this, matrix function F'(z,t) is defined using formulas (19) and (20):

- Tn cos nx .
F(x,t) = Z {n2 1 ( sinng ) (cosnt,smnt)}. (21)

n=—oo

Substituting (21) into integral equation (18), one can obtain

K(z,t) = — Z n;i 1<p(:v,n)(cos nt,sinnt), (22)
n=—oo

where
coSNT * cosns
= K ds. 23
wlan) ( sin na >+/0 (z,5) ( sinns ) y (23)

It is known ([6,25]) that vector function ¢(z, A) defined by formula (23) satisfies differential
equation (4) and initial conditions ¢1(0,\) = 1, ¢2(0,A) = 0, where coefficients are defined as

follows
o0
p(l‘,. N O TN (PR R (TP ) = nZ_:OO nerj_ 1[()02(‘%‘7”) sinnt — 801(37,77') COS?’ltL
= (24)
ATy Yy e VO ey Yy e e ) = nQj_1[<p1(x,n)sinnt+<p2(a:,n)cosnt].
n=-—oo

Next, by substituting expression (22) into formula (23), one can find

plem) = () 2 3 e [(cospsisings) (5" Vs (25)
(omr ) J (o)

sin nx p2+1 sinns

p=—00

Hence, eigenvector function

1 cosSnT
R — ) S
wlw,n) 1+ nl’fl ( sin nx >’ " ’
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Is obtained. It corresponds to eigenvalues A\, =n, n € Z since

¥ cosns s p=n
/ (cosps, sinps) ( . ) ds = sin(p —n)x
0 simns T’ P 7& n.

It follows that boundary conditions (5) are satisfied, i.e., p1(0,A,) = 1, wa(m, Ap) = 0, Ay, =
n,n e Z.

Thus, all coefficients of the family of isospectral Dirac operators of the form
D(cc;¥—ny 370y s Yy ---) are determined. In particular, if v > 0, v, = 0, n € Z\{0} then
isospectral boundary value problem follows

0 1 0 -1 T
D(vo)yz( )y’+ 0 (_1 O>y=/\y, y(x)=(‘zl<)>70<x<7r, Y0> 0

-1 0 1+ Yo
y2(0) =0, yo(m)=0. (26)

All eigenvalues of Dirac operator D(vg) coincide with the prescribed numbers A\, =n, n € Z,
and the corresponding eigenvector functions are given by

Y1n () cosnx 00 sin nx
) = = . - , nEZ.
we= (@) ) = G )~ (07
Next, using isospectral boundary value problem (26), one can construct a family of systems
of partial differential equations of the form

. 01 Yo 0 —1
= . 2
Uy (_1O>u$+1+%x<_1 0 )u,0<x<7r,70>0 (27)
The main objective of this paper is to find a solution of equation (27) that satisfies the following
conditions
fi(z) > ( uy (x,t) )
u(x,0) = f(x), f(x)= , ug (m,t) =0, u(x,t) = . 28
(@200 = 1), )= (1) =0, uten = (10D (25)

Using Theorem 6, one can obtain

Corollary 1. The solution of mixed problem (27), (28) can be written in the form

o0 | cosng — Josinn_
u(z,t) = Z Bpe ™ n(l+yz) |,
n=—oo sin nx

where B,, = g(yln(x)fl () + yon(z) fo(z))dz, N € Z.

Theorem 7. Let the sequences of real numbers {\, o, }52 an, >0, n € Z satisfy conditions

Xo=a,la <1, \y=n, ne Z\{0}, o, =7, n€ Z. (29)
Then this pair is the spectral data of the boundary value problem for the Dirac operator of the
form D(p(x,a),q(z,a),a, B) = D(a).
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Proof. 1t is easy to see that sequence {)\n,an}zo: an > 0, n € Z defined by formulas (20)

satisfies conditions (13)—(14) for a = g, B = g Therefore, there exists a Dirac operator with

parameters of the form D(a). By applying the inverse spectral method, coefficients of Dirac
operator D(a) are determined.
To do this, matrix function F(z,t) is defined using formulas (19) and (29):

Fat)= L ( cos az ) (cos at, sin at) — % ( (1) ) (1,0). (30)

7 \ sinax

Substituting (30) into integral equation (18), one can obtain

K(z,t) = —%f (z) (cosat,sinat) + %g (z) (1,0), (31)

o= (o ) [t (520 o

(x)—(é)+/oxf<(x,s)<(1)>ds. (33)

By substituting expression (30) into formulas (32) and (33), one can obtain

where

<

cos ax T sin ax
= - = 4
ro) = (S ) = L)+ T ), (34)
1 sin ax x
= - ~g(x). 35
o) =( g )~ 2 f @)+ g (35)
Hence, one can find
a’m sin ax . T
f (@)= 5 (m — x)cosax + ,(mr —z)sinaz |
a?(m — x)? + sin” ax
T (36)
() a’n ( n sin2az  sin? ax)
€r)= T+ — ,—
g a?(m — x)2 + sin” ax 2a a
Next, using formulas (31) and (36), one can derive
K1 (z,2) @ { + 2 — (7 — x) cos® ax sin Zax] (37)
) = ; v —\T — — ,
H a%(n2 — x2) 4 sin? ax a
a? (m — x)sin2az  sin®ax
Kz, o) = - + : 38
12(2, ) a2(n2 — 22) 4 sin’ ax [ 2 a } (38)
a? (r —x)sin2az  sin® ax
Ko (z,z) = — + , 39
2(2,7) a?(n? — x2) + sin” ax [ 2 a } (39)
a*(m — x) sin® ax
Foa(,) = — T = D)si & (10)

_a2(7r2 —22) +sin®az’

Finally, using formulas (9), (37), (38), (39) and (40), one can obtain

a?(m — x)sin 2ax + 2a sin® ax
p(z,a) = — (K2 + Ko1) = ( )

a2(n2 — 22) + sin” ax
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2 2 :

a*(m + ) — a*(m — x) cos 2ax — asin 2ax
x,0) = K11 — Koo = .

a(z,a) H 22 a?(n2 — x2) 4 sin? ax

Thus, all coefficients of the family of partially isospectral Dirac operators D(a) are determined:

1
D(a)y< 0 )y,+<p(x,a) a(z,a) )y)\y, O<z<m, |a| <1,

-10 q(z,a) —p(z,a)
2 (0) =0, yo (1) =0, y(z) = (1 (z),y2 (x))"

(41)

It can be easily seen that all eigenvalues of boundary value problem (41) coincide with the pre-
scribed numbers A\ = a, |a| < 1, A, = n, n € Z\{0}. The corresponding eigenvector functions
are given by

yn(2) = < cosne > - (n_a)(GQSin(n—a)m < (m — x) cos ax + oL ) B

sin nx a2(m2 — 22) 4 sin’ ax) (m — z)sinax

a?sinnz W+x_%iax
, neZ.

B n(a2(n2 — x2) 4 sin® ax) —SinQT‘”

Now, let us consider the following mixed problem

= (01 p(z,a) q(z,a)

Uy = < 10 )uz—i- ( ¢(x,0) —p(z,a) u, 0<z<m, |a] <1,
e, 0) = 1@, £ =( 1), 10 0.0 =0 wmn =0 uo (00,

fa(x) us (z,t)
Using Theorem 7, one can obtain
Corollary 2. The solution of mixed problem (42) is as follows
u(z,t) = Boe “yo(x) + Z Bpe "y, (),
n=—o0,n#0

where

B, = /”(yln(ﬂc)fl(x) + Yon () f2(2))dx, n € Z.
0

Conclusion

Isospectral and partially isospectral Dirac operators with parameters
D(ccc;¥—nyesY0y s Yns ---) and D(a) were reconstructed. FEigenvalues of these operators
coincide with the prescribed numbers

o(D( e Yoy e sY0s e s Yns -+ )) = { A =n,n € Z}

and
o(D(a)) ={Ao =a, [a| <1, Ay =n, n € Z\{0}},

respectively. In addition, using isospectral and partially isospectral Dirac operators, solutions
of mixed problems for a system of partial differential equations of hyperbolic type with variable
coefficients were obtained.
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N3ocnekTpaibHble 1 YACTUYHO N30CHEKTPaJJIbHbIE OIIEPATOPDI
Jupaka n X NpujIo>KeHust

Osmam 9. Mup3aen
l'adypaxan A.Xacanos

CamapkanicKuii rocyapcTBennblii yausepcurer um. 111. Pamumosa
Camapkanz, Y3bekucran

Awunorarnusi. B pabore mpenaraercss aJrOpuTM IOCTPOEHUS UBOCIEKTPAJIBHBIX W JIaCTHIHO-
M30CIEKTPATbHBIX 0nepaTopoB Jlnpaka Ha KOHEIHOM OTPE3Ke. DTOT aJTOPUTM MPUMEHSIETCS K IIPOIECCY
HaXO0XKJIEHUS PEIIeHN CMeIaHHbIX 33a/1a4, IOCTABIEHHBIX I8 cucTeM auddepeHnnaabHbIX yPaBHEHNN
C YACTHBIMU TTPOU3BOIHBIMY TUIIEPOOJIMIECKOTO TUITA, C TEPEMEHHBIMY KO3(MDMUITHEHTAMH.

KuroueBrblie cijioBa: cCOOCTBEHHDBIE 3HAYECHNS, HOPDMHUPYIOIHE KOHCTAHTHI, OOpATHBIE 33/Ia91, HHTETPAJIb-
Hble ypaBHeHust PpeirosbMa BTOPOro pojia, H30CIEeKTPAIbHbIE U YJACTHIHO-U30CIIEKTPAJIHHBIE OLIEPATOPDI

Hwupaxa.
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Abstract. We consider a mathematical model of a communication network for a group of unmanned
aerial vehicles (UAVs) that operate without interaction with each other and with a control center,
represented as a finite-source queueing system with a fixed number of sources generating connection
requests to a server. Each source, when initiating a communication session with the server, generates
requests with a constant intensity. If the server is free, the request begins to be processed. The model
assumes that the duration of this period is exponentially distributed. If the server is busy at the moment
of request initiation, a transmission delay occurs in the form of a blocked request for an exponentially
distributed time interval, after which the source attempts to initiate the request again. The object of
study is the number of transmission delays during the establishment of communication between UAVs
and the control center, which characterizes the performance not only of the control station but also of
the entire network. To analyze the number of blocked requests, methods of asymptotic diffusion analysis,
numerical analysis, and simulation modeling of the functioning of the considered model are applied. As
a result, limiting, numerical, and simulation characteristics of the proposed model are obtained, and the
domain of applicability of the results is established.

Keywords: data network, finite-source queueing system, asymptotical analysis method, simulation.
Citation: A.A.Nazarov, S.V.Paul, D.V. Shashev, P.A. Darenskii, Mathematical Model of
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Introduction

Currently, unmanned aerial vehicles (UAVs) are used in various fields of human activity [1, 2]
and have a significant impact on science, industry, agriculture, security, and logistics systems.
In most cases, UAVs operate in groups. Two types of groups can be distinguished: groups in
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which UAVs interact with each other [3,4,5], and groups in which UAVs solve a specific task
in a network-based non-interactive deployment mode. Each UAV in this network functions
as an independent unit, directly connected to the control center, which allows for monitoring
the status of each UAV and transmitting necessary commands in real time. This approach
creates a structure in which each UAV is part of a single computing system, in which control and
feedback are implemented through the exchange of data packets between the UAV and the ground
system. This allows not only for monitoring flight parameters but also for promptly transmitting
commands to change course, speed, and perform other actions, which is critical to the successful
completion of assigned missions. However, one of the main problems with this strategy is its
dependence on the ground control station, which serves as the single point in the system where a
failure, malfunction, or shutdown of the entire network can occur. A malfunction at the ground
station will lead to delays in data transmission or a complete halt in communication between
the UAV and the control center. This limitation requires a careful approach to system design, as
well as the development of backup mechanisms to minimize the risk of communication loss and
increase the reliability of the entire control network. The main features of UAV-based networks
include high node mobility, three-dimensional freedom of movement in space, low node density
in the network, and others. Taking these factors into account in the design of classes of mobile
communication networks leads to their extremely dynamic topology and makes the application
of standard routing protocols inefficient. It should be noted that theoretical studies of control
networks for unmanned objects are poorly developed. Typically, algorithmic approaches are used
[6,7], as well as simulation methods [8] or graph-based approaches [9, 10].

In this paper, it is proposed to model the communication system between a group of non-
interacting UAVs and a ground station using methods of probabilistic analysis and queueing
theory. The interaction between the group of unmanned aerial vehicles and the control center
is represented as a finite-source queueing system with multiple access. As a result of the study,
formulas for calculating the probabilistic characteristics of the proposed model will be obtained.
Their practical application will make it possible to scientifically substantiate the selection of data
transmission network parameters during UAV operation and will significantly expand the possi-
bilities for solving a number of scientific problems in the field of next-generation communication
network (NGN) design.

1. Mathematical model

Consider a communication system with a UAV group as a finite-source queueing system with
N sources generating connection requests to a server [11-16]. Each source generates a request
with rate of A/N. A source cannot generate a new request until the end of the successful service
of this request. The connection request is transmitted to an free server. The duration of the
communication session is distributed exponentially with rate u. If the server is busy when the
connection request is initiated, there is a delay and request move into the orbit. The retrial time

1
(—%

=0
«—
z|a
—Q0O
=0
-—

ny

N{ipr— l’l’

Fig. 1. Mathematical model of a finite-source queuing system with repeated calls
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is exponentially distributed with rate /N, after which the source attempts to make the request
again (Fig.1). Let us denote: () is the number of requests in the orbit; k() = 0, 1 is the state of
the server. Here, 0 means that the server is free and 1 means that the server is busy. The goal of
the study is obtaining the stationary probability distributions of the number of requests waiting
for repeated service (the number of requests in the orbit) and the states of the server. Denote
P(k,i,t) = P{i(t) =i, k(t) = k} the probability that the server is in state k and the number of
delays is i requests at time . We write the differential Kolmogorov system in the steady state

Y
_ (AJFUN 2> P(0,4) + pP(1,i) =0, i=0,...,(N —1),

N

B (NN*HM_ 2,@) P(L i)+ </\— JAVz) P(0,i)+ @
(Nz\_flAZ)\\f(il)) Ap(l’i71)+%ap(0,i+1):0, i=1,...,(N-2),

N-1 1
- ()\ + u) P(1,0) + AP(0,0) + 5:0P(0,1) = 0,

1 1
—UP(L,N = 1)+ ZAP(O,N — 1) + TAP(LN —2) = 0.

We will rewrite system (1) for the partial characteristic functions. Denoting

N—-1
H(k,u) = e P(k,i), j=v-1. (2)
=0

We have
o —NIOH(0,u) B
— AH(0,u) +j N T—FMH(LU)—O,
N -1 ,
AH (0, u) + (NA (e —1) - u) H(1,u)+ (3)
 _juy J OH(0,u) ju_qy JOH(,u)
+ (A —oe )Niau +A(e 1) N o =0

Let us write one more equation obtained by summing the equations of system (3)

N-1 _u J OH(0,u) j OH(1,u)
A jud J
I AH (1L, u) + oe N ou —i—)\N 5

~0. (4)

Equation (4) will be called the consistent equation. We propose to get a solution of the system
(3)—(4) using the asymptotic analysis method [17, 18] under the limiting condition of an unlimited
growing number of sources (N — 00).

2. Asymptotic analysis method

We will perform the asymptotic analysis method in two stages. The mean value of the
asymptotic number of transmission delays and limit probability distribution of the server states
are obtained at the first stage. At the second stage, the parameter of asymptotic variance of the
number of transmission delays is find. As a result, it will be proved that the limiting probability
distribution of the number of requests in the orbit follows a Gaussian distribution with given
parameters.
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2.1. First-order asymptotics

1
We introduce notation N = ¢, where ¢ is an infinitesimal value (suppose ¢ — 0). We rewrite
system (3)—(4) in the form

H
—AH(0,u)+j (0 — )\)aw +pH(1,u) =0,
AH(0,u) + (1 — )X (e — 1) — p) H(L,u)+
oy . OH(0,u) . _OH(1,u) (5)
+(A—oe™? )jET—‘y—)\(e] —1)]5720,
_ju. OH(0,u) . O0H(1,u)
— ju -
(1—-e)AH(1,u) +oe/"je 9 + Aje 9 0
In system (5), we make the following substitutions
u= % =cw, H(k,u)=Fi(k,w,e). (6)

Condition N — oo or € — 0 defines the asymptotic regime for a growing number of sources,
under which the number of generations to fulfill requests to the server increases without bound.
To compensate for this unbounded growth, u = we is substituted, which is equivalent to consid-
ering the class of processes ¢i(t) = i(t)/N, for which convergence can be expected as ¢ — 0. By
applying the asymptotic analysis method, in the first stage the limiting characteristic function
is constructed, which we will refer to as the first-order asymptotic of the number of transmission
delays of requests to the server. We rewrite system (5) taking into account substitutions (6)

OF1(0,w,e)
ow
AF(0,w,e) + (1 —e)A (7Y — 1) — p) Fy(1,w,e)+
LOF1(0,w,¢)

J ow
jaFl(;jUWE) n )\jaFl((;,Uw,s)

— AR (0,w,e)+j(c—A) + pF(1,w,e) =0,

j(?Fl(l,w,E) (7)

+ (A —oe7v9) B =0,

+ A (ejwE — 1)

(1 — &) \Fy(1,w,e) + oe 7" =0.

Function Fy(k,w,¢) is the asymptotic characteristic function of the number of requests in the
orbit and the state of the server. We will find a solution Fi(k,w,¢) in the class of functions for
which there is a finite limit for the derivative with respect to w as ¢ — 0

lim 8F1(/<J, U),é“) _ 8F1(k,w) )
e—0 ow ow

The following theorem is proposed for formulation and proof.
Theorem 1. Limiting value Fy(w) of solution Fy(w,e) of system (7) as e — 0 is given by

1

Fy(w) =Y Fi(k,w) =™, (8)

k=0

where the value of k1 is determined by the equality

Ao —2)2 — po + \/a (4)\2,u to(u— )\)2)

"= 2\ (0 — \) ' ©)
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Probabilities ro and r1 of the server states are determined as follows

o= A1 — m)/:_ oK1+ p’ e )\()1\(i ;11‘;1—1)— ::1”-11- © (10)
Proof. We take the limit transition by e — 0 in system (7)
—AF(0,w) +j (0 —A) w + pFi(1,w) =0,
AF (0, w) qul(l,w)Jr()\fa)jW =0, (11)
AFy (1, w) + 0 6F18(2J’ LY 8F1(§i; w) _y,

It can be observed that the first and second equations of system (11) are identical with
opposite signs; therefore, we will retain only one of them. We write the solution of system (11)
in the form Fy(k,w) = rp®;1(w), where ®;(w) is the characteristic function for the process i(t)
as € — 0, and i, (k= 0,1) is the stationary probability distribution of the server states. Next,
we substitute the obtained decomposition into system (11)

(P/
— )\’I"() + (0’ — )\)Toj 1(’UJ) + ury = 0,
Py (w) @y (w)
A ! Arpj——~ = 0.
T+ 0ro] o, (w) + AT ) (w)
Since the ratio j does not depend on w, the scalar function ®;(w) takes the form
®i(w)
)
& (w) = exp{jwz}. Here, jq)lgw; = —z. Substituting this value into system (12), we obtain
1w
—(Ml—2)+o0x)rg+ pur1 =0,
(Al —2) + o) (13)
A1 —2)ry —oxrg=0.
From the last system, we write down the solutions
L A1l —2z)+ox
= = . 14
ro(@) Ml —2)+ox+p’ ri(@) Ml —z)+ox+pu (14)

Obtained functions ro(z) and 71 (z) are substituted into the second equation of system (13),
yielding a quadratic equation A (o — \) 2%+ (2)\2 + po — /\0) x— A2 = 0, solving which we obtain
two roots

)\02)\2;wj:\/0 (4)\2u+0(u7/\)2)

T1,2 = SNCEDY . (15)

The root x; will always lie in the interval (0,1); we denote it by k1 = x1, which coincides
with (9). Substituting the value of k; into the expressions for the functions ro(z) and r1(z), we
find the probabilities of the server states

i A1 = K1) + 0K

ro = , T = ,
0 A1 =k1)+oK1+u ! Ml—kK1)+ok+p

(16)
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which coincides with (10). By determining the probabilities rg, k = 0, 1, and the function ®;(w),
we obtain that the limiting solution of system (7) has the form

Fi(w) = ZFl(kvw) =y (w) = /",
k=0

which coincides with (8). The theorem is proved. O

By performing the inverse substitutions from (6), we obtain the limiting characteristic func-
tion of the number of transmission delays of requests to the server H(u) = /"N which will
be referred to as the first-order asymptotic. Clearly, the first-order asymptotic determines mean
value k1 N of the number of requests that waiting for repeated connection to the server. The sec-
ond stage of the asymptotic analysis method is implemented to construct the limiting probability
distribution.

2.2. Second-order asymptotics

We rewrite systems (3) and (4) taking into account the substitution

H(k,u) = &N Hy(k, u), (17)
yielding
— X OH,(0,
— (M1 = k1) +0ok1) Hy(0,u) + pHa(1,u) + JN %:
iy ; N
(A1 — k1) +oe7"ky) Ha(0,u) + ()\ (" —1) <—/11) )
_ —ju L@HQ(O,U) Ju j 8H2(1 u) 18
+()\ oe )Niau +)\(e l)N 9 =0, (18)
A (NA_fl - m) Hy(1,u) — oe ™7 k1 Ho (0, u)+
+ae‘juiaH2(0’u) +>\L8H2(17u) _0

ou N ou

1
We introduce the notation v g2, then system (18) can be written in the form

0H»(0,
— (N1 = k1) + 1) Ha(0,u) + pH(1,u) + j (0 — \) 52% 0,
(A1 = k1) +oe 7 k) Ha(0,u) + (A (7" — 1) (1 — € — k1) — p) Ha(1,u)+
—iu\ - 20H2(0,u) ; . 9 OH3(1,u)
. ju 2 ’ Ju __ 2 LR 19
+ (A —oe™) je 5, T (e 1) je 5 0, (19)
A1 —e® — k1) Ha(1,u) — oe 7"k Ha (0, u)+
+ Je*j“j5278H2(0’u) + )\j5278H2(1’u) =0.
ou Ou
And in system (19), we make the following substitutions
U= = ew, Hay(k,u) = Fa(k,w,e¢). (20)

VN

1
Similarly to the first-order asymptotics, equality N €? defines a growing number of sources,

under which the number of generations to fulfill requests to the server increases without bound.
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To compensate for this unbounded growth, a substitution is performed in which not only the
value of process i(t) increases, but also the value of centered process {i(t) — k1 N} increases.
To compensate for this growth, the substitution v = ew is performed, which is equivalent to
Z(t) — HlN
VN
as € — 0. The result of applying the asymptotic analysis method at the second stage is the
limiting characteristic function of the number of transmission delays of requests to the server
in the studied finite-source system, which we will refer to as the second-order asymptotic. The
first- and second-order asymptotics of the considered asymptotic analysis method are analogous
to the law of large numbers and the central limit theorem in probability theory.

considering the process { } = e {i(t) — k1 N} for which convergence can be expected

We write the system

F-
— (A1 = K1) + oK) F2(0,w,€) + pFa(1,w,€) + j (0 — A)s% -0,
(A1 = k1) +0e 7" k1) Fo(0,w,e) + (A (&7 —1) (1 =& — k1) — p) Fa(1,w,e)+
—jwe\ ; 6F2(07w75) jwe . 8F2(1,U},6)
Jr()‘fae J )]5T+/\(€J fl)jsT:O, (21)

A1 =€ = k1) Fa(l,w,e) — oe 7" k1 Fo(0,w,e)+
F: F5(1
jg@ 2(0,11),6) +/\]€8 2( ,w,s)
ow ow

+ geIwE =0.

Function Fy(k,w,e) is the asymptotic characteristic function of the number of delayed re-
quests to the server and the state of the server. We will find solution Fy(k,w,¢) in the class of
functions for which there is a finite limit for the derivative with respect to w as ¢ — 0

lim 6F2(k7 w, 6) _ 8F2(k, ’LU) '
e—0 ow ow

Theorem 2. Limiting value Fa(w) of solution Fy(w,e) of system (21) as € — 0 is given by

1 SN2
Fy(w) =3 Fa(k,w) = €52, (22)
k=0
where the value of ko is determined by the equality
Ko = griro . (23)

oR1po +0rg + Art — A (1 — K1) @1

Stationary probabilities Ty, k = 0,1, of the server states are calculated according to formula
(10), value of k1 according to formula (9), and values @i, k = 0,1, are determined by the
equalities

(0’ — )\) To
Y1 = 5
A1 —kK1)+ok1+p

Yo = —¥1- (24)
Proof. We will find the solution of system (21) in the form
Fy(k,w,e) = ®3(w) (1, + jewfr) + O (52) , k=01, (25)

where ®o(w) is the scalar characteristic function of process e{i(t) — k1 N} as ¢ — 0. Here, 7y,
k = 0,1, are the stationary probabilities of the server states. We substitute expansion (25) into
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the first two equations of system (21)

— (A1 = k1) +0k1) (10 + jewfo) + p (r1 + jewfr) + j (6 — N erg iigq@ =0 (%),
A1 = k1) +0(1—jwe)ry) (ro+ jewfo) + (26)
+ (/\jwa (1 — K1 — 52) — u) (r1 4+ jewfr) + (A — o) jerg izgzg =0 (52) .

We transform the last system taking into account (13) and retain only the first equation of
the system, since the second equation will later become identical to the first (upon division by
jwe and in the limit € — 0)

@/
— (N1 = K1) + oK) jewfo + pjewfi + 5 (0 — X erg ‘;EZ; =0 (). (27)
2
Dividing the equation by jwe and taking the limit as ¢ — 0, we obtain
Dy (w
O ) o) ot i = (= ) ro 2 (28)

The general solution of the nonhomogeneous system of equations (28) can be written in the
form

’

Py (w)
=Cry —pp——-~, k=0,1, 29
fio=Cri — oy w00 (w) (29)
where C' is a constant, probabilities 7, are calculated according to formulas (10), and the terms
@/
kaq?((u))) represent a particular solution of nonhomogeneous system (28), satisfying condition
wPeo (W
o + 1 = 0. Substituting solution (29) into equation (28), we obtain
o—A)r
( Jro o = —¢1. (30)

L M1 — K1)+ oKy +
Consider the consistency equation of system (21)

A1 — k1) Fy(1,w,e) — o (1 — jwe) k1 F2 (0, w, )+

OF>(0 OF5(1
4o 202000 | OB oy ()

Substituting solutions (25) and (29) into the last equation, we have

(b/
(A1 — K1) 1 —oR1pg — a9 — AT1) w(;z(?g) = 0K1Tp.
: - y(w) .
Since the ratio WDy (w) does not depend on w, scalar function ®5(w) takes the form ®o(w) =
2

’

Py (w)

2
w

exp 4§ ——kKsg . Here, = —kg. Substituting this value into the last equation, we obtain
2 w@g (U})

OR1TQ

K9 = s
2 O’lﬁ)lcpo+0'7'0+>\7"1 7)\(].7/{1)@1

which coincides with (23). By determining function ®3(w), we find that the limiting solution of
system (21) has the form

(Gw)?

1
Fy(w) = Fy(k,w) = By(w) =e 7 "2,
k=0

which coincides with (21). The theorem is proved. O
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Returning to functions H(k,u), we perform in (17) the substitutions inverse to (20) and
obtain the approximation
)2
H(u) = exp {jumN + O;L)HQN} (32)

for the characteristic function of the number of transmission delays of requests. Thus, Theorem 2
shows that the asymptotic characteristic function of the number of transmission delays in the
considered finite-source system under the condition of an unlimited growing number of sources
is Gaussian with mean ;N and variance k5N, which allows constructing an approximation for
the pre-limit distribution. The Gaussian distribution is a continuous probability distribution.
For obtaining the discrete probability distribution of the considered process, we use the following
formula
F(i+0.5) — F(i — 0.5)
1—F(-0.5) ’

Pas(i) = (33)

where the numerator represents the probability that the random variable falls within interval
(i—0.5;i4+0.5), and the denominator ensures normalization, taking into account that the number
of requests cannot be negative. Function F(z) is the cumulative normal distribution function
with mean x1 N and variance koIN.

3. Numerical results

The construction of an approximation of the distribution under study is described by the
following algorithm:

1. Set system parameters: N (number of sources), A (request generation intensity), u (service
rate), o (retrial rate).

. Finding parameter 1 by equality (9).

. Finding probabilities 7o and r; via formulas (10).

. Finding functions ¢g and ¢ via formulas (24).

. Finding parameter x5 as a solution to equation (23).

T W N

6. A discrete approximation of the probability distribution of the number of requests in the
orbit is constructed using formula (33)

We consider simulation model [19] of the finite-source queueing system under study to esti-
mate the accuracy of the obtained approximation. To compare the obtained approximation with
the results of the simulation modeling, the Kolmogorov distance metric is used, defined as:

A= 0@%?35/—1 ; (P(Z) B Pas(i)) ) (34)

where P(4) is the pre-limit probability distribution of the number of requests in the orbit obtained
via simulation modeling.

Next, graphs of the pre-limit probability distribution of the number of requests in the orbit and
the corresponding asymptotic discrete approximation were plotted. The results of the comparison
are shown in Fig. 2 for various values of the parameter N, with fixed values of the arrival rate
A =4, service rate = 1.5, and the rate of repeated requests to the server o = 12.

In Tab. 1, each column presents the values of N and the corresponding values of the metric
characterizing the accuracy of the approximation. It can be seen that as IV increases, the approx-
imation becomes increasingly accurate: the value of A decreases, confirming the convergence of
the asymptotic approximation to the actual distribution.
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Table 1. Kolmogorov distances between methods for varying NV

Methods | N=25 | N=75 | N =225
Pis vs Psim 0.112 0.065 0.036

0,15 A 0,05

0,08
0,04
0,10 A 0,06 -
0,03

P;
Pi

0,04
0,02
0,05 -

0,02 4 0,01

0,00 - i I I 0,00 0,00 i I
10 15 20 40 50 60 140 160
i i i

Fig. 2. Comparison of the graphs of the pre-limit probability distribution of the number of
requests in the orbit and the asymptotic approximation for N = 25,75, 225

4. Discussion

In this study, a mathematical model of a data transmission network between a flight control
center and a group of unmanned aerial vehicles was developed, taking into account a deployment
strategy without interaction. We have considered this model in a form of finite-source queueing
system with a fixed number of sources generating connection requests to a server. Studying
of the model, we have derived steady-state Kolmogorov-equations and applied the asymptotic
analysis method to obtain an approximate solution of system (3)—(4). The condition of an un-
limited growing number of sources is used for the asymptotic analysis. As the result, we have
derived Gaussian approximation (33) of the distribution of the number of requests in the orbit.
The obtained approximation should become more precise when the number of sources grows (the
asymptotic condition). So, we estimate the approximation precision for different parameters.
We have performed the numerical analysis of the obtained results by comparing approximation
P,s(i) with pre-limit probability distribution Pg;, (i) obtained via simulation modeling using
Kolmogorov distance as an error estimation. Analysis of the results obtained for different values
of the parameter N showed that as the number of request-generation sources increases, the Kol-
mogorov distance decreases, indicating improved accuracy of the approximation. This confirms
the validity of the chosen approach. Future studies may be devoted to considering similar models
with the general service time. The obtained results can be useful for assessing the performance
of distributed communication networks and for designing fault-tolerant control systems.
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MaTtemaTudecKas MoOAeJb CETU Mepeaadn JaHHBIX MeXKIy
IIeHTPOM yIrpaBJjieHus mnoJieramu u rpynnoii BITIJIA co
cTparermeii pa3BepTbiBaHUsl 0e3 B3anNMOIeiCTBUS

Amnaronmnii A. Hazapos

Cgetiiana B. Ilayanb

WucruTyT npukiagHoil MaTeMaTHKH U HHGOOPMATAKA
Tomckuit ToCy1TapCTBEHHBII YHUBEPCUTET

Towmck, Poccuiickass Penepartiust

Avurpuii B. IITarmes

(DaKyJ'IbTeT MHHOBAITUOHHBIX TEXHOJIOTUI

Tomckuit ToCyiapCTBEHHBII yHUBEPCUTET

Tomck, Poccuiickas ®eneparmst

ITaBen A. /lapeHckwuii

MucTuTyT NpuKIaIHOil MaTeMaTUKU U UHMOOPMATUKA
Tomckuit Tocy1apCTBEHHBII YHUBEPCUTET

Tomck, Poccuiickass ®@eneparmst

Awnnorarusi. MbI paccMaTpuBaeM MaTEMATUIECKY O MOJIE/Tb CETH CBSI3U JIJIsl TPYIIbI 6ECITUIOTHBIX JIETa-
renpabix anmaparos (BIIJIA), koropbie byHKIIMOHUPYIOT 6€3 B3aNMOAEHCTBHS APYT C IPYTOM, U IIEHTPOM
YIPaBJIEHUsI B BHUJIE 3aMKHYTON CHCTEMbI MacCOBOIO OOCIIYKUBAHUS C (DUKCUPOBAHHBIM YUCJIOM UCTOY-
HUKOB I€HEPAINH 3aIlPOCOB Ha COeIMHEHMe ¢ cepBepoM. KaxKIblii MCTOYHUK, WHUIMUPYsT CEAHC CBSI3U C
CepBepOM, TE€HEPHUPYET 3aMPOC C MOCTOSTHHON WHTEHCHBHOCTHIO. Kcmm cepBep CBOOOIEH, TO 3ampoc Ha-
qnHaer obpabaThiBaThCA. B Mozenu npeimonaraercs, 9To UINTEIBHOCTb 3TOrO MEPUOJA PACIPE/IesIeHa
110 SKCIIOHEHIMAIBHOMY 3aKOHY. K cepBep OKa3bIBaeTCst 3aHSAT B MOMEHT WHUIIMUPOBAHUSI 3aIIPOCa HA
CBSI3b, TO IPOUCXOINT 3aJEPXKKA IIepeIadu B BUIe 3a0/IOKHPOBAHHOTO 3aIIPOCa B TEUEHUE SKCIIOHEHITNAIb-
HO PaCIpPEeJIeJIEHHOIO0 BPEMEHH, [10CJIe Yero NCTOYHUK BHOBbB JIEJIAET IONBITKY OCYIIECTBJIEHUS 3aIpOca.
OOGBEKTOM HCCIEIOBAHUSI SIBJISIETCST YHCJIO 33JE€PXKEK TepeIadu COODIIEeHN TTPU YCTAHOBJIEHUM CBSI3U
mex iy BITJIA u meHTOM ynpaB/ieHusi, 9TO XapaKTepu3yeT paboTy He TOJLKO CTAHIUU YIIPABJIECHUS, HO
u pabory Bceil ceru. Juist ananmsa uucsia 3a6J0KMPOBAHHBIX 3aIIPOCOB PEAJM3YIOTCS METOJbI aCHMIITO-
THIecKu audGY3UOHHOrO aHAIN3A, YUCTEHHOTO U MMUTAIMOHHOTO MOJIE/IMPOBaHUsT (DYHKITHOHNPOBAHMUST
paccmaTpuBaeMoil Mosiesin. B pe3ysibTare mosrydeHbl IpeebHble, YUCICHHbIE 1 UMUTAIIMOHHBIE XapaK-
TEPUCTHUKHU IPEJJIOXKEHHON MOJIEJI, YCTAHOBJIEHA 00JIACTh IPUMEHUMOCTHU IOy Y€HHBIX PE3YJIbTATOB.

KiroueBnble ciioBa: ceTh nepegadd JaHHBIX, 3aMKHYyTasd CHCTeMa MacCCOBOrO O6CJIy)KI/IBaHI/I$I, MEeTO/
ACHMIITOTHUYIECKOI'O aHaJIn3a, UMATAIIUOHHOE MOJE/IMPDOBAHUE.
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Abstract. We prove that the algebra NT'(n,K) of lower niltriangular n x n matrices over a field K is
the unique associative exact enveloping algebra of the niltriangular subalgebra N®(K) of the Chevalley
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Introduction

Any left-symmetric algebra R has an associated Lie algebra R(~) obtained by equipping R
with the commutator bracket [a,b] :== ab — ba. More generally, A. A. Albert [1] calls an arbitrary
algebra R Lie-admissible if R(~) is a Lie algebra. Following [2-4], we say that R is an ezact
enveloping algebra of a Lie algebra £ if R(-) ~ &,

By the Cartan—Killing classification, every finite-dimensional simple complex Lie algebra £
corresponds to an indecomposable root system ®. Choosing a basis I of simple roots in ¢
determines the set of positive roots ®*.

The elements e, (r € ®) together with a suitable basis for Cartan subalgebra of the Lie
algebra £ = £(®,C) form a Chevalley basis with integral structure constants. Hence one obtains
the Lie algebra £(®, K) over an arbitrary field K, called the Chevalley algebra [5]. The subalgebra
NO(K) == (e, | r € ®T) is called the niltriangular Chevalley algebra.

The Chevalley basis of the Lie algebra £(®,K) of rank n determines on it the Cartan grad-
ing by the integral root lattice Z® ~ Z"™. The homogeneous component of degree zero is the
Cartan subalgebra H, whereas all other nonzero homogeneous components are one-dimensional
H-invariant subalgebras of £(®,K). In particular, all nonzero homogeneous components of the
induced grading on N®(K) are one-dimensional.

It is well known that the algebra NT'(n,K) of strictly lower triangular n x n matrices is an
exact enveloping algebra of the niltriangular Lie algebra N A, _1(K). In [2], for every indecom-
posable root system @, a family of exact enveloping algebras of N®(K) was constructed; this
construction depends on the choice of signs of the Chevalley structure constants. For type A,,_1,
the uniqueness of NT'(n,K) within this family was studied in [3] under an additional condition
on ideals, and in [4] under the assumption of associativity.

*nkhodyunya@gmail.com  https://orcid.org/0009-0007-8126-2879
© Siberian Federal University. All rights reserved
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In Section 1, we recall basic notions from the theory of graded algebras and prove Proposi-
tion 1, which shows that every fine grading on a finite-dimensional nilpotent algebra has width
one. This result is a key ingredient in Section 2, where Theorem 2 shows that NT'(n,K) is the
unique associative exact enveloping algebra of NA,,_;(K) that admits a grading compatible with
the Cartan grading. Thus, Theorem 2 strengthens the earlier uniqueness results by proving that
the existence of such a grading forces any associative exact enveloping algebra of NA,,_1(K) to
be isomorphic to NT'(n,K).

A left-symmetric exact enveloping algebra of a Lie algebra £ is called a left-symmetric struc-
ture on £. It is well known that semisimple Lie algebras over fields of characteristic 0 admit no
left-symmetric structures [6]. In [7], J. Milnor posed a question equivalent to the existence prob-
lem for left-symmetric structures on solvable Lie algebras. Examples of nilpotent Lie algebras
admitting no left-symmetric structures were constructed in [8].

In Section 3, we introduce semidirect sums of left-symmetric algebras, following the corre-
sponding construction for Lie algebras. We show in Theorem 4 that the resulting algebra is
again left-symmetric, and deduce in Corollary 4.1 a general construction of left-symmetric struc-
tures on semidirect sums of Lie algebras from compatible left-symmetric structures on the two
summands.

In Section 4, we apply this construction to the niltriangular Lie algebras N®(K) of types
By, Cy, and D, viewed as semidirect sums of the Lie algebra NT'(n, K)(_) and a suitable ideal.
Theorem 5 then yields graded left-symmetric structures on N®(K) for all three types, that is,
graded left-symmetric exact enveloping algebras of these Lie algebras, realized as semidirect sums
of left-symmetric algebras whose two summands are in fact associative.

1. Fine gradings on finite-dimensional nilpotent algebras

Let G be an abelian group. We say that an algebra A is endowed with a G-grading I if A is
represented as a direct sum of subspaces

r: A=A,

geqG

such that AjA, C Agyy, for all g,h € G. The set Suppl' = {g € G | A, # 0} is called the
support of the grading I.
Gradings of Lie algebras by abelian groups were systematically studied in [9]; see also [10].
An element o € A, is said to be homogeneous of degree g, and we write degp(a) = g.
In particular, 0 is homogeneous of every degree. The subspace A, is called the homogeneous
component of degree g. An algebra endowed with a grading I' is called graded.

Every element a € A admits a unique decomposition a = ) a4, where a, € A, are called the
geG
homogeneous components of a. An ideal I C A is called graded if it contains the homogeneous

components of all its elements, that is,

I=EPA4,nI).

geqG

If I is a graded ideal of A, then the quotient A/T inherits the grading ([11, Section 1.3]) given
by
(A/D)g = (Ag+I)/I={a+1]|ac Ay}
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Consider two gradings of an algebra A

Flez@Ag and Fg:A:@Ah.

geG heH

We say that I's is a refinement of the grading I'y if there exists a coarsening homomorphism
¢: H — G such that A, C Ag) for every h € H. If this inclusion is strict for some h € H, then
Iy is called a proper refinement of I'y.

A grading T is said to be fine if it admits no proper refinements ( [9, Definition 2]). Follow-
ing [12], we say that a fine grading I' has width one if all its nonzero homogeneous components
are one-dimensional.

Lemma 1.1. Every grading on a finite-dimensional algebra A can be refined to a fine grading.

Proof. If a grading I'; on A is not fine, then it has a proper refinement I'y. Likewise, if I's is not
fine, it has a proper refinement I's, and so on. Since this process cannot continue for more than
dim A — 1 steps, it terminates after finitely many refinements, yielding a fine grading. O

For any algebra A, besides its one-sided annihilators, one also considers the annihilator
Anmn(A) ={a € A|aAd =0= Aa}.

A nonzero algebra A is said to be nilpotent of class m if A™ # 0 and A™*! = 0. In particular,
A™ C Ann(A) # 0. We now show that every fine grading on a finite-dimensional nilpotent
algebra has width one.

Lemma 1.2. The annihilator Ann(A) of a graded algebra A = @, .o Aq is a graded ideal of A.

geG

Proof. By definition, it suffices to show that if © = ) z, € Ann(A), then each homogeneous
geG
component z, also belongs to Ann(A4). Fix h € G and let y € Aj. Since zA = 0, we have

vy = ey =0,

geG

where each summand satisfies x4y € AjA, C Ayyp, and hence lies in a distinct homogeneous

component. Since the sum P, Ay is direct, it follows from > x4y = 0 that 2,y = 0 for all g.
geG
As y € Aj, was arbitrary and @, . An = A, we obtain 2,4 = 0 for all g. Similarly, the equality

Az = 0 implies that Az, = 0 for all g. Hence x4 € Ann(A), and therefore
Amn(A) = @H(Ann(4) N 4,),
geG

that is, Ann(A) is a graded ideal. O

By a short exact sequence ([13, Section 13.3]) we mean a sequence of linear spaces and linear
maps
0-US VL w0

such that Im oo = ker 3, the map « is injective, and the map [ is surjective. In particular, these
conditions imply that V = «a(U) @ S for some subspace S ~ W, and hence V ~ U & W. We call
such a subspace S of V' a linear section over W.
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Lemma 1.3. If an algebra A is endowed with a fine grading, then the induced grading on
A/ Ann(A) is also fine.

Proof. Let I = Ann(A). By Lemma 1.2, the algebra A/I inherits a grading from A:
To: A/T=ED(A/D),.
geG
We claim that the grading I'; admits no proper refinements. Suppose otherwise, and let

I, A/T= @ (A/Dn

heH

be a proper refinement of I';,. Let m: A — A/I denote the canonical projection. Consider the
exact sequence

0 =I5 A AT —0

and choose a linear section s: A/I < A such that mos = id4/;. Then s(A/1) = @,y s((A/D)n),
and therefore

A=sA/DeI=EPs((A/Dy) el

heH

The refinement I'/. comes with a coarsening homomorphism ¢: H — G such that for every h € H,
(A/D)n C (A Dy

We now define a new G x H-grading IV on A as follows.

1. If a € s((A/I)p), then degp (a) = (¢(h), h).
2. Ifa €1, then a € INA, for some g € G, and degr (a) = (g,0).

Since TA = 0 = AI, the grading I is compatible with the multiplication on A. Thus, it is a
refinement of the original grading on A. It remains to show that this refinement is proper.

Indeed, since I'. properly refines I';, there exists a homogeneous component (A/I), of I'; that
splits into several homogeneous components (A/I), with ¢(h) = g in I, Their images under
the section s lie in the component A, of the original grading I, but acquire distinct degrees (g, h)
in the grading I". O

Lemma 1.4. Let a K-algebra A be endowed with a fine G-grading I'. If a homogeneous component
Ay has nonzero intersection with Ann(A), then dim Ay =1 and A; C Ann(A).

Proof. Let 0 # u € A; N Ann(A). Suppose there exists an element v € A, not proportional to
u. Then the grading T' can be refined as follows: set G’ = G x Z and define a G’-grading I
by assigning Ku degree (g,1), while all other elements of the component A, retain degree (g,0);
on all other components, we set the second coordinate equal to 0. This contradicts the fineness
of I'. Therefore, dim A; =1 and A; C Ann(A). O

Proposition 1. Fvery fine grading on a finite-dimensional nilpotent algebra A has width one.
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Proof. Let

r: A=A,

geG

be a fine G-grading on a finite-dimensional nilpotent algebra A. Consider the quotient algebra
A= A/ Ann(A). Tt is again finite-dimensional and nilpotent, and moreover dim A < dim A. By
Lemmas 1.2 and 1.3, the grading on A induces a fine grading

. fl:@flg
geG

on A, so we may argue by induction on dim A.
By the induction hypothesis applied to A, we have dimA; < 1 (g € G). Set I = Ann(A).
The canonical projection m: A, — f_lg has kernel A; NI = I,;, and by the isomorphism theorem,

Ag = (Ag +1)/1 = Ay /1,
For each g € G, considering the exact sequence
0—1, 5 A, = A, — 0,
we obtain
dim A, = dim(Ann(A4) N 4,) + dim A,.
To complete the proof, it remains to apply Lemma 1.4. O

Consider two graded algebras
I': A=A, and Ty: B= (P B (1)
geG heHd

The gradings 'y and I's; are said to be equivalent if there exists an algebra isomorphism
¢: A — B such that for every g € G there is an h € H with ¢(A,) = By,

2. The uniqueness theorem for type A,
Fix on the algebra N®(K) the grading I'c determined by its root basis {e, | r € ®*}:
I'o: NO(K) = € Ke,.
red+

Lemma 2.1. Let R be a nilpotent exact enveloping algebra of the Lie algebra N®(K). If R is
endowed with a fine grading T such that the induced grading on R\ is equivalent to the Cartan
grading T'c, then R can be realized on the vector space N®(K) in such a way that eres = 0
whenever v+ s ¢ &t and the commutator in R\~ coincides with the commutator in N®(K).

Proof. By Proposition 1, the fine grading
r:R=PR, (2)
geG

on the algebra R has width one and exactly dim R nonzero one-dimensional components. The
grading T is also a grading of the Lie algebra R(~), since the multiplication in R(~) is compatible
with T'.
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By the assumptions of the lemma, the gradings I' on R(~) and I'c: on N ®(K) are equivalent.
Consequently, there exists a Lie algebra isomorphism ¢: R(-) — N ®(K) that sends each nonzero
component I?;, onto some root component Ke,..

Since dim R = dim N®(K), the map ¢ induces a bijection between the support of the grading
I' and the set of positive roots ®*. This allows us to reindex the components of R by elements
of ®*: set R, := ¢ 1(Ke,). Fix a basis {e,. = ¢~!(e,) | 7 € ®T} of R. Clearly, ¢, € R, and
R, =Kel.

Consider the product el.e, in the algebra R. Since I is a group grading and €, € R, €/, € R;,
we have el.e, € Rys. If 7+ 5 ¢ ®F then R, s = 0, because the support of T is identified with
®t. Hence elel, = 0.

Now let 7,5, and 7 + s belong to ®T. Since ¢ is a Lie algebra isomorphism, in the algebra
N®(K) we have [e,, es] = Nyseris, where N,¢ are the structure constants of the Chevalley basis.

Hence
/

r 6;}R<—> = ¢71([€ra es]) = ¢71(Nrser+5) = Nrse;+s~
Identifying the vector space R with N®(K) via the linear map e!. — e,, we obtain the required
realization. O

[e

Lemma 2.2. The algebra NT(n,K) of lower niltriangular n X n matrices over the field K is
isomorphic to its opposite algebra NT (n,K)(©P).

Proof. Let J = (jqb) be the permutation matrix with ones on the antidiagonal, that is, jo nt1—0 =
1 and ju, = 0 otherwise. Then J~! = J. Consider the linear map

¢: NT(n,K) = NT(n,K),  ¢(X)=JX"J ' =JX"J

where Xt denotes the transpose of X. If X is lower triangular, then X! is upper triangular, and
conjugation by J sends upper triangular matrices to lower triangular ones. Hence o(NT'(n,K)) =
NT(n,K). For any X,Y € NT(n,K), we have

O(XY)=J(XY)' T =JY'X"T = (JY'T)(JX'T) = p(Y)p(X),

S0  is an antiautomorphism of the algebra NT'(n,K). Therefore, the map X — ¢(X) defines
an isomorphism NT'(n,K) ~ NT(n,K)©P), O

We shall prove that any associative exact enveloping algebra of the Lie algebra N®(K) of
type A,, where n > 2, is nilpotent. To this end, we need several preliminaries from the theory
of noncommutative rings.

Let R be an associative ring. A left R-module M is called semisimple if it is a direct sum of
a family of simple submodules [14, Theorem 2.4]. The ring R is called (left) semisimple if every
left R-module is semisimple [14, Theorem 2.5].

We denote by M, (D) the full n X n matrix ring over a division ring D.

Theorem 1 ([14, Wedderburn—Artin theorem|). Let R be any left semisimple associative ring.
Then R ~ [[._; M,,(D;) for suitable division rings D1, ..., D, and positive integers ni, ..., n,.

Next we shall need the extension of scalars functor [13, Section 4.1.7|. Let K be a subfield of
a field E, and let R be a K-algebra. Consider the tensor product of the K-vector spaces R ®k E.
Its elements are finite sums of pure tensors r ® a, where r € R and a € E. We endow R ®k E
with the structure of a vector space over E by setting

alr@b) =r® (ab) (r € R, a,b€E).

- 705 —



Nikolay D. Khodyunya Left-symmetric Structures on Niltriangular Chevalley Algebras

An E-algebra structure on R ®x E is then obtained by defining multiplication on pure tensors by
(rea)(s®b)=(rs)® (ab) (r,s€ R, a,beE),
and extending it bilinearly to arbitrary elements of R @k E ([15, § 5.4]).

Lemma 2.3. Let R be an associative K-algebra such that R is nilpotent, and let E be a field
extension of K. Then the Lie algebra (R ®x E)(_) s nilpotent.

Proof. The Lie bracket in (R @k E)(~) is given on pure tensors by
[r®a,s®0b] =[r, s] ® (ab),

so that (R ®k E)(*) = R-) @k E as Lie algebras over E. If R(~) is nilpotent of class m, that is,
(R())m+1 =, then

(R(‘) oK JE) m_ (R<—>)m+1 2x E = 0. 0

Lemma 2.4 ([16, Corollary 2.2.11]). Let A be a central simple K-algebra. Then there ezxists a
finite separable field extension E/K such that A @g E ~ M, (E) for some n > 1.

Lemma 2.5. Let R be a finite-dimensional semisimple associative K-algebra. If R(™) is nilpo-
tent, then R is commutative.

Proof. By the Wedderburn—Artin theorem, we have a decomposition
R~ ][] Mn,(D;).
i=1

Since the coordinate projections R(™) — M,, (Di)(’) are surjective homomorphisms of Lie alge-
bras, the nilpotency of R(~) implies that each Lie algebra Mni(Di)(*) is nilpotent.

We claim that n;, = 1 for all 7. Indeed, if n; > 2, then M, (D;) contains the standard matrix
units epq, and [e11, e12] = e12. Hence adeq; is not nilpotent, a contradiction. Therefore n; = 1

for all 4, and hence
i=1

It remains to show that each D; is commutative. Fix D = D; and let F' = Z(D) be its center.
Then D is a central simple algebra over F. By Lemma 2.4, there exists a finite separable field
extension E/F such that D ® p E ~ M,,(E) for some m > 1. By Lemma 2.3, the nilpotency
of D) implies the nilpotency of (D @ E)(~) ~ M,,(E)~). However, if m > 2, then the Lie
algebra M, (E)(*) is not nilpotent, by the same example with e;; and e;5. Hence m = 1, and
therefore D ® p £ ~ E. This implies that D = F, i.e., D is commutative. Thus all factors D;
are commutative, and therefore R is commutative. O

An associative ring is said to be (left) artinian if it satisfies the descending chain condition on
left ideals [14, Section 1]. Clearly, every finite-dimensional K-algebra is artinian. For an artinian
ring R, the Jacobson radical J(R) coincides with the Wedderburn radical, that is, it is the largest
nilpotent ideal of R [14, Theorem 4.12].

A ring R is said to be J-semisimple if J(R) = 0 [14, Definition 4.7]. For any ring R, the
quotient ring R/J(R) is J-semisimple [14, Proposition 4.6]. It follows from [14, Theorem 4.14]
that if R is artinian, then the quotient ring R/J(R) is semisimple.
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Lemma 2.6 ([17, Theorem 1.3.2]). If R is an artinian ring and I # 0 is a nonnilpotent right
ideal of R then I contains a nonzero idempotent.

Lemma 2.7. Let L be a finite-dimensional nilpotent Lie algebra such that dim Z(L) = 1 and
Z(L) C [L,L]. Then every associative exact enveloping algebra of L is nilpotent.

Proof. Let R be an associative exact enveloping algebra of L, and assume that R is not nilpotent.
By Lemma 2.6, there exists a nonzero idempotent e € R.

Denote by L. and R, the operators of left and right multiplication by e on R. Since e = e,
we have L? = L., R?> = R., and L.R. = R.L.. Therefore

(ade)® = (L. — R.)* = L. — R, = ade.

On the other hand, the Lie algebra R(~) ~ L is nilpotent, so ad e is a nilpotent operator. Hence
ade = 0, and therefore ¢ lies in the center of R.
The map L.: R — R is a nonzero idempotent endomorphism. Therefore

R=ce¢R®kerL,.
Since e is central, both eR and ker L. are two-sided ideals of R. Consequently,
R = (eR) ) @ (ker L))

is a direct sum of Lie ideals. If both summands were nonzero, then, being nilpotent Lie algebras,
they would have nonzero centers. Hence dim Z(R(™)) > 2, contrary to dim Z(L) = 1. Thus
ker L, = 0, and therefore R = eR.

Since e is central and R = eR, for every © € R we have x = ey = ye for some y € R, whence
ex = xe = z. Therefore e is the identity element of R.

The quotient algebra R/J(R) is a finite-dimensional semisimple associative algebra. Since
R(-) ~ L is nilpotent, so is (R/J(R))(~). By Lemma 2.5, the algebra R/.J(R) must be commu-
tative, and therefore [R, R] C J(R). In particular, 1 ¢ [R, R].

On the other hand, under the isomorphism R(~) ~ L, the identity element 1 € R corresponds
to an element of Z(L). Since Z(L) C [L, L], it follows that 1 € [R, R], a contradiction. Therefore
R is nilpotent. O

For the root system ® of type A,,, we use its standard realization [18, Plate 1]:

Ap={e—¢|1<i#£j<n+1}, Al={a—-¢|1<j<i<n+1},
H(An):{al = 6i+1—6i‘1<i<n}.

3)
In this realization, it is convenient to identify the basis vectors e, = e, _; of the algebra N®(KK)
with the matrix units e;; in sl,41(K) (see, for example, [19, §11.2.1]):

Ceimc; S €ij (I<j<i<n+1). 4)

In the realization (4), the center of N®(K) is the one-dimensional subspace Ke,+11. More-
over, for n > 2 we have e,411 = [en+1,2,€2,1], and therefore Lemma 2.7 immediately yields the
following statement.

Corollary 1.1. Let R be an associative exact enveloping K-algebra of the Lie algebra N®(K) of
type A, (n > 2). Then R is nilpotent.
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Theorem 2. If an associative exact enveloping algebra R of the Lie algebra N®(K) of type A,
(n = 3) admits a grading compatible with the Cartan grading, then R ~ NT(n + 1,K).

Proof. The algebra R may be realized on the vector space N®(K) via the matrix realization (4).
In this realization, the commutator of basis elements is given by

leij, ent] = Ojneir — Orien;-

By Corollary 1.1, the algebra R is nilpotent. Since R admits a grading compatible with the
Cartan grading, Lemma 2.1 applies and gives e;;er; = 0 whenever the sum of the corresponding
roots is not a root, while e;je;r, ejre;; € Key otherwise.

For type As, this leaves, up to scalar factors, only the following possible nonzero products:

es2621, e21€32 € Kesy; e43e32, e32e43 € Keyo;

e42€21, e21e42 € Keyy; esze31, ezreqs € Keyy.

Hence there exist a,a’,b,b',¢,c,d,d € K such that
[P _ 1, .
€32€21 = A€31, €21€32 = G €31, esze3n = bego, ezoe43 = b'eyy;

/ . _ _ /
€42€21 = C€41, €21€42 = C €47; €43€31 = d€417 ez1e43 = d €ey43.

Since the commutator in R(™) coincides with the matrix commutator, we have
a—a =1, b—bv =1, c—cd =1, d—d =1.

Associativity is nontrivial only for triples of total degree oy + s+ ag (that is, 4 —e;). Taking
into account that egzes; = ea1eq3 = 0, we obtain the system

a'd=0, ad =0, b =0, be=0, bc = ad.

If d # 0, then a’d = 0 implies @’ = 0 and hence a = 1, while ad’ = 0 gives d’ = 0 and hence d = 1.
Then bc = ad = 1 # 0, so b, c # 0; the equalities bc’ = 0 and b’c = 0 yield ¢ = 0 and &’ = 0,
and therefore ¢ = 1 and b = 1. Thus, the multiplication in R coincides with that in NT'(4,K).
If, on the other hand, d = 0, then d’ = —1, and the same equalities analogously imply a = 0,
o =—-1,b=0,0=—1,¢c=0,and ¢ = —1. Hence R ~ NT(4,K)(°?) and by Lemma 2.2 we
again obtain R ~ NT'(4,K).

For n > 3, we may assume by induction that the theorem has been proved for every type Ay,
where 3 < k < n.

Let ®; and ®,, be the root subsystems of type A,,_; in ® with bases II; = IT \ {a1} and
I, = II'\ {an}, respectively. Consider the subalgebras R(®;) and R(®,) corresponding to
these subsystems. They are associative exact enveloping algebras of type A,_; that admit
gradings compatible with the Cartan gradings of the corresponding subsystems. Therefore,
R(®1) ~ NT(n,K) ~ R(®,,).

Taking into account the grading and the prescribed commutators, this means that the multi-
plication table of basis elements in R(®y) coincides either with that of NT(n,K) (the standard
multiplication), or with that of NT'(n,K)(°P) (the opposite multiplication).

The intersection R(®1) N R(P,,) corresponds to the subsystem of type A,_o with base II \
{a1,a,}. For n > 3, this intersection contains elements with nonzero commutator. Therefore,
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the multiplication on the intersection cannot be simultaneously standard and opposite. Hence
the types of multiplication in R(®;) and R(®,,) coincide.

Suppose that R(®1) and R(®,,) carry the standard multiplication. Then all products e;;ex
within R(®;) and within R(®,,) coincide with the matrix products.

It remains to check the products in which one factor lies in R(®;) \ R(®,) (and thus involves
the index n 4 1), while the other lies in R(®,,) \ R(®1) (and thus involves the index 1).

Consider the products of the form e,41er1 (K = 2,...,n). Using associativity and the
fact that the multiplication is standard in both R(®1) and R(®,,), one shows that their value is
independent of £ and equal to X = e,,11 nen,1. For example, when k = 2,

€n+1,2€21 = (€ntin---€32)€21 = €ntin(...(€32€21)) = €ntineni-

From the commutation relations [e,41 k, €k1] = €nt11 (K =2,...,n), it follows that the product
Y = eg1en+1, also takes the constant value X — e,41,1.
We compute Y for k = 2:

Y = €21€n41,2 = 621(6n+1,3€32) = (6216n+1,3)€32 =0.

Therefore, X = ep41,1. Thus, epq1,x6x1 = eng1,1 for all k, which agrees with the standard

multiplication.
If, on the other hand, the multiplication in R(®1) and R(®,,) is opposite, then similarly we
obtain R~ NT(n + 1,K)(°?) ~ NT(n + 1,K). O

Remark 1. If one drops the assumption that R admits a grading compatible with the Cartan
grading in Theorem 2, then the algebra R need not be isomorphic to NT'(n + 1, K).

Indeed, in the algebra NT'(4,K), replace the multiplication by a new product * by setting
x *y = zy for all pairs of basis elements except for the pair (esz, e21), and additionally defining

€32 * €21 = €31 + €41, €21 * €32 = €41.

Then all commutators of basis elements coincide with those in NT(4,K); hence
(NT(4,K),%)7) ~ N®(K) of type A3. The associativity of * is preserved, since the additional
term lies in the annihilator Ann = Key;.

The resulting associative algebra is not isomorphic to NT'(4,K): the dimension of the left
annihilator is an invariant. In NT(4,K), we have Anny = (e21,e31,€e41) and dim Anny, = 3,
whereas in (NT(4,K), x) the element eg; ¢ Anng, since e % esa = eq1 # 0, and therefore
dim Ann, = 2.

3. Left-symmetric algebras and their semidirect sums

For each z € R, let L, : y — a2y (x,y € R) denote the linear operator of left multiplication in
the algebra R.

Definition 1. An algebra R over a field K is called left-symmetric or pre-Lie if its multiplication
satisfies the identity

(zy)z — x(yz) = (yx)z —y(2z)  (2,5,2 €R)
or, equivalently, the map L: x + L, defines a representation of R(~) in gl(R):

[Lm, Ly] = L[m,y] (CIT, (VRS R)
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As in the associative case, every left-symmetric algebra is Lie-admissible: its commutator
bracket [x,y] = zy — yx defines a Lie algebra structure on R.

To construct left-symmetric exact enveloping algebras of the Lie algebras N®(K) of types
B, Cp, and D,,, we use their decompositions as semidirect sums of the subalgebra NA,,_(K)
and a suitable ideal.

Definition 2 ([20, § 1.2.11]). The semidirect sum g x4 b of Lie algebras g and b is the direct
sum of the vector spaces g and h endowed with the bracket

[(z,a), (y,0)] = ([z,4], ¢=(b) = ¢y(a) + [a,b]),

where ¢: g — Der(h) is a Lie algebra homomorphism from g to the Lie algebra of derivations

Der(h), and ¢, = ¢(x).

Motivated by Definition 2, we introduce the notion of a semidirect sum for left-symmetric
algebras.

Definition 3. The semidirect sum R X I of left-symmetric algebras R and I is the direct sum
of the vector spaces R and I endowed with the multiplication

(z,a)(y,b) = (zy, 72(b) + ab),

where 7: R(~) — Der(I) is a Lie algebra homomorphism from R(~) to the Lie algebra of deriva-
tions Der(l), and 7, = 7(z).

Every derivation of a left-symmetric algebra I is also a derivation of the Lie algebra I(=), that
is, Der(I) C Der (I (_)). Thus, when considering the semidirect sum of left-symmetric algebras
R %, I, one may simultaneously consider the semidirect sum of the associated Lie algebras R(~)
and I(-) with the same action 7.

As the next two theorems show, a semidirect sum of associative algebras need not be asso-
ciative, but it is always left-symmetric.

Theorem 3. Let R and I be associative algebras, and let 7: R(™) — Der(I) be a Lie algebra
homomorphism from R(™) to Der(I). Then the algebra R %, I is associative if and only if the
following conditions hold:

(A) Tpy = Tu1y for all z,y € R;
(B) () C Ann,(I) for all x € R.

Proof. Assume that conditions (A) and (B) hold. Since R is associative, it suffices to check that
the second components coincide in the equality

((z,a)(y,0))(2,¢) = (2,a)((y,b)(z,¢)) (5)

for all z,y,z € R and a,b,c € I. By the definition of the multiplication in R X, I, we have

(.’E, a)(y7 b) = (my, Tﬂ:(b) + ab)a (yv b)(Z> C) = (yz7 Ty(c) + bC).
Therefore, the second component of the left-hand side is

Tay(€) + (72(b) + ab)c = 7y (c) + 72 (b)c + (ab)e,
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whereas the second component of the right-hand side is
Tz (Ty(€) + be) + a(1y(c) + be) = 1,7y () + 7 (be) + aty(c) + a(be).
By (A), we have 7,7,(c) = Tyy(c). Since 7, € Der(I) and (B) holds, we obtain
Tz(bc) + aty(c) = 12 (b)c + b1z (c) = T2(b)c.

Finally, since I is associative, we have a(bc) = (ab)e. Hence the second components coincide,
which proves that R x, I is associative.

Conversely, assume that the algebra R x, I is associative. = Substituting the triple
(z,0), (y,0), (0,c) into the associativity identity (5), we obtain

((‘Tv 0)(2/, 0))(0a C) = (zy, 0)(07 C) = (0, Ta:y(c»v

(,0)((y,0)(0,¢)) = (,0)(0,7y(c)) = (0, 727y(c)),

whence (A) follows.
Next, substituting the triple (x,0), (0, b), (0, ¢) into (5), we obtain

((xv 0)(0’ b))(ov C) = (0, Tl(b))(o’ C) = (07 Tw(b)C),

(,0)((0,6)(0, ¢)) = (,0)(0, be) = (0,7 (bc)),
that is, 7, (bc) = 7, (b)c for all b, ¢ € I. Since 7, € Der(I), we have
75 (be) = T4 (b)c + b1y (c),

and therefore b7, (c) = 0 for all x € R and b, ¢ € I, which is equivalent to (B). O

Theorem 4. Let R and I be left-symmetric algebras, and let 7: R(-) — Der(I) be a Lie algebra
homomorphism from R to Der(I). Then R x, I is a left-symmetric algebra. Moreover, its
associated Lie algebra is isomorphic to the semidirect sum R . I(7) with bracket

[(z,a), (y,0)] = ([z,y], 7(b) —7y(a) + [a,b]).

Proof. A direct computation shows that the commutator in (R x, I)(7) is given by

(,a), (y,0)] = ([2,y], 72(b) — 7(a) + [a,0]),
and hence (R x, I)(7) is isomorphic to R(=) x, (=),

We prove that R x, I is left-symmetric. For (z,a) € R x, I, the operator L, ,) acts on
R, Iby

L(z,a) (ya b) = (xy7 Tw(b) + a’b)’

that is, L(z,a)|R =L, and L(I7a)|j =Ty + Lg.
Since R and I are left-symmetric, we have [L,, L,| = Ly, and [Ly, Ly] = Li4,. Moreover,
the fact that 7 is a Lie algebra homomorphism from R(~) to Der(I) implies that [r,, Tyl = Tla]s
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while [1,, Lo] = L+, (a)- Using these identities and restricting the operators to R and I, we obtain

[L(s.a)> L)l g = [Las Lyl = Liayy,
= Li(z,0),w0)) >

[Lz,a)> Lyl = [T + La, 7y + Lb)
= [z, Ty] + [La, Ty] + [Te, Lb] + [La, L]
= Tlay) ~ Lry(a) + Lro) + Lia )

= Tley) T Llabltre (6) -7 (a)

= L((z.y), 7 (b)—7y (a) +lab]) |

= Li.a). )|

Since both operators [L(m,a)7 L(yyb)] and Lz q),(y,p)] Preserve the subspaces R and I and coincide
on each of them, we obtain

[L(z,a)> Liy,0)] = Li@,a), (w00 O

Corollary 4.1. Let £ = [ X4 b be a semidirect sum of Lie algebras, and let R and I be left-
symmetric exact enveloping algebras of | and b, respectively. Suppose further that the Lie algebra
homomorphism 7: R(=) — Der(I) induces on ') the same action of R as ¢. Then R x, I
s a left-symmetric exact enveloping algebra of the Lie algebra £.

Proof. By Theorem 4, the algebra R x, I is left-symmetric, hence Lie-admissible. Moreover,
(R [XT[)(*) ~ R) X 7)) ~Ixgh=g,

so R x, I is an exact enveloping algebra of the Lie algebra £. O

4. Left-symmetric structures for types B,,, C,, and D,

We now use Theorem 4 and its Corollary 4.1 to construct nilpotent graded left-symmetric
exact enveloping algebras of N®(K) of types B,,, C,,, and D,,.

Let ¥ = AZ—1 be as in (3). The systems of positive roots of types D,,, C,, and B,, can be
written as the unions ( [18, Plates I-1V])

D::\I/U{€1+Ej|1<]<2<n},
Ct=DfU{2|1<i<n},
Bf =D u{e|1<i<n}.

Thus, ®T consists of roots of the form
Timj =€ —mej, 1 <j<i<n, me{0,-1,+1}.
We write the set of simple roots of ® in the form II(®) = II(¥) U {rg}, where

r2,-1, ¢ = Dn7
Ty = r1,-1, d = Cn7
10, @ = Bp.
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Clearly, for a root system ® of rank n, the algebra N¥ = (e, | r € ¥) =~ NT(n,K)(7) is a
subalgebra of N®(K).

For roots, we write s > r if all coefficients in the expansion of s — r with respect to the set of
simple roots II are nonnegative. Define ideals T'(r) in N®(K) by

T(r) = Z Kes.

s=>r

Denoting by ¢ the adjoint action of NT'(n,K)(=) on the ideal T'(rg), we obtain a decompo-
sition of N®(K) as the semidirect sum of Lie algebras

N®(K) ~ NT(n,K) ) x, T(rg). (6)

By Corollary 4.1, in order to construct an exact enveloping algebra of N®(K) of type D,,, Cy,,
or B,, as a semidirect sum of associative algebras, it suffices to choose an associative multiplication

o: T(re) x T(re) = T(re)

on the ideal T'(rg) such that (T(rg),-5)(") = T(re). Moreover, the adjoint action ¢ of the Lie
algebra NT'(n,K)(=) on T(re) must be compatible with -: for each € NT'(n, K), the operator
¢, must be a derivation of the associative algebra (T('f‘(p), -q>).

For types D,, and C,,, the ideal T(rg) is abelian, and we may take -¢ to be the zero multi-
plication.

Consider the type B,,. Since the derived subalgebra of the Lie algebra T'(r10) is contained in
its center Z, we have T(r10)? = 0, and the multiplication

1
—ler,es], charK # 2,

€r B, €s = 2
0, otherwise

(er, es € T(Tlo))

defines an associative exact enveloping algebra (T'(r19), 5, ) of T(r1).
Theorem 5. The semidirect sum of associative algebras

R®(K) :== NT(n,K) x4 (T(r@), ~q>)
is a left-symmetric exact enveloping algebra of N®(K) of type D,,, Cy,, or By,.

Remark 2. Assume that charK # 2 and n > 3. Then the algebra RB,(K) is nonassociative
for any choice of associative multiplication on T'(r19). Indeed, let (-) be an arbitrary associative
multiplication on the vector space T'(r19) such that (T'(r1),-)™) = T'(r10).

If the algebra NT'(n,K) x4 (T(r10),-) were associative, then Theorem 3 would imply that

o (T(Tlo)) C Ann, (T(rlo), ) for all x € NT(n,K).

For any a,b € AHHT(T(Tlo),'), we have a-b = b-a = 0, and hence [a,b] = 0. On the
other hand, if the classes of a,b € T(r19) in T(r19) / Z are linearly independent, then [a, b] # 0.
Therefore, the image of the subspace Ann, (T(r10),) in the quotient T'(r19) / Z has dimension
at most 1.

On the other hand, for n > 3, the adjoint action ¢ of the Lie algebra NT'(n,K) on T'(r19) / Z
is nontrivial and has image of dimension at least 2. Hence there exist 1,29 € NT(n,K) and
uy, uz € T(r1p) such that the classes of ¢, (u1) and ¢4, (u2) in T'(r10)/ Z are linearly independent.
This contradiction proves the claim.
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Remark 3. The algebra RC,,(K) is nonassociative for n > 3. Likewise, the algebra RD,,(K) is
nonassociative for n > 4.

Indeed, if one of these algebras were associative, then Theorem 3 would imply condition (A):
Gy = G0y for all z,y € NT'(n,K). Take = eg1 and y = esa, so that zy = 0 in NT'(n,K), and
let w=es_1 € T(rg). Then ¢,y (u) = 0, whereas ¢ ¢, (u) # 0, and hence ¢,y # ¢r0,. Thus
condition (A) fails.
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JleBocumMeTpudeckue CTPyKTYpPbl HA HUJIBTPEYTOJIbHBIX
aareopax IlleBaJiie

Hukomait /1. Xoaions
Cubupckuii deiepabHbIil YHIBEPCUTET

Kpacnosipck, Poccuiickaa Pemepariust

Awunoraums. Jlokazano, uaro anrebpa NT(n, K) HIKHIX HIJIBTPEYTOMBHBIX 12 X 1 MATPHIL HaJ TosieM K
SIBJISIETCSI €IMHCTBEHHOM aCCOIMATUBHON TOYHOM 00EPTHIBAIOIIEH aJrebpoil HUJIBTPEYTOIbHON mogareo-
pet N®(K) anre6per [lesasie tuna A,_1, ZOMyCKalomeil rpalyupOBKY, COITIACOBAHHYIO C MDAy MPOBKOii
Kaprana. JQua anre6p N®(K) knaccudeckux tunos By, Cn u D, IOCTPOEHBI TPAIyUPOBAHHBIE JIEBO-

CHUMMETPUICCKUEC CTPYKTYPHI.

KuaroueBrnlie cioBa: anrebpa Jlu, anrebpa IlleBasnse, HuibTpeyrosibHas moaaaredpa, JIeBOCUMMeETpUAYe-

CKas CTPYKTYDa.
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